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The third chapter deals with addition theorems for trigonometric functions. In 
this chapter, the addition theorem for the cosine has been established for all angles 
by using the unit circle, and all the other addition theorems have been deducted 
from it. The formulae for trigonometric functions of associated angles have been 
deduced from the addition formulae, thus saving a lot of labour that is usually spent 
in giving geometrical proofs for each set of formulae. The chapter closes with a 
section on the use of tables of trigonometric ratios. 

The fourth chapter deals with properties of triangles. Though much of the 
material presented in this chapter is classical, yet an attempt has been made to 
cut down geometrical proofs to a minimum. The cosine formula has been proved 
by the analytic method and many of the remaining formulae have been deduced 
from it. . 

The fifth chapter deals with logarithms. After introducing the logarithmic 
function as the inverse of the exponential function, methods of solving logarithmic 
and exponential equations have been discussed. While introducing the use of logari- 
thmic tables, the role of interpolation has been emphasized, While dealing with the 
applications of logarithms, problems have been drawn from various fields. 

The sixth chapter deals with solution of triangles and its applications. While 
dealing with solution of triangles, the importance of arranging the working in a neat 
and systematic form and the degree of accuracy that can be obtained with a given data 
have been stressed. In problems dealing with heights and distances, an attempt has 
been made to give realistic problems. Problems involving oblique triangles have 
been given a due place. Problems involving angles other than 30°, 45°, and their 
integral multiples are also given. 

The seventh chapter deals with trigonometric functions of a real variable. The 
first half of the chapter contains material which is not at all taught at present but 
is so important that it must find a place in the curriculum. After defining trigono- 
metric functions of numbers, some of their basic properties such as periodicity, 
intervals of monotony, range, boundedness (or otherwise) are discussed. The second 
half of the chapter is devoted to graphing. Besides the graphs of the trigonometric 
functions, graphs of equations of the form y = a sin (bx + c) have also been 
discussed. Graphing by composition of ordinates has also been briefly discussed. 

The eighth chapter deals with inverse trigonometric functions. Inverse functions 
constitute a rather important but badly neglected topic in mathematics. In 'this 
chapter an attempt has been made to bring home to the students as to what do 
we mean by inverse functions and as to under what conditions 
possess an inverse. After dealing briefly with some basic fact 
tions in general, the inverse trigonometric functions have been 

The ninth chapter deals with trigonometric equations, Th 
Certain sense, a continuation of the fifth chapter. In this chapter, methods of solv- 
ing trigonometric equations, Inverse trigonometric equations, and tri-onometric in- 
equations have been discussed. It has been clearly pointed out that while the dis- 


cussion relates to trigonometric functions of numbers, th 
E х М , е same : 
to trigonometric functions of angles as well. could be applied 


сап a function 
S about inverse func- 
defined and studied. 
is chapter is, in a 


The problems are properly graded and have been designed to test both the 
understanding of the subject and the computational skill of the student. A large 
number of problems dealing with the theory are also given. At the end of each 
chapter, a set of assorted exercises based on the material discussed in the chapter 
has also been given. 

The authors are grateful to the members of the editorial board for their valu- 
able suggestions from time to time. They are specially grateful to Prof. J. N. Kapur 
for his kind guidance throughout the preparation of the book. Thanks are also due 
to Miss Asha Singal, Miss Asha Mathur, Miss Pushpa Jain and Shri P. N. Gupta 
for checking the exercises. 

It is hoped that the book will prove useful to those for whom it is intended. 
Suggestions for the improvement of the book will be gratefully accepted. 


Meerut, М. К. SiNGAL 
2nd October, 1971. ASHA RANI SINGAL 
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Chapter 1 


Basic Concepts 


1.1. Sets 

In our daily life we come across collections of various types. A deck of cards, a 
bunch of grapes, a herd of cattle, a class of students, a team of players, an army of 
soldiers, are all examples of such collections. The words deck, bunch, herd, class, 
team and army all denote collections. In mathematics also we have to deal with 
collections. Since mathematicians are wise and simple people, therefore (in order to 
simplify matters), they have given a very simple name to all well-defined collec- 
tions that they have to deal with. They call such a collection a set.-Thus: 


A set is a well-defined collection of objects. 

Each object belonging to a set is called an element (or a member) of the set. We 
generally use capital letters A, B, C, S, etc., to denote sets and small letters such as а; 
b, c, 5, etc, to denote elements of a set. The symbol c is used to indicate ‘belongs to’ 
(ог ‘is an element of’). Thus ‘x is an element of S' is written as x € S. The symbol Œ is 
used to indicate ‘does not belong to’ (or ‘is not an element of) Thus x&S means 
that ‘x does not belong to S’. 


Let us try to understand the phrase ‘well-defined collection’ carefully. When 
we say that a collection is well-defined we mean that we can say without any ambi- 
guity whatsoever as to what the members of the collection are. Given any object, we 
should be able to say whether it belongs to the collection or not. If a collection 
does not pass this test successfully, it cannot be called a set. 


There are several ways of describing à set. We may describe a set by listing al] 
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its-elements. For example, the set V of vowels in the English alphabet is 
| д У (а, ель о, ш): 
the set Р of all prime ministers of India is 
1 P — (Nehru, Shastri, Indira) ; 


the set D of all divisors of 12 is 
Die fly 2197746, 107: 
Sometimes a set has too many elements so that listing all the ‘elements is tedious, 


but after recognizing a few elements we can understand what all the elements are. 
Thus for example, - 


Ib EE ERSTE ITE IE , 100 
is the set of all natural numbers up to (and including) 100. The dots indicate that 
4, 5, 6, etc. are all members of the set. 
Sometimes it is not possible to list all the elements of the set; but from a few 
elements we can follow without any ambiguity all the elements of the set. For 
. example E = (2, 4, 6, 8............. ).is the set of all positive even integers. 


A set can be described by some property that is characteristic of all the elements 
of the set. 


should be possessed by all the elements of the set and that any object possessing the 
property must belong to the set. This method of describing sets is called the 'Set- 
builder Method’. Following are some examples of sets described by this method : 
G) {n: п isa natural number }. 
Gi) {р: nisa prime number}: 
The symbol * : ’ stands for ‘such that’. 
Equality of sets. Two sets are said to be equal if and only if they have. the same 
elements. Also the order in which the elements of a set are written in any descrip: 


tion is immaterial and repetitions of any element in a description do not alter the 
set in any manner. Thus : 


(i) (34,0) = (4371. 
(1) {1,2,5} {1,3,5}. 
(iii) {2,2,3,4} {2,3,4}. 

The empty set. Sometimes we have to talk of a set that does not cont 
element. For example, the set of negative in 
A set having no element is called the empty 
to denote the empty set. A set is said to be non-empty if it is not equal to 9 . Let 
us note here that the sets {0}, {ф} are both different from the empty set. In 


fact, {0} is a set whose only element is 0; {O} is a set whose only element is 
the empty set. | 


ll 


1 


аїп апу 
tegers greater than 2 has no element. 
set or null set. The symbol ф is used 


‚ By saying that the property must be ‘characteristic’ we mean that it - 


= 


- 
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and let P be the set of all members of the parliament. Then every member of M is 
also a member of P. We express this by saying that M is a subset of P. Again, let 
V be the set of all vowels in the English alphabet and let A be the set of all letters 
in the English alphabet. Then every member of V is also a member of A. We ex- 
press this by saying that V is a subset of A. We say that a set A is a subset of a 
set B if every element of A is also an element of B. In symbols, this fact is indicat- 
ed by writing АС В. 
If A is a subset of B then we also say that B is a superset of A. We express this fact 
by writing B D A. 

The empty set is, by convention, a subset of every set, ie. if A be any set, 
then ФС A. 


If A, B be any two sets, then we write A Ç B to denote that A is not a subset 
of B. 


Example : ; 4 
Let А = {1,2,3}, В = {1,2,3,4), С = {2,3,4}. ThenAC B, ATC; BDA 
ADC, СДА. 

The power set. The set of all subsets of a given set X is called the power 
set of X and is denoted by р (X). For example, if X = {1,2,3,}, then p (X) = 
{Ф,{1}, {2}, {3}, {1,2}, {1,3}, {2,3}, X]. Let us observe that in this case X has 
3 elements and p (X) has 8 — 23 elements. It can be proved that if a set contains n 
elements, then its power set contains 2^ elements (prove it). 


1.2. Real Numbers . 

We shall now deal with one of the most important sets, the set R of real num- 
bers. The numbers 1,2,...... —1—2,......... 221 2:92:95. 1 e , 4/2, 5/4, x etc. are all 
members of R. The set R has many ЕНЕ properties that make it both useful 
and interesting. We shall state some of these properties. 

A 1. Closure. The set R is closed under addition. This means that if a and b are 
two real numbers, then there is a unique real number c such that a+b = c. 

A 2. Associative law. ‘The operation of addition is associative. ‘That is, if a,b,c, 
are any three real numbers, then (a +b) +c = a+ (b«c). 


A 3. Commutative law. The operation of addition is commutative. That is, if a 
and b are any two real numbers, then a+b = b+a. 

A 4. Neutral element. The real number 0 is a neutral element for addition. 
That is, if a be any real number, then a+ 0=0 +a = a. 


A 5. Negative. For each real number a there is a unique real number b (called 
the negative of a) such that a+b = b+a=0. 
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M 1. Closure. The set of real numbers is closed under multiplication. That is, if 
a and b are any two real numbers, then there is a unique real number c such that 
ab = c. 


M 2. Associative law. The operation of multiplication is associative. That is, if 
a, b and с are any three real numbers, then a(bc) = (ab)c. 


M 3. Commutative law. The operation of multiplication is. commutative. That 
is, if a and b are any two real numbers, then ab = ba. 


M 4. Identity. The real number 1 is an identity for multiplication. That is, if a 
be any real number, then a.l = la = a. 


M 5. Inverse. For each real number a other than 0, there is a unique real num- 
ber b, (called the inverse of a) such that ab = ba = 1 


D. Distributive law. Multiplication distributes itself over addition. That is, if a, 


b and с are any three real numbers, then a(b+c)=ab+ac, 


О I. For each pair of real numbers a and b, exactly one of the following holds : 


a<b,a=b, orb <a, 


О 2. If a, b, c be real numbers such that a < b and b < c, then a <c. 


О 3. Ifa, b, c be real numbers such that a < b, then a+c < b+c. 
O 4. If a, b, c be real numbers such that a < b, 0 < c, then ac < bc. 


C. Completeness. To state this property we shall start by defining a new term. A 
real number k is said to be an upper bound of a subset A of R, if k is not exceeded 
by any member of A. Also, we then Say that A is bounded аЬ 
that every subset of R should ‘have an upper bound. The po 
ever, the fact that : 


ove. It is not necessary 
int of interest is, how- 


Every set of real numbers that is bounded above has a least upper bound. That 


is, if A C R be bounded above, then the set of upper bounds of A has a smallest 
member. 


The properties that we have listed above are briefly described by saying that 


the set of real numbers is a complete ordered field. 


‘The above properties characterize the set of real numbers. 
numbers is the only set that shares these properties and that 
these properties, in preference to scores of other properties t 


That is, the set of real 
is why we have chosen 
hat it possesses. 

The following are some important subsets of Re 
(i) The set N = {1,2,3, } of natural numbers. 


(пу ре Set AE ү. ОЛ. } of integers. 


(iii) The set Q = {p/q: PqeZ and'q 4 0} 


of rational numbers. 
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We already know that 
М б 256 О GR 


Fig. 11 
1.3. Statements 
A sentence, of which it is meaningful to say, whether it is true or false, is called 
a statement. For example, each of the following sentences is a statement : 
(i) The earth revolves about the sun. 
(ii) New Delhi is the capital of India. 
(iii) Ramanujan was a great mathematician of India. 
(iv) 7 is less than 10. 
(у) 6 is a prime number. 
. The statements (i) — (iv) are true statements but (v) is a false statement. 
In mathematics we make statements about objects that we study. In good mathema- 


tics we try to avoid false statements. 

Compound statements. Consider the following statements : 

(a) Asha is intelligent and industrious. 

(b) He is a fool or a liar. 

(c) If two triangles are congruent, then they are equal in area. 

(d) m+4 is an even integer if and only if m is an even integer. 

Each of the above statements consists of two statements. Such statements are known 
as compound slatements. 2 

Let us consider the above statements one by one. The statement (a) says that Asha 
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is intelligent and Asha is industrious. Here two statements have been connected by 
the connective ‘and’. In mathematics a compound statement obtained by connecting 
two statements by the connective ‘and’ is called a conjunction. The symbol ‘A?’ is 
used for the connective ‘and’. Thus we can write the above statement as : 

, Asha is intelligent A Asha is industrious. 


Thus 14 is a multiple of 7 A 14 is a divisor of 56, means that 14 is a multiple 
of 7 and a divisor of 56. 


The statement (b) says about a certain person that he is a fool or he is a liar. 
Here two statements have been connected by the connective ‘or’. A. compound 
Statement consisting of two statements connected by the connective ‘or’ is called a 


disjunction. We use the symbol ‘Y?’ for disjunction. Thus we can write the above 
statement as : 


He isa fool V He is a liar. 
Similarly, the compound statement 

He is smart V He is lucky, 
means “He is smart or lucky,’ 

The compound statement (c) consists of the ‘statements ‘two triangles are con- 
gruent’ and ‘two triangles are ‘equal in area’ connected by ‘if ...... then’. Such a 
statement is called an implication. We use the symbol = (read as ‘implies’ for ‘if 
ора then’). Thus we may write the statement (с) as follows : 

Two triangles are congruent => they are equal in area. 

Similarly, the statement _ 

р? is even = p is even 
means that if р? is even, then p is even and is read as 'p? is even implies p is even.’ 
The compound statement (d) consists of the statements ‘m+4 is an even integer’ 
and “т is an even integer’ connected by the phrase ‘if and only if’. Such a state- 
ment is called a double implication. We use the symbol «==> (read as ‘implies 
and is implied by’ (or ‘is equivalent to’) for ‘if and only if. Thus we may write 
the statement (d) as follows : 

m+4 is an even integer <= ш is an even integer. 

Similarly, the statement 

р? is even => p is even 
means that “р? is even if and only if p is even’. Two statements connected by 
«==> are said to be equivalent. 

Open statements and truth sets. We often make statements about members of 
а set. For example, if S is the set of students in a certain higher secondary school, 
then the statement ‘he is in class X’ is true for some members of S and false for 
other members of S. Similarly, if T is the set of all female members of the parlia- 
ment then the statement ‘she is a minister’ is true for some members of T and false 
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for other members. Again, if Z is the set of all integers, x є 7 A x'—4' is true 
when x is replaced by 2 or —2 and is false when x is replaced by any other member 
of Z. 


In the above examples ‘he’, ‘she’ and ‘x’ all play similar roles. Each of these 
is a variable. A variable may represent any member of a given set. In the above 
examples we may replace ‘he’ by any member of S, ‘she’ by any member of T and 
‘x’ by any member of Z. 


A statement containing a variable is called an open statement and the set 
whose elements may serve as replacements for the variable is called the domain or 
the replacement set of the variable. The subset of the domain for which the open 
statement is true is called the truth set or solution set of the statement. Each 
member of the solution set is called a solution of the open statement. Thus for the 
last one of the above examples, Z is the domain of the variable, {—2, 2 } is the 
truth set of the open statement and each of the numbers —2 and 2 is a solution of 
the open statement. 


1.4. Relations and Functions 
We often use such partial statements as : 


is the daughter of, 
is the brother of, 
is a friend of, 

is greater than, 

is a divisor of, 

is similar to. 


Each such partial statement describes a relation between two objects, one that 
precedes it and the other that follows it. For example, 'Satish is the son of Shri 
Ram Prakash' describes the relation of Satish to Shri Ram Prakash. А complete 
statement such as this is either true or false. Thus, for example, ‘7 is greater than 
- b' is true but ‘5 is greater than 7' is false. We can formulate the concept of relation 
-about which we have talked above in an intutive manner, in the language of sets. 
Let us think of the relation 'is the daughter of' in set language. 


Let D be the set of all female human beings, living or dead and let F be the 
set of all male human beings, living or dead. Then the relation ‘is the daughter of’ 
applies to some ordered pairs of the type (a, b) where a є D, b є Е, and ‘a is the 
daughter of b'. The set of all ordered pairs (a, b) for which the statement ‘a is the 
daughter of b'is true is a subset of D x F. If we are given this subset, then we 
know exactly as to for what pairs the statement *......... is the daughter of.........’ is 
true. This suggests that we can talk of subsets of D x F as relations. 

Definition. A relation R on a set A to a set B is a subset of AxB. If ae А,Ь 
€ B be such that (a,b) © R С AxB, then we say that a is R-related to b. 
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A relation on a set A to itself is called a relation in the set A. Every subset 
of AxA is a relation in A. 


If R be a relation, then the set of all first co-ordinates of members of R is call- 
ed the domain of R айа the set of all second co-ordinates of members of R is 
called the range of R. Thus 


‘dom. R ={x: (x У) « R}, 
ran) Ее у: (x, у) еВ}. 
Example: Let A= {1 2; 3,8 h B= IT 6; 9}. The set AxB consists of 12 


elements. Since P (AXB) will have 21° members, therefore we can have 2” rela- 
tions on A to B. 


Let R= { (1, —1), (2, —1), (8, —1), (8, —1), (8, 6) } . Then R is the relation 
‘is greater than’ on A to B. 


Let S= ( (2, б), (3, 9) }. Then S is the relation ‘is one-third’ of on A to B. 


Let T= ( (1, б), (1, 9), (9, б), (2, 9, (3, б), (8, 9), (8, 9)}. Then T is the 
relation ‘is less than’ on A to B. 


Let V= ( (1, 6), (2, —1)] . Then V is also a relation on A to B but we do not 
have a familiar expression for it in the form ‘is the............ of’. 


Functions. Consider the graphs of the relations R= { (—8, 2), (2, 1), (2, 3), (8, 1) }, 


and S= { (_3, 2), (1, 0), (2, 3), (3, 1)}. In the graph of R we find that the points 
corresponding to (2, 1) and (3, 1) lie on the same vertical line. This, however, is 
not true for the graph of S. No two points of the graph lie on the same vertical 


line. Such relations Occupy an important place in mathematics. We call them 
functions, 


A function is a 


relation. which assigns to each element of the domain a unique 
element of the range 


Domain Range 
Fig. 1.2 


Thus, if a relation R iş to be a funçtion, then R must not have two ordered pairs 
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with the same first co-ordinate. (Of course it can have any number of ordered 
pairs with the same second co-ordinate.). 


Since a function is nothing else but a set, therefore we may use the same nota- 
tion for functions as for sets. However, it is more common to use the letters f and 
g to denote functions. For example, we may write 

f£—-í(5y:ye3x,x'eR) 
to denote a function which pairs with each real number x its triple, То 
indicate the unique number in the range which this function associates with any 
number, say 4, in the domain, we use the symbol f(4) (read as f of 4 or the value 
of f at 4). Thus f (4) = 3.4 = 12. Similarly, f(1)=3.1=3, £(—1/2)=3.(—})=—8. 

For any pair (x, y) in f, the second co-ordinate y is the value of f at x, and 
therefore we can also specify the function as 

f= f(x f()): f(x)=3x,x eR}. 
We also call f(x) the image of x under f. | 

Since a function is a relation, the domain of a function f is the set (x : (x, у) 
€ f } and the range is the set ( y : (x, y & £}. Throughout the present book 
we shall assume that the domain of any functions f whose values are indicated by 
a formula for f(x), is the set R of real numbers, unless stated otherwise. 

Examples: 1. f= ((x, £(x)): f(x) 2x]. 

Here f assigns to each element x of the domain, the same element, namely x. 
This function is called the identity function on К. 


2. f= { (x, fx): f(x) = 4] . Here the range is the опе elementic set {4} 
Such a function is called a constant function. 

3. f= {Ax y) YS EL e Here f assigns to distinct members in {һе domain, 
distinct members in the range. 


4. f= {f (x, у): у = x}. Here f assigns to the numbers 3 and —3 in the domain 
the same number, viz. 9, in the range. 

5. f= {(x£(x)): f(x) =1/x, x « R*}. where R* is the set of all non-zero real 
numbers. 


One-to-one functions. Consider the following functions : 
à f= (023) (8,2), 24}. 
Gi) g= (08) (8—1) 24}. 


For the function f, f(1) = f(3) = 2, that is, two elements of the domain have the 


same image. For the function g, no two members of the domain have the same 


image. 
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A function in which no two members of the domain have the ш image is 
called a one-to-one function. Thus р is a one-to-one function while Ё 18 not mand 
a function. The functions in examples 1,3,5 above are one-to-one functions. The 
functions in examples 2 and 4 above are not one-to-one. 


1.5. Angles 


A straight line drawn from a fixed 
point and extending infinitely far in one 
direction is called a ray. The fixed point 
is called’ the vertex of the ray. Any point 
on a line, such as the point V in figure, 
Separates the line into two rays each of 
which has V as the vertex. A ray can be 
specified by indicating first the vertex of 
the ray and then any other point of the 
ray. The two rays in the figure may thus 
be called VP and VQ respectively. 


The set of points constituting two 
rays with a common vertex’ together with 
a rotation which takes one of the rays 


„into the other is called an angle (or a 
directed angle). 


Q 


Consider an angle consisting of two 
rays OA and OB, having a common vertex 


Fig. 1.3 
О, and a rotation that takes OA into OB (figure 1.4). 


The ray OA is called the initial side (ray) of the angle, the ray OB is called the 


terminal side of the angle and the common vertex O of the two rays is called the 
vertex of the angle. 


Positive and negative angles. An angle that corresponds to a counter-clockwise 
nd an angle that corresponds to a clockwise rota- 
Thus, for example, the angles in figures 1.4 (a) and 


and terminal sides ci LY mean that the angle is a zero angle, for, the initial. 
sides coinc angle corresponding to any num- 


j 


(E 
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(a) 


Fig. 1.4 


Co-terminal angles. From the above dis- 
cussion it is clear that there exist infinitely 
many angles having the same vertex, the 
same initial side and the same terminal 
side. All such angles differ from one ano- 
ther by a number of complete revolutions. 


Angles having the same vertex, initial 
side and terminal side are said to be co- (a) 
terminal angles. 


(с) 


Fig. 1.4 
1.6. Units of Measurements. 
‘There are several units in which angles are measured. We shall describe two 
of them which are most commonly used. 


Sexagesimal system. In this system, the primary unit of angle measure is a 
degree, written as 1°. If 1/360 of a revolution in the counter-clockwise direction 
takes the initial side into the terminal side then we say that the angle has a measure 
of one degree. А degree is divided into minutes and a minute is divided into sec- 
onds. One minute (written as 1’) is equal to 1/60 of a degree, and one second 
(written as 1") is equal to 1/60 of a minute. An angle whose measure is 90° is 


called a right angle. 
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Angles whose measures are 45°, O ISOS 12702; 3603. 4509 


— 30°, 
— 180°, —420°, —360°, are shown in figure 1.5. 


4 
5 


Fig. 1.5 
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-360° 


Fig. 1.5 
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The  sexagesimal 
system ‘is commonly 
used in engineer- 
ing, astronomy, 
navigation, survey- 
ing, etc. 

Example 1. Reduce , 
15°31 to degrees, 
minutes and seconds, 
Solution. 09?:331— 
:31 x 60' —18":6. 
0*6—6 x60" 
=36”. 
Therefore 
15°31 =15°13'36%. 
Example 2. Reduce 
31?25'12" to degrees. 
Solution. 
12" —(12/60)' —0':2. 
25"°2=25'2/60 degrees 
=0°°42, 
Therefore 31°25'12” 
==215:22; 
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Circular System. In this system, the unit of measurement is a radian. A positive 
angle with its vertex at the centre of a circle which'intercepts an arc equal in length 
to the radius of the circle is said to have a measure of one radian (written as 1°). 
The following figure shows angles whose measures are 1 radian and 1} radians 
respectively. 


Eu -IN & 


q P 


Fig. 1.6 


The ratio of the circumference of a circle to its radius is known to be the 
same for all circles. It is denoted by the Greek letter z (read as рі). This ratio 
is an irrational number. Its approximate value is 3.14159. The above result regard- 
ing the circumference of a circle may then be stated as : 


Circumference of a circle of radius r = 97r. 


This means that for any circle, the length of one radius can be measured off 
2m times along the circumference. In other words the circumference of a circle 
(whatever its radius may be) subtends an angle of 245 radians at the centre of the 
circle. Hence a radian is a fixed unit of angle measurement. 


It is well known that equal arcs of a circle subtend equal angles at the centre. 
Since an arc of length г subtends an angle whose measure is 1 radian, therefore an 
arc of length 1 will subtend an angle whose measure is l/r radians. Thus, if in a 
circle of radius r, an arc of length 1 subtends an angle 6° at the centre, we have 


== Ar, 
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Relation between degrees and radians. 


15 


Since the circumference of a circle sub- 


tends at the centre of the circle an angle whose measure is 27 units in radians 


and is 360 units in degrees, therefore 


27 radians = 360°, 


or т radians = 180°. 


The above relation enables us to express a radian in terms of degrees, and a 


degree in terms of radians. Thus 


1 radian 


Also 15 


where we have taken 7 


If we take 7 = 3-142 (which suffices 


1 radian 
and 1°, 
Example 3. Express 7°30’ in radians. 
т 


= 1802) em, 

57517 44 75 72 

= т [180 radian, 

= -017453293 radian, 

= 3-1415927. 

for many ordinary purposes), 
= EEE 

— .07145 radian. 


Solution. 7°30’ = 7°.5 = 7.5 х 180 radians = 7/24 radian, 


Example 4. Express 2-5 radians in 
minute. 
Solution. 2.5 radians 


Radian measures of some common 


—:1317 radian. 


sexagesimal measure correct to nearest 


= 25 (57*1745^). 
= 143°14’, to the nearest minute. 


angles are given in the following table. 


Degrees 30? 45? 60? 


90° 180° 270° 360° 


Radians 7/6 7/4 т|3 


z[2 т 27/2 2т 


Example 5. Find the radius of a circle in which a central angle of 50° inter- 


cepts an arc of 150 cm. 


Solution. Here 1=150 cm, 0 = 50 т /180. 
Hence by r=1/ бг = 180x3/z cm, 


1677 cm (Taking 7 = 22/7). 
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Example 6. The minute hand of a watch is 1-5 cm long. How far does its tip 
move during a class period of 50 minutes ? 
Solution. 
In 50 minutes, the minute hand of a watch turns through 5/6 of a revolution, 
or (5/3) т radians. Hence the required distance travelled is ( — ). 
s = L5x5 7/3 cm = 5 7/2 cm, 


= 5X3-142/2 cm. (т = 3-142 
= 7.855 сп. . 
Example 7. Find the radius of a wheel whose circumference is 110 cm (пт = 22/7). 
Solution, Here тг = 110 cm, 
or (44/7)r = 110 cm, 
or r -297/5:110/44 cm = 17:5 cm: 


L7. Co-ordinate Plane. The Unit Circle 

А We introduce in the plane the rectangular co-ordinate axes X'OX, Y'OY. The 
direction OX is chosen as the positive direction of the x-axis and the positive direction 
of the y-axis is so chosen that a тау starting from OX coincides with the axis OY (y-axis) 
after revolving through a right angle in the positive (ie. anti-clockwise) direction. 
Then the position of any point P is determined by two numbers x and y, called 
the co-ordinates of P where x = OM and y = ON, OM, ON being reckoned posi- 
tive in the direction parallel to the positive x-axis and y-xis respectively (Figure 


L7) The plane with the co-ordinate axes introduced is referred to as the co-ordi- 
nate plane. 


У 
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A circle in the co-ordinate plane with its centre at the origin and unit radius 
is referred to as the unit circle. The co-ordinate axes divide the plane and along 
with it the unit circle in four quadrants (figure 1.8). 


Fig. 1.8 


Angles in standard position. In a co-ordinate plane, every point P other than 
the origin determines an infinite set of co-terminal angles each having the origin 
as the vertex, the positive half of the x-axis as initial side and the ray OP as the 
terminal side. Each such angle is said to be a position angle of P. If we know 
the measure of the position angle of a point P and the distance of P from the 
origin O, we can locate the position of P in the co-ordinate plane. 


18 PLANE TRIGONOMETRY 


An angle whose vertex is the origin and whose initial side is the positive half 
of the x-axis is called an angle in the standard position. The angle ХОР shown 
in figure 1.9 is an angle in standard position. Every position angle of any point 
P in the co-ordinate plane is an angle in standard position. 


Y 


4 


x 


d Fig. 1.9 


BASIC CONCEPTS d 19 


Quadrantal angles. An angle in standard position whose terminal side coincides 
with any of the co-ordinate axes is called a quadrantal angle. Figure 1.10 shows 
some quadrantal angles. 


Fig. 1.10 


The measure of a quadrantal angle is k.360°, or k.360° + 90°, or k.360° + 180°, 
where k is some integer. 


1.8. Projection of a Vector on a Line. 
We represent a vector by a directed rectilinear segement. For our purpose we 


= 
identify a vector with its representation. By the symbol AB (figure 1.11) we mean 
=> 
a vector whose initial point is А and terminal point is B; BA is the vector with 
the initial point B and the terminal point A and we have by definition 


ES 


um . 
AB = —BA 
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B 


Fig. 1.12 
A Ў 
Fig, 1.11 
А 
8 В 
в 
А, 5, 5 ^. | 
Fig. 1. 13 (а) Å Fig. 1.13 (b) Fig. 1.13 (c) 


ЭШ The projection (or more precisely the orthogonal projection) of a 


vector AB on a line L is the vector АВ, where A, and В, are the feet of the per- 
pendiculars upon L from A and B respectively (figure 1.12). In case the line L is 
directed (ie. positive and negative directions are defined on it), the measure of pro- 


jection is positive (Fig. 1.13(a) ) or negative (Fig. 1.13(b)) according as d B, is in the 
4 direction. ofL or in the PEE direction (the unit of measure being in the direction 


of р 18 is zero when AB is рашы, to L (Fig. 1.13(с)). In the last case the 


* = кэл ye 
7? 


ts 


акеле. в, 
эр neis Cress Ü 
S 
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projection is looked upon as the zero vector. The measure of the projection is very 
often referred to as the projection and written A, B; (which may be a positive or 
negative quantity or zero). 
— 
Let F be a vector in the co-ordinate plane. We denote its length (i.e. magni- 


= 
tude) by | F |. We denote by Е, and F, its projections on the x- and y-axes respec- 


> 
tively and their respective magnitudes by | E, | and | Fy | so that | Ee |= | Ez] 


=> 
"апа | E, | = | E, | 


We have the following theorem : 1 
Theorem. The square of the length of a vector is the sum о} the squares of 
the lengths of its projections on the co-ordinate axes. 


Fig. 1.14 


Let F (= AB) be any vector in the co-ordinate plane. Let A, B, be 

Proof if Күс рс pendiculars on the x-axis and B, B, the feet of the perpendicu- 

à m the AN from А and B respectively (figure 1.14). Let AA,, BB, inter- 
ar 


i hat 
sect at P. Then we easily see t 7 APB = 
n= 
Cy, and Fy = 
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Now in the right angled triangle APB, 
AB? = AP? + PB? 
= (AiBjf + (A,B), 


о [Шр sos Ee 2 [Елэ 


which proves the theorem. 
=> 
Note. If the vector F is parallel to one of the co-ordinate axes, then the triangle considered 
-> 

in the proof reduces to a segement, but the proof still remains valid because then one of A,B, 

д => A 
ог А,В, reduces to а zero vector and the other is equal to AB, so that 

(AB? = (A,B)? + (A,B? 

is still true. 
1.9. Distance between two points with given cartesian co-ordinates 

We have the following theorem : 


Theorem. The square of the distance d between two points A(xyy) and 
B(xyy)) on the co-ordinate plane is given by 


@ = (х — x)! + (уг — y 


z 


Fig. 1.15 
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Fig. 1.16 


А5 

Proof. We consider a vector AB in the co-ordinate plane (figures 1.15 and 1.16) 
Let A,B, А,В, be the projections of AB on the x-and y-axes respectively. Then 
by the rule of addition of vectors (directed segments) 


— => => — => 
ОА, + А.В, = OB, whence A,B, = OB; — ОА, in both the figures. 
= 
As OA, = х, and OB, = x, the projection of AB on x-axis == A,B, = X; — Х|. 
— 


Similarly the projection of АВ on y-axis = уз — ys 
Hence by the theorem of Pythagoras. 
dû = (AB)? = (AB? + (А,В), 
or 4 = (Xs — xj + (ys u yy, 
which proves the theorem. 


Note. The above formula is true for arbitrary disposition of the points A and B. It can b 
seen by drawing figures for dispositions other than those given in figures 1.14 and 1.15, that e 


proof remains valid word for word. 
ASSORTED EXERCISES 
es and seconds: 


1. Reduce to degrees, minut 
(i) 12°26. (i) 87°62. (i) 42°.-15. 


24 
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2. Write in degrees correct to two decimal places: 


Sb 


4, 
5. 


6. 


T. 


9. 


10. 


1. 


12. 


13. 


14. 


15. 


(i 19° 17/21”. (O EE Ош) 179/41". 
Determine the quadrants in which the following angles lie : 
—36°, 154^, —225°, —3155, 675°. 
What is the acute angle between the hands of a watch at 3-30 P.M. ? 
Express the following angles in degrees : 
т]3 radians, 7/6 radians, 7/4 radians, 7/20 radians, 2°, 3°, 5°, 0°, 30, 10°. 
Express the following angles in radians : 
2405 (GOSS 84527 802, IS = 10436. 


In a circle of diameter 20 cm, the length of a chord is 10 cm. Find the length 
of the arc of the chord. 


A wheel makes 180 revolutions in one minute. Through how many radians does 
it turn in one second ? 


A point on the circumference of a rotating wheel of diameter 100 cm 
at the rate of 50 cm a second. Through how many 
second ? г 


is moving 
radians does it turn in one 


Find the number of degrees in the central angle of a circle of diameter 300 cm 
by an arc of 22 cm (m = 22/7Y. 


A wheel rotates making 20 revolutions per second, 


If the radius of the wheel 
is 50 cm, what linear distance does a point of its rim 


traverse in three minutes? 
If in two circles, an arc of the same length subtends angles 60° and 75° at the 
centre, find the ratio of their radii. 


A circular race track is 2 km in circumference. 


track at the rate of.8 metres per second what is his angular velocity in degrees 
and in radians ? 


If а man is running on the 
A belt moving 15 metres per second passes over a pulley one metre in diameter. 
What is the angular velocity of the pulley in radians per second ? 

The equatorial radius of the earth is 6371 km. 


Find the length of the сй = 
ference of the equator (т —355/113). 3 E 


Chapter 2 


Trigonometric Functions 
of Angles 


2.1. Definition of Trigonometric Ratios of Arbitrary Angles 

Let 0 be any angle in standard position and let P(x,y) be any point different 
from O on its terminal ray OC. Let r denote the length OP. The ratios x/r and 
y/r are extremely important and useful. 


а 


We shall con; 
stantly study these 
ratios during our 
study of trigono- 
metry. In fact, one 
may naively say 
that trigonometry 
is nothing else but 
the study of these 
two ratios (and of 
certain ratios deriv- 
ed from these ra- 
tios. The import- 
ance of these ratios 
is partly due to the 
following theorem 
which states that 
these ratios are in- 
dependent of the 
position of P on 
the terminal ray. 


4, 


Y 


Fig. 2,1 
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Theorem 2.4. The ratios x/r and y/r are independent of the position of P on 
the terminal ray. 


Proof. We shall prove the result only for the ratio x/r and leave the proof for yl 
as an exercise for the reader. 


, 


Y 
Fig. 2.2 (a) i Fig. 2.2 (b) 


Fig. 2.2 (c) Fig. 2.2 (d) 
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Case (i). Let us first consider the case in which the terminal ray OC does not 
coincide with one of the co-ordinate axes. In figures 2.2 (a)—(d), let P(x,y) and 
P'(x,y) be two different points distinct from the origin on the ray OC. Drawing 
perpendiculars PM, P’M’, to the x-axis, we get similar triangles OPM, OP'M'. The 
lengths of OM, OM’ are | x |, | x’ | respectively and those of OP, OP’ аге т, r’ res- 
pectively. From the similar triangles OPM, OP'M' we have 


OM _ OM’ 
OP OP’ 


ie, | x | r= |x’ | r'(the ratios of the corresponding sides being equal). Thus the 
ratios x/r and x'/r' are equal.in magnitude. Also, since P and Р” lie in the same 
quadrant, therefore x and x' have the same sign. Hence 


х/г x IA 


Gase (i) Let us now consider the case when the terminal ray coincides with one 
of the co-ordinate semi-axes (Fig. 2.3). We shall discuss the case where the ray 
ОС coincides with OX (and leave the proof for the other cases as exercises for 
the reader) In this case, for all positions of P, x/r—1 so that x/r is independent 
of the position of P. 


Corollary. The ratio y/x (х=Е 0) is independent of the position of P on the 
ray. 


Proof. Since x + 0, therfore x/r + 0. 
Also, since by the above theorem y/r and x/r are independent of the position of P 


on the ray, therefore the ratio u is also independent of the position of P on the 


ray. Hence the result. 
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Definition. Let 0 be 
any given angle in 
standard position, let 
OC be its terminal 
ray and let P(x,y) be 
any point on OC dif- 
ferent from O (See 
figure 2.1). 

We define cosine, 
sine, tangent, cotan- 
gent, cosecant and se- 
cant of 0 (written as 
cos 0, sin 9, tan 0, 
cot 0, csc 9, sec 0 
respectively) in -the 
following manner: 
cos @ = xjr, 
sin 9 = y/r, 
tano = y/x, (x--0) 
cota = х/у, (у+:0) 
©зс@ = г/у, (узб) 
sec 0 = r/x, (х=Б0). 


ll 


In view of theorem 2.1, the values of th 
position of P and these ratios are thus uniquely defined. 
and sec 9 = r/x are defined if X-:F 0. Ifx=0, 
defined. Consider, for example, =n/,. 
with OY, and consequently the ratios tan 


€se ratios do not depend upon the 
The ratios tang = y/x 
then neither of these ratios is 
In this case the terminal ray coincides 


0. and sec û do not exist when 9 = rfa 


Similarly, if y = 0, then neither of t 
defined. Consider for example, @ = т. 
with OX or OX’ so that y = 0 and the rat 
consequently the ratios cot ө and 


he ratios cot 9 = х/у and csc 9 —r[y is 
In this case the terminal ray coincides 
los х/у and г/у are not defined, and 
csc 0 do not exist when =r, 
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Example. The terminal ray of an angle 9 in standard position passes through the 
point (—4,—3). Draw the reference triangle, make the angle 0 (with a curved 
arrow) and write down all the six trigonometric ratios of 9. 


Solution. In the rightangled triangle OMP (Fig. 2-4). 
тї = x3 + y, 
= (+4)? + (—3), 
= 25. 
Since r cannot be negative, therefore r=5. 
The trigonometric ratios of 9 are, therefore 


C50 = x/r = —4/5, sing = y/r = 3/5, 
апо = yx = 3/4 cota = х/у = 4/3, 
cc 0 = г/у = —5/3, sec à = r/x = —5/4. 


A convention about 
notation. The trigo- 
nometric ratios of an 
angle have been de- 
fined above. Since 
angles are measured 
either in degrees or 
in radians, therefore 
we adopt the conven- 
tion that whenever 
we write cos a?, we 
mean cosine of the 
angle whose measure 
in degrees is @ (and 
Similarly for the 
other ratios), and 
whenever we write 
cosg ме mean the 
il cosine of the angle 
ig. 2. 


hose measure in radians is g (and similarly for other trigonometric ratios). 
wh 
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Some consequences of the definitions of trigonometric ratios. Опе important con- 
sequence of the definitions of the trigonometric ratios is that the values of these 
ratios are the same for all coterminal angles. For example, 


(i) cos 380° = cos (360° + 20°) = cos 20°; 
(ii) sin 460° = sin’ (360° + 100°) = sin 100°; 
(iii) tan 800° = tan (720° + 80°) = tan 80°; 


(iv) cot (1«5)- cot (47 + ms) = cot п/з; 


(v) csc 27 is not defined because 27 is coterminal with 0 and 
csc 0 is not defined. ? 


Another important consequence is that whatever 0 may be, cose <|1]| 
| sing | <1,|seco| < 1, | esce | < 1. These follow at once from the fact 
that (see figure 2.1) since x?+y2=r®, therefore, PESE узене ре ту 
Ly | & r for all positions of P. 1 
Example. Does there exist any value ofa for which 2 cos 9 = a+ Lis a possible 


equation? 


Solution. Since | cosa | < | for all values of 9, therefore the given equation will 
be a possible equation provided 


| 1/2 (a + 1/a) | < 1. 
Iz (*+ 2) == = <1 
: «= @ + 1) > 4a?, 
= (a* — 1) *« 0, 
<=>(a’—1)?=0, since squares of real numbers are always non-negative, 
(шиа и 

Therefore the only values of a for which the given relation is a possible equation, 
are + 1. : 


ЕХЕВСІЅЕЅ 
l. Prove that in theorem 2.1 the radio y/r is inde 


pendent of г iti 
point P on the terminal side. of the position of the 


2. The terminal ray of an angle § in standard position passes through th i 
e point 
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(5,— 12). Draw the reference triangle, mark the angle ө, and write down all the 

trigonometric ratios of Ө. 

3. Express each of the following trigonometric ratios in terms of that of an angle 

lying between 0° and 360? : 

(i) tan 1130*; (ii) sin 417°; (iii) со 819°; (iv) cot 633°; (v) sec 1378*; 

(vi) csc 542°. i 

Is the equation sin 9 =a+1/a possible for any real value of a? 

5. Does there exist any value of a for which 2 sin 6 =а+1/а is a possible 
equation ? 

6. Is 2 co? Q + cos 0 — 6 = 0 a possible equation ? 


2.2. The Trigonometric Functions 
To every angle 9, there corresponds a ratio (which is a real number) cos 9. The 
set {(0, соѕ0): ûe А}, where A isthe set of all angles, therefore defines a^ 
function of 0. This function is called the cosine function. Similarly {( 0 , sin 0 7: 
8e A} is the sine function. The domain of each of these functions is the set A of 
all angles. We shall later on see that the range of each of these functions is the 
closed interval [-1, 1]. ` 
Again, to every angle 0, 0 = kz-Fz/,; where К is any integer, there correspond 
two ratios tan § and sec 9, ‘Therefore we have two functions 
tan = í(0,tan0):0 «e A*}, 
and 
Se = A (103. sec 10!) Ө e A Ay, 
where 4% is the set of all angles which are not of the form Кт + z/, for any 
integer К. These functions are called the tangent and the secant functions respec- 7 
tively. The domain of each of these functions is А*. We shall later on see that 
the range of the tangent function is the set R of all real numbers and the range 
of the secant function is the set (x : xe R Л |x| > 1} of all real numbers which 
are numerically greater than or equal to unity. 
Finally, to every angle 0,0 ¥ pz, where p is any integer, there correspond two 
ratios cot û and csc 9. Therefore we have two functions 
cot = {(0, соёо): өє A**}, 
and 4 esc == (өш CSCO OE AX St, 
where A** is the set of all angles which are not of the form p 7 for any 
integer p. These functions are called the cotangent and the cosecant functions 
respectively. The domain of each of these functions is A**. We shall later on see 
that the range of the cotangent function is the set of all real numbers, and that 
of the cosecant is the set [x : x«R A |x| <1. 
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The six functions defined above are called the primary (or basic) trigono- 
metric functions or circular functions or simply the trigonometric functions. We 
shall refer to them by their last mentioned name. 


Caution. W should be very careful about our use of cos and cos 0 (and similarly 
about sin and sin 0 etc). Cos is a function, and as such it is a collection of 
ordered pairs, one ordered pair corresponding to each angle. Cos 9 is a trigono- 
metric ratio of the angle 6 and as such it is a real number; it is simply the value 
of the cosine function for the angle 0. 


Remarks. 1. As the values of the trigonometric functions are independent of the 
à — a 
length of the radius vector OP, it is possible to consider this radius vector to be of 


unit length. Then the point P (figure 2.5) is on the unit circle (circle with centre 
O and radius unity) and the co-ordinates x and y of P are given by 
| X = созо, y = sin 0. 

. 

2. 9 In figure 2.5, if is Y 

the radian measure of the 
angle AOP, then 0 is also 
the measure of the arc AP, 
where A is the point (1, 0). 
We may, therefore, also re- 
gard the trigonometric 
functions cosine and sine 
as functions of the arc 
* length (measured from a 
fixed point up to a variable 
point) of the unit circle. 
The other trigonometric 
functions can also be then 
defined in terms of this arc 
length. 


Fig. 2.5 


2.3 Signs of the Trigonometric Functions. 


The trigonometric functions of an angle are real numbers. Given any angle 9, 
ше value of a trigonometric function of û may be positive, zero, or negative. While 
it шау need some calculations to determine (even approximately) the values of the 
trigonometric functions, the signs of the values can be found ou 


: 1 t just by having a 
look at the angle (and seeing as to in which quadrant does the 


terminal ray lie). 
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Since sin Ө = y/r and сѕсө = г/у, and since r is always positive, therefore 
the functions sine and cosecant have the sign of y. Hence the sine and the cosecant 
of an angle are positive if the angle is in quadrant I or quadrant II, and negative 
if the angle is in quadrant III or quadrant IV. 


Again, since cos 0 = x/r and sec 0 — r/x, and since r is always positive, 
therefore the functions cosine and secant have the sign of x. Hence the cosine and 


- the secant of an angle are positive if x is positive, i.e., if the angle is in quadrant I 


or quadrant IV, and negative if x is negative, i.e, if the angle is in quadrant II or 
quadrant III. 


Finally, since tan 0 = y/x and cot @ = x/y, therefore the functions tangent and 
cotangent are positive if x and y have the same sign, i.e., if the angle is in quadrant 
I or quadrant IIL and negative if x and y have opposite signs, ie. if the angle 
is in quadrant II or quadrant IV. The quadrantal angles will be considered separately 
in the next section. 


The above observations can be diagramatically summarized as follows : 


Sin апа Cosec Cos and Sec Tan and Cot 


H 
H 
H 
+H 
H 
+H 


ap || s — we — 

= || = — | + гы, = 

шу Шү шуу 
Fig. 2.6 


EXERCISES 


1. In which quadrant must 0 be in order to satisfy each of the following 
statements? 


G) Sino >0 A созе > 0. (ii) cose >0 A tang <0 
(iii) sin 0 >0 A cote > 0 (iv) seco <0 Л sing >ô 
(у) сс0 > 0 A cote < 0. (vi) капе > 0 A sing <0 
(vii) tana < 0 Л cce < 0, (viii cote > 0 A cosa < 0 
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2. Which of the following statements are true ? 
(1) cos 225° is a negative number. 
(ii) tan 3) is a positive number. 
(ii) cos 325° is a positive number. 
3. In which quadrants may 9 be in order to satisfy the following statements? 


G) sing < 0. (i) cos ө > 0. 
(iii) tang > 0. (iv) cot 0 < 0. 
(v) seco < 0. (vi) ‘csc ө > 0. 


2.4. Values of Trigonometric Functions of Quadrantal Angles 
An angle which in standard position has its terminal ray along one of the 
co-ordinate axes is called a quadrantal angle. Angles of 0°, 90°, 180°, 970° 


their coterminal angle are all quadrantal angles. 
rantal angles.) 


We propose to find the values of the tri 
angles. . 


and 
(In fact, these are the only quad- 


gonometric functions of quadrantal 


Let us consider the unit cirde, so that the end P of the radius vector moves 
on its circumference. In the case of quadrantal angles, one of the co-ordinates of 
points on the terminal ray is equal to zero. If the terminal ray lies along the X-axis, 
then y = 0; if the terminal ray lies along the y-axis, then x = 0. (This means, geo- 
metrically, that if (x, y) are the co-ordinates of P, then the points (x, 0), (0, 0) 


and (x, y) do not form the vertices of a right-angled triangle. However, the relation 
x? + y* = 1 holds) 


(i) ө = 0°. 


Y 


For this angle ө, the end 
P of the radius vector 
has co-ordinates 
y m 2) X x=], y=0. Hence 
sin 0°=0, cos 0°=1, 
tan 0°=0, sec 0°=1, 
cot 0° and csc 0° do 
not exist. 


Fig 2.7 (a) 


— — ÀM—— B 
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(In fact, if we were to try to find out cot 0° and csc 0° in the usual manner, we 
would see that zero appears in the denominator. Since division by zero is not 
defined, therefore it follows that an angle of 0° has neither a cotangent nor a 
cosecant. In mathematical language we may also express this by saying that cot 0° 
and csc 0° are not defined. 
(бИ 908: 

For this angle 0, the end P of the radius vector has co-ordinates.x = 0 and 


у= 


Непсе 
sin 90° =1, cos 90° =0, 
cot 90°=0, csc 90°=1, 
tan 90° and sec 90° are not 
defined. 


ГА 


y 


Fig. 2.7 (b) 


Gii) 0 =180°. 
For this angle 0, the end P of 
the radius vector has co-ordi- 
nates x = — 1, у=0. 


Непсе 
sin 180°=0, cos 180°=—1, 
tan 180? —0, sec 180°=—1. 
cot 180° and csc 180° are not 
defined. 


Fig. 2.7 (c) 
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(iv) ө = 270°. 
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For this angle 0, the end P of the radius vector has co-ordinates x = 0, 
у= -1. 
Непсе 
sin 270° = — 1, cos 270° = 0, 
cot 270° = 0, csc 270° = — 1. 
tan 270° and sec 270° are not defined. * 
Fig. 2.7 (d) 
Angle sin cos tan cot sec csc 
0° 0 1 0 X 1 x 
90° 1 0 x 0 x 1 
180° 0 == А х =] x 
2709 —1 0 x 0 x PT 


Remark. The entry ‘x’ 


defined. 


indicates that the trigonometric ratio in question js 


not 
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EXERCISES 
1. ЕШ up the blanks: 


sin 7 = cop mee 
Qm oe emere Qo = ities 
LA DO EE E cot $e ооо 
ааВВ d УА. SeC m = ole илз сы 
csc са sc e = 
g T ss Чу = eee eene 
2. Find the value of each of the following expressions : 
ay уаш, jaa - 237 
(i) sin g- + 008 I (ii) 1 + cot э“ 


(iii) sin 270° cos 180° + sin 180° cos 270°. 
(iv) cot 90° — cot 270° 
1 + cot 90° cot 270° * 
3. Name two trigonometric functions of ọ which are not defined when 9 =270°. 


4. Why are tan E and csc r not defined ? 


2.5. Trigonometric Functions of Positive Acute Angles 
Values of trigonometric functions of acute angles can be easily computed by 


Y- 
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considering right angled triangles without introducing a co-ordinate system. In 
figure 2.8, we have a right-angled triangle ABC, right-angled at B. The side AB 
is called the adjacent side and the side BC is called the opposite side of the acute 
angle A. AC is the hypotenuse. As usual, we denote the lengths of the BC, CA, and 
AB by a, b, and с respectively. А 


Let us choose A as the origin of co-ordinates, take the axis of x along AB, and 
the axis of y along the straight line perpendicular to AB through the point A. The 
angle BAC is then in the standard position, with AC as the terminal ray. The co- 
ordinates of C are (c, a), so that x =c, y= ar = b. 


зіп A= —Y _ а _Opposite side 
" b hypotenuse 
cos А X c  adjacentside 
г. b hypotenuse.” 
Тап А ле, ха opposite side” 
eS с adjacent side ° 
AEE CE adjacentiside 
y а opposite side ' 
ООА cena CED £ hypotenuse 
z c fadjacent side ° 
cic O e EE b hypotenuse 
Vy. AL. ` opposite side 


These formulae show that the values of trigonometric functions in the above 
case depend only on the lengths of the sides of the triangle ABC and are independent 
of the choice of any co-ordinate system. We may, therefore, compute the values for 
either acute angle of a right-angled triangle from the lengths of the sides of the 
triangle. Moreover, it is not necessary for the triangle to be in the standard Position 
(ie. it is not necessary that the adjacent side be parallel to the printed lines of the 
page and the opposite side be perpendicular to the printed lines). The essential 
thing is to pick out the adjacent side and the opposite side and then 


à use the above 
formulae as in the following example 


Example. For the following right-angled triangle, find the values of the trigono- 
metric ratios of the angle A. : 


کي — — 
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89 


Solution. With respect to the 
side BC is the opposite side. 
"Therefore, 


Fig. 2.9 


angle A, the 


side AC 


is the adjacent side and the 


3 opposite side _ ВС _ 3 
un hypotenuse AB 5 
i А adjacent side _ АС _ 4 
904 hypotenuse AB S 
opposite side _ BC 3 

кол adjacent side АС 4 
UM adjacent side AC 4 
oe ` opposite side ВС 3 
hypotenuse _ AB 5 
еен Е mp INO T Л 
hypotenuse _ AB 5 

рол opposite side BG 3 


2.6. Values of Trigonometric Functions of Angles of 30°, 45°, and 60? (2/6, 7/4 


and 7/3) 


The values of trigonometric functions of angles of 30°, 45°, and 60° can be 
.found very easily by considering certain rightangled triangles. 


To compute the values of trigonometric functions of angles of 30° and 60°, we 


cons 


truct an equilateral triangle ABC with each side of length 2 units and draw 


AD the bisector of Z. BAC. We can easily prove (by showing that the triangles 
ADB and ADC are congruent) that BD = 


DGE I 


unit, AC = AB = 2 units, 
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Fig. 2.10 Fig. 2.11 


Z BAD = Z CAD = 30°, ZB = Z С = 60° and Z ADC = 90°. By applying 
Pythagoras theorem to the right-angled triangle ADC, we have AD = ,/ (AC? — 
DC) = J @ — 1) = /8 units. By considering the right-angled triangle ADC, 


we have 
sin 30° = sin HAC — CD/AC = 1/2, 
cos 30° = cos Bat = AD/AC = ,/3/2 
asd =a GR CD/AD = 1/,/3, 
AN 
cot 30° = cot DAG = AD/CD = уз, 
VAN 
sec 30° — sec DAC — AC/AD = 2/ 4/3, 
Less 
csc 30° = csc DAC = AC/CD = 2. 
Similarly, by considering the angle DCA, we have 
sin 60° = ,/3/2, cos 60° = 1/9, tan 60° = /3 
ese 60° = 2/,/3, sec 60° = 2, 


cot 60° — 1/ J3. 
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4] 


To compute the values of trigonometric functions of an angle of 45°, we con- 
struct an isosceles triangle ABC (figure 2.11) in which each of the equal sides is 
equal to 1 unit. By Pythagoras theorem, 


AC = ү (ВА)? + (BC)? } = 4/2 units. 


Also, Z ВСА = / ВАС = 45°, 


sin 45° 
cos 45° 
tan 45° 
cot 45° 
sec 45° 
csc 45° 


= sin Z BCA 
= cos / BCA 
= tan Z ВСА 
= cot Z BCA 
= sec / BCA 


= csc Z BCA 


Remarks. 1. Comparing the values of 


of complementary angles 30° 


= АВ/АС = 
ВС/АС = 
AB/BC 
— BC/AB 
= АС/ВС = 
AC/AB = 


Ln 
Il 


1 


1/2, 
1/ J2, 
1, 

1, 
J2, 
о 


the trigonometric functions of pairs 


, 60°, 45°, 45° we note that the sine of the one is 


equal to the cosine of the other, the tangent of the one is equal to the cotangent 
of the other, and the secant of the one is equal to the cosecant of the other. We 
shall see in the next chapter that these relations are valid- for any pair of comple- 


mentary angles. 


Fig. 2.12 


2. The above method 
for finding the values of 
trigonometric functions 
of angles of 80°, 45°, 
and 60° can be applied 
to compute the values 
of the trigonometric 
functions of an angle in 
any quadrant if the ter- 
minal ray of the angle 
makes one of these 
angles (30°, 45°, 60°) 
with the positive ог 
negative x-axis. The 
following example will 
illustrate the method : 
Example. Construct an 
angle of 240° in stan- 
dard position and find 
the values of its trigo- 
nometric functions. 
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Solution. The terminal ray of the angle of 240° 
makes an angle of 60° with OX’. Take a 
OP = 2 units and draw PM perpendicula 


is in the third quadrant and 
point P on the terminal ray, so that 
т to OX’. It can be easily shown that 


OM = 1 unit, MP = 4/3 units. Therefore the co-ordinates of P are x = — 15 
у = — X8. 

Therefore, 

sin 240° = y/r = — 3/9, csc 240° = г/у = — 2/43, 

cos 240° = x/r = — 1/2, sec 240° = r/x = — 2, 


tan 240° = у/х = y3, cot 240° = x/y = 41/8. 
EXERCISES 


l. For each of the following right-an 


gled triangles, write the sine, cosine and 
tangent of each of the acute angles : à 


a 


Fig, 2.13 (i—iv) 


(iv) 
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2. Complete the following table : 


Angle sin cos tan cot sec csc 


7/6 


r/4 


т[3 


8. Evaluate each of the following expressions : 
(i) sin 45° cos 30° + cos 45? sin 30° 
(ii) cos 60° cos 45° — sin 60° sin 45°. 


.4, tan 7/4 — tan 7/6 By) cot 7/4 cot 7/3 + 1 
i) meret ITE E cot 7/3 — cot 74° 


4, Substitute the values of trigonometric functions and show that each of the 
following statements is true : 


(i) sec? 30° + cos? 30 = 1. (i) sec? 45° = 1 + tan? 45°, 
(ш) csc? 7/4 = 1 + cot? 7/4 (iv) sin 7/3 = 2 sin 7/6 cos 7/6. 
(v) cos 30° = cos 60° cos 30° + sin 60° sin 30°. 

(vi) sin 7/6 = sin 7/3 cos 7/6 — sin 7/6 cos 7/3. 


tan 60° — tan 30° hee 2 tan 7/6 
1 + tan 60° tan 30° уш) ي‎ = І — їап?л/6` 


(vii) tan 30° 


П o _ 1+4 cos 60° 1 — соё 7/3 
(іх) cot 30° = 60 e» sec 7/3 ETT DET 


5. Construct an equilateral triangle of each side equal to 1 unit, and use it to 
write down the values of trigonometric functions of anglés 7 /6 and 73. 
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6. Write 
down, with 
the help of 
figure ` 2.14, 
the values of 
trigonometric 
functions of 
angle of 
300*. 


7. Construct 
an angle of 


Tin standard 


position and 
find the va- 
lues of its 
trigonometric 
functions. 


Fig. 2.14 


2.7 Trigonometric Identities 
An equation that holds true for all those values of the variables for w 

sides of the equation are meaningful is called an identity. 

variables for which both sides of an equation 

values.) 

Illustrations. 

ГИ = (Xe al ce 1) is an identity 
of x. 

2. х3 = y! = (x — y) (х2 + xy + y 
values of x and y. 

3. سن‎ + a NT TORT Er is an identity because it holds true for all 
permissible values of x, that is, for all those values of x for Which the two sides 
have a meaning. (Both sides of the given equation have meaning for all values of 
X except x = I and x = — 1) 

4. 2х — 4 = x + 3 is not an identi 
missible values of x. Here, both sides of 
of x, but the equation holds true only w 


hich both 
(Those values of the 
are meaningful are called permissible 


because it holds true for all values 


?) is an identity because it holds true for all 


ty because it does 
the equation haye 
hen x = 7, 


not hold true for all per- 
à meaning for all values 
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1 2 3 
ИЕЗИ к 2 TEES 
hold true for all permissible values of x. Неге both sides of the equation have a 
meaning except when x = 1, 2 or 3, but the equation holds true only when 
Koes 2/2: 


is not an identity because it does not 


An equation that holds true for some, but not all, of the permissible values 
is called а conditional equation. Illustrations 4—6 above are examples of condi- 
tional equations. 


The distinction between an identity and a conditional equation can be very 
aptly put as follows : 


An identity : 1 holds true 
—A munde pue. 15 an equation that -=== nA 
A conditional equation does not hold true 


missible values of the variables. 


for all per- 


In the present section we propose to consider identities involving trigonometric 
functions. Such identities are very useful in various fields, especially in physics and 
engineering sciences. 


The fundamental identities. We give below some identities involving the trigo- 
nometric functions. These identities follow directly from the definitions of the 
trigonometric functions and are therefore called fundamental identities. 


I | tan 0 = sin 0/соѕ 0, cot @ = cos 6/sin 9. 


II | sec 0 = 1/соѕ 9, csc 0 = 1/sin б. 
III tan 0 = l/[cot ө, cot 0 = l/tan 9. 


The above identities follow at once from the definitions. (How ?). 


IV cos? + sin?Ó = ]. 

V 1 + їап?@ = sec. 

VI 1 + cot = csc%g, 

— 
Proof. Let @ be any angle. (See Fig. 2.5.) Let OP be the radius vector of the unit 
= 

circle making the angle 0 with the positive x-axis (ie, OP is along a ray from 0 
making an angle @ with the positive x-axis). Then x = cos 6, y = sinê. 

= 


Since the length of OP = 1, therefore x? + y2 = 1, 
QUPD Un Dec ETE S ee Se eee (IV) 
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Dividing both sides of IV by cos? 0 (cos + 0), we have, 
1 + sin? 0 [cos? ө = 1/cos? 0 , 


ог 1 + tan? 9 = sec? 9, кзн 09) 
by I and II. 
Again, dividing both sides of IV by sin? 0 (sin? 0 + 0), we have 
cos? 0 [sint 0 + 1 = Ijsin?g, 
o co oL EIN Сес ы ш T + (УТ) 


by I and II. 

Remark. In the above lines we have written sin? 9 for (sin 0 )?, cos? 9 for (cos 0 J 
tan? û for (tan 0)? and so on. In general, we shall write sin" 9 for (sin 0) ", 
cos" 9 for (cos 0)", tan" 0 for (tan 0)" and so on for m > 0 but never so for 
m < 0 (see chapter V). 


The above identities are used for establishing more complicated identities, and 
also for transforming trigonometric expressions. The methods will be best illustrat- 
ed by examples. 


Example. Prove the identity 


sin?g Я 
TE = 1 — соѕ 0, 1 + coso + 0. 
Solulion. First Method 
sin?g 
L.H.S. ЕЗ “1 + соз 9 > 
_ 1 — cos 
7 YT 4cos9 ? 
_ (1 + созо) (1 ~ cos 6) 
* 1 + coso 
= 1 — cos 0, since 1 + cos 0 =F 0, 
= RES. 
Second Method 
into 
Let ТЕШЕ = 1 — cos 6, 1 + cos + 0, if possible 
sin (1 + cos ө 
Then : 1 c соз Ө + (1 — cos 0) (1 + cos p), 
or sin + 1 — cos, 
or sin + cos?g + 1, 


which is impossible since we know that 
sin?g + cos = 1, for all values of 0. 
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The contradiction shows that 
sin?g 
ТЖ cos е = 1 — cos 0, l-+ cos 0 + 0. 


Third Method 


‚ From the fundamental identity 


соѕ 9 + sin = 1, 
we have 
sin?^g = 1 — соз?ө, - 
or sin = (1 — cosg) (1 + coso). 
Since 1 + cos = 0, therefore dividing both sides by 1 + cos 9, we have 
sin — 1 m - 
l + со50 — Җ 


Hence the identity. 


Remarks. 1. The technique employed for the proof in the Second Method is 
called proof by contradiction. This is an extremely important method of proof and 
is employed very frequently and in very diverse situations. You might have already 
used this method in proving some theorems in plane geometry. (Can you recall 
two instances from plane geometry where this method of proof is used ?). 


2. Consider the following ‘false proof‘ this method of proof is used ?) 
sin?@ 


Песоа 1 — с050,1 + coso + 0 


Multiplying throughout by 1 + cos 0 to clear off the fractions, we have 


sin = (l — coso) (1 + cosa), 
or sinê = (1 —cos@) (1 + cosa), 
or sing = (l — cos?9), 
or Sin? уез о p Le E E (2) 


which is true. Hence the identity (1) is true. 


Can you guess as to what is wrong with the above mode of reasoning? Here 
we started with (1), about the truth of falsity of which we did not know and we 
arrived at (2) which is known to be true, by a chain of valid operations and argu- 
ments. From this it is not possible for us to arrive at the ‘conclusion that (1) must 
be true. A false hypothesis may and in fact does lead to a correct conclusion. 
This may be illustrated by the following example : 


Is the following equation an identity : | | 
sing — csc@ = coto coso ? TOMUS (i) 
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Let us proceed as follows : 
Squaring both sides of (i), we have 
(sing — csc)? = cot*g cos?g, 
or sing + сзїв— 2 = cot?g (1 — sin’@), 
or sin + csc?ü— 2 = cot — cos'0. 
Transposing all the terms to the left hand side, we have 
(sin?@ + cos") + (csa — cot?g) — 2 = 0, 


ОҢА 1 + 1 — 2 = 0, since sing + co?g = l and cosec?9 — собе = 1, 
: or OURO UU аъ. шна (ii) 
Since (ii) holds true, therefore we may be tempted to conclude that (i) holds 
true for all permissible values of 8 . However, by putting 0 = 7/4 in (i), we may 


-say that (i) is not an identity. In fact, when 0 = 7/4, the left hand side of (i) equals 
1/2 — J2,ie., — 1] /2, and the right hand side equals 1/ /2. 
Examples. Prove the identity 

tan 0 + cotO. = sec 0 соѕес Ө. 
Solution. L.H.S. = sin 0/cos 0 + cos@/sin Ө, 

_ sin + cos 

|. cos @ sin 0 

1 
= cos б sin 0' 
1 1 
= cos @* ‘sin & 


= sec 0 соѕес6, 
= ВІН 


› 


Example. Prove the identity 


cos 6 cos Û 
ZEE aang DFi 


Solution. Since the right hand side is more complicated, we proceed by perform- 
ing the operations indicated on the right hand side. 
cos Û cos 0 
E Lorum Igne 
_ cos 0 (1 + sin 0) —соѕ 0 (1 — sin 6) 


(1 — sin 0) (1 + sin 6) d 
h 2 cos 0 sin Ө 
cos?g " 
= 2 tan 6, 
SOLES, 
Example. 


Is the following equation an identity ? 
cos @ + sin*ó = 1. 
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Solution. The given equation is not an identity, because 0 = 7/4 is a permissible 
value for which the left hand side equals (cos z/4)? + (sin 7/4)? = (1/292)8 Se 
Тау ,/2)® = 1/ 4/2, which is not equal to the right hand side. 

Example. Prove the identity 


йы ТЕЕ ла 
RETE 1—cospf [50,01 


2 2 
Solution. LHS. =y f TEE EO + TE 2 5 
pe MEE 8) + 2 (1 + cos ө) 


1 — cos?d 
V 4 
{ sin? 0]? 
2 


lsin 0|" 

R.H.S. 
While no definite rules can be laid down for proving (or disproving) 
the following suggestions may prove useful : 


1 


Remark. 
an identity, 
1. Do not w 
9. It generally pro 
equation into the form, 
3. If one side involves only one function of the angle, it may prove to be of 
rms of this function. 


ork with the equation as if it were a conditional equation. 
ves helpful to change the more complicated side of the 
of the other side. 


advantage to express the other side in te 
hange all the functions into sines and cosines. 

the side which is being kept unaltered, for this is. 
We have to watch constantly as to what trans- 


. 4. It is often helpful to c 
5. Always keep an eye on 

the goal which we have to reach. 
formations will lead us to this goal. 


6. Factoring is useful sometimes. 
7. Sometimes it is useful to multiply the numerator and denominator by a 


factor which does not vanish within the domain of the variable. 


8. As far as possible, try to avoid introducing radicals. 


EXERCISES 


1. Prove the following identities : 
(i) costa — sin“) = соз°@ — sin?g. 
(ii) (tan û + cot 9)? = csc + sec. 
(ii) ќап*0 — sec“ = 1 — 2 sec. 
(iv) (sin 0 — tan 8) (csc 0 + cot 0) = cos 0 — sec 8. 
(v) (1 + cot 0 — esc 0) (1 + tan 0 + sec 0) = 2. 
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(vi) rd (csc Ө — cot 0)2. 
E eum = Tl i ГА 
eee t 
(viii) 2590 т = Е: 1 
(ix) TE Ый gj = dn. 
(x) 1 е” z= == 1 
2. Is the equation іп the following problems an identity or a conditional 
equation ? | 
(i) (tan 0 + sec @)?= LER 
(ii) kin x тап ч = it ae 


(iii) кей—вав= fT xxr 


^ 1 + cos 0 + sin 0 1 + sin 8 
Qv) 1 + cos 0 — sin 0 cos 0 


Д 1 
(v) sec 0 (1 — sin 0) = ери" 
3. Verify the truth of the following statements, when 0 lies in the first 
quadrant : ү 


1 0 
(i) VER) = ео + cof. 


sec 0 — 1 sin 0 


Gi) ҮЙ стор = 1+ cos 0° 
T 1 — sin 0 1 — sin 0 
Gi) Vi 1 + sin di cos ^ 
1 + sin?0 sec?g 
Qv) W а 1+ E csc QUI 


4. State two values of @for which the statement of exercise l(vii) is not 


meaningful. 

5. State two values of 0 for which the statement of exercise 1(x) is not mean- 
ingful. 

б. State two values of @ for which the statement of exercise 2(ii) is meaning- 
ful but not true. i 

7. State two values of @for which each side of the statement in exercise 2 (ii) 
has a meaning, but for which the equality does not hold, i 


А 
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2.8. To Find The Values Of The Trigonometric Functions Of A Given Angle In Terms 
Of The Value Of One Trigonometric Function Of The Same Angle 


We have already seen how we-can compute the values of the trigonometric 
functions of an angle when the co-ordinates of a point on the terminal ray of the 
angle are given. Another problem of a similar nature is to find the values of all the 
trigonometric functions of an angle when the value of one of them is given. For 
example, let cos 0 = —3/5, and let us be required to find the values of the remain- 
ing trigonometric functions of 9. We have to first observe that since cos 0 is nega- 
tive, therefore @ must be either in the second quadrant or in the third quadrant. 


Fig. 2.15 (a) 


(i) 0 is in the second quadrant. (1) 0 is in the third quadrant. 
. Since sin? 0 + cos’ 0 = 1, Since sin? 04+ cos? 0 = 1, 
therefore sin? @ = 1 — (—3/5)? = 16/25, therefore sin@ = + 4/5. 
йе, іп 0 = + 4/5. ` But sin 0 < 0, therefore choosing the 
But sin 0 > 0, therefore choosing the negative sign, we have 
positive sign, ме have sind =— 4/5. 
sin 6 = 4/5. : Also, tan 0 = sin 0 /соѕ 0 = 4/3, & 
Also, tan 6 = sin /cos 0, . cot 0 = l/tan6 = 3/4, 
= TUE sec 0 = 1/cos 0 = — 5/8, 
cot 0 = l/tan 0 = — 3/4, csc 0 = 1/sin 0 = — 5/4. 


sec 0 = 1/соз 0 = — 5/8, 
csc 6 = l/sin 0 = 
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P y) 


Fig. 2.15 (b) 

We could also have proceeded thus : 
(i), In figure 2 15(a), by observing that x? + y! = 1°, х= —3, r=5, and y > 0, 
we find that y — 4. 
Therefore sin 0 = y/r = 4/5, tan. =y/x = — 4/3, cot? =x/y=—3/4, sec 0 
=— 5/3, сс 0 = r[y = 5/4. 
(ii) In figure 2.15(b) by observing x? + y? = r, x = — 3, r = 5, and y < 0, we find 
that у= —4. .* i E 
Therefore, sin 0 = у/т = —4/5, tanO= y/x = 4/8, cot 0 = x/y = 3/4, зесб = 

, r/x =—5/3, and csc 0 = г/у = — 5/4. 

If instead of the value of соз @ we were given the value of some other trigono- 
metric function, then also either of the methods coüld be applied (with suitable 
modifications of course !) to compute the values of the remaining functions. Of 
the two methods discussed above, the first is more suited to theoretical problems, 
and the second is more suited to numerical problems. 

We now propose to discuss as to how w 
finding the values of all the trigonometric fur 
one of them is given) in general. 


e can deal with such a problem (of 
actions of an angle when the value of 
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I In terms of the value of the cosine. 
Since cos?8 + sin 0 = 1, 
therefore sin 0 = + 4/(1—cos?0). 
sin 0 + +/(1—cos*4) 
cos — cos 0 
cos 6 cos 0 
COE ey + y (l—cos?8) * 
sec 0 = 1/соѕ 0, 


tan 0 


> 


csc 0 = I/sin 0 = ase: 
6 II In terms of the value of the sine. 
Since соѕ20 + sin*@ = 1, 
therefore cos 0 = + ,/(1 — sin). 
sin 0 sin 0 


S Бейтап ЭШЕ CES 


cos 0 _ + ,/(1 — sin?0) 
sin 0 7 sin 0 

эң ч ш, 
+ (I — sin®@)’ 


cot@= S 


sec 0 = 1/cos 0 = 
csc 0 = 1/зїп б. 
IIL In terms of the value of the tangent. 
It can be easily verified (please verify !) that 
I д tan @ 
EJU + tanta? 9 “ЕП + tan)? 
cot 0 = I/tan 0, sec 0 = + „/(1 + tanê), 


+ J (1+ tan?0) 
tan 0 4 


cos 0 = 


csc 0 = 


| 
| IV In terms of the value of the cotangent. 
| It can be easily verified (please verify !) that 
| : cot @ 
| + (I + соб) 
| + J(1 + сов) 
cot 0 К 
У In terms of the value of the cosecant. 
| It can be easily verified (please verify !) that 
+ ‚/ (csc?@ — 1) 
csc 7 
‚1 
3E J(esc?ü — 1) * 


cos 0 = , sin 0— 


1 
+ (1 + cot?8) * 
csc à = + ,/(1 + cot). 


sec 0 = 


| cos ü = ‚ sin 0 = 1/сѕс б, 


tan 0 = 


csc 0 
cot @ = + „/(свс20 — 1), sec 0 =F EE PS) 
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VI Im terms of the value of secant. 
It can be easily verified (please verify) !) that 


cos @ = l/sec 0, Sling gow Gee = Tyr 
sec @ 
1 
tan 0 = + (sec? @ — 1), cot@= + JGect 8 — D 
сз сс EME LE 
` + (sec? =i: 
Remark. In the various expressions given above, the signs + and — correspond 


to the two possible positions of the terminal ray of the angle for any given value of 
one of the trigonometric functions of the angle. The sign can be determined if in 
addition to knowing the value of one trigonometric function of the angle, we also 


know the quadrant in which the angle lies. The following example will illustrate 
the point. ; 


Example 10. Given cot 0 = —3 and 6 lies in the fourth quadrant, find the values 
of the remaining trigonometric functions of 6. 


Solution. Since csc 0 = 1 + cot 0 and cot @ = —83, therefore cs? 0 = 1 + 
(—3) = 10, or cscÓ — + ,/10. Also, since 0 lies in the fourth quadrant, therefore 
csc @must be negative. Therefore, we must have cscO = — J 10. 


Again, since sind = 1/сѕс 6, 


therefore sin @ = —1/ J10. 
Also, соѕ 0 = cot@. sin@ = (—3) (-1/ /10) = 3/ ./10, 
tan 0 = 1/cot@ = — 1/8, 


sec = l/cos0|— /10/3. ' 


Example. Given tan @ = 0, find the values of the other trigonometric functions of 6. 
Solution. If (x, y) be the co-ordinates of any point P on the terminal ray of the 
angle 0, then y/x = 0. Since tan = 0, therefore y=0. Hence P must lie on the 
x-axis. The terminal ray should, therefore, lie along the positive x-axis or 


the 
negative x-axis. The angle @ is either 0° or 180°. Ў 


If 0 = 0°, then If 0 = 180°, then 
sin 6 = 0, sin @ = 0, 
соз б == 1, cos 0 = — ], 
sec 0 = 1, sec 9 = =], 


cot д and csc @ are not defined. cot @ and csc @ are not defined 


— 
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EXERCISES 


1. Construct two angles in standard position which satisfy the following condition, 
and write down the values of the other trigonometric functions. 


(i) sin = 5/18. (ii) cos = —4/5. 
(iii tan@ = 24/7. (iv) cot @ = 
SEC O (vi) csch = —4. 


2. Construct a positive angle less than 360° which satisfies the conditions in each 
of the following problems, and write down the values of the other trigonometric 


functions : 
(i) cos 8 
(ii) sin 8 
(iii) tan 6 
(iv) cot 8 
(v) esc 8 
(vi) sec 0 
(vii) cos 0 
(viii) sin Ө 
(ix) гапе 
(x) cot 0 
(xi) csc 0 
(xii) sec 0 
(xiii) cos 8 
(xiv) sin 0 
(xv) tan 8 
(xvi) cot 0 
(xvii) csc 8 
(xviii) sec 8 


3. Ifsing — 19/18 


Ew ng wow d dom y m pou ШЕ ЛЕ 


4/5, 0 lies in the first quadrant. 

5/13, @ lies in the second quadrant. 

— 15/8, @ lies in the fourth quadrant. 

—4/3, 0 lies in the second quadrant. 

—13/12, 0 lies in the third quadrant. 

25/7, 0 lies in the fourth quadrant. 

1/2, 0 does not lie in the first quadrant. 

3/4, 0 does not lie in the second quadrant. 
3/2, 0 does not lie in the third quadrant. 

— 5/6, 0 does not lie in the fourth quadrant. 
3, 0 does not lie in the first quadrant. 

—5/2, 0 does not lie in the third quadrant. 
—5/18, sin 0 > 0. 

— 1/2, tan 0 > 0. 

2, cos 8 < 0. 

— 3/4, sec 0 > 0. 

—25/7, cot 0 > 0. 

18/12, csc 0 < 0. 

and @ lies in the second quadrant, find the value of sec @ + 


tan б. ч 
4. In which quadrants тау 6 Пе, in order that the following statements may be 
true : 

(i) sin 0.— J/(1 — cos?@). (ii) cos 0 = — ‚/(1 — sin). 

(iii) tan 0 = „/(зес?Ө — 1). (iv) sec 0 = — (1 + tan). 

(у) csc 0 = (cot + 1). (vi) cot 0 = — „/(сѕс20 — 1). 


5. Prove or disprove the following statements : 
(i) cot = 3/4 Л sin 0 < 0 = cos 0 = — 3/5. 
(ii) sin 0 = —5/7 Л sec. > 0 = tan 0 = 1. 
2.9. Even and Odd Functions 
Consider the function f given by f(x) = x°. Since (—x) = x’, for all x, there- 
fore f(—x) = (=х) = х = f(x) for all x. Similarly for each of the functions g and 


h defined by g(x) = 


|x|, h(x) = x‘, we have g(—x) = 


g(x) and h(—x) = h(x), 


for all x. Such functions are called even functions. 
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Definition. A function f is said to be even if 


f(-x) = f(x) 
for all x in the domain of f. 
^. Next let us consider the function F given by F(x) = x* Since (—x) = —x? for 
all x, therefore F(—x) = (—x} x3 = —F(x), for all x. Similarly for the func- 


tions С and Н given by G(x) = x* and H(x) = x’, we have G(—x) = —G(x), H(—x) 
= —H(x) for all x. Such functions are called odd functions. 
Definition. A function f is said to be odd if 
f: E(x) = x? + x. 
for all x in the domain of f. : 
Finally, let us consider the function 
Е: £(x) = x 4 x, 
Here {(—x) = x? —x which is neither-equal to f(x) nor to —f(x) for any x other 
than x — 0. This function is therefore neither ever nor odd. Similarly the functions 
Б: g(x) = x? — 3x-+ 2, 
hie: BOR aK 1, 
are neither odd nor even. 


We shall now examine as to which of the trigonometric functions are odd, even, 
or neither odd nor even. 


Theorem (i). The cosine and the secant are even functions, i.e., 


cos ( — 0) — cos 6, 
sec ( — 0) = sec 6. 


(ii). The sine, the tangent, the cotangent and 


the cosecant are odd 
functions, i.e., 


sin( — 0) = — sin 0, csc( — 0) = — csc 0; 

tan( — 0) = — tanó, cot( — 0) = — сов 
Proof. Let 0 be any given angle. We consider the angle — 0 . Let P and Q be the 
points on the unit circle where the terminal sides of these angles intersect it. Since 


rotations of angles 0, — 0 take the initial line OA to OP and OQ respectively, 
therefore OP, OQ must be symmetrical with respect to OA, ie, the x-axis. Conse- 
quently if the co-ordinates of P are (x, y) the co-ordinates of Q are (x, у). 
Thus we have ч 


cos 0 = x, sin @ = у; 
and cos (—6) = х, sin (—0) = — у. 
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Y. 


Fig. 2.16 


Consequently, 

cos (—0) = cos 6, sin (—0) = — sin б. 

From these we get 

sec (—0) = 1/cos (—0) = l/cos 0 = sec 0, 

tan (—0) = sin (—6)/cos (—0) = — sin 0| cos 0 = — tan 6, 
cot (—6) = cos (—6)/sin (—0) = cos 0/— sin 0 = — cot 6, 
csc (—0) = 1/sin (—0) = 1/(— sin 0) = —csc б. 

Example. Compute cos (— 7/3), sin (—-7/3) and tan (— 2/3), 
Solution, Since cosine is ati even function, 


57 


58 PLANE TRIGONOMETRY 


therefore cos (— 7/3) = cos (7/3) = 1/2. 


Since sine is an odd function, therefore sin (— 7/3) = — sin (7/3) = — ER | 
Since tangent is an odd function, therefore tan ( — 7/3) = — tan | 
7|3 = — 4/3: | 
| 

EXERCISES 


1. Which of the following statements are true : 
(i) f: f(x) = x! + 1, is an even function; 
(ii) f : f(x) = x? — 1, is an odd function; 
(iii) f : f(x) = х5 + x, is an odd function; 
(iv) Ё: f(0) = соѕ0 + sec@, is an even function; 
(v) f : f(0) = tan@ — sin 0, is an odd function; | 
(vi) f : f(0) = tan@ + sec 6, is an even function. | 


2. Prove or disprove the following : 


(i) tan? (—0) + 1 = sec. ` (ii) cos (—7/3) is a negative number, 
(iii) cos*8 + sin? (—@) = 1. (iv) tan (—@) cot (0) = — 1. 
3. Complete the following table. Put a x whenever the trigonometric ratio is not | 
defined. . 
| 
sin cos tan cot sec csc 
i 
—90° 
—60° 
—45° 
А тан! x | 
—30° 
4. aL value d each of the following expressions: : 
ар 3 а o Oe 
оз (= 7/4) cos (— z/2) + sin (— 7/3) sin 


n[3. 


(iti) cost (—7[3) — sin? (— 7/6) + 1 = sin? (= 2/2), | 
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6. 


ASSORTED EXERCISES ON CHAPTER 2 


The terminal ray of an angle 0 in standard position passes through the point 
(24, —7). Draw the reference triangle, make the angle 0, and write down all 
the trigonometric ratios of 6. 


Prove that (a + b) = 4ab sin?@ is a possible equation only when a = b. 


Show that no value of sec 0 can satisfy the equation 6 ѕес 0— 5 sec 0+ 1 = 0. 


Show that the equation sec? 0 = 4xy/(x*+ у)? is a possible equation only when 
х = у. 


Prove that sec? 0 + cos? 0 can never be less than 2. 


In which quadrant (or quadrants) must @ be in order to satisfy the following 


statements : 


12. 


(i) sin 0 < 0 Л tan 0 < 0. 
(ii) cos 8 > 0 Л cot 0 — 0. 
(iii) tan 0 < 0. 

(iv) sin 0 >0. 


Name two trigonometric ratios which are not defined when @ = 180°. 


Construct ап angle of 330° in standard position and find the values of all its 
trigonometric ratios. 


Prove the following identities : 

(i) (sin 0 + sec 6)? + (cos 0 + csc 0)? = (1 + sec 0 cse 0). 
(ii) csc®@ — сої®@ = 1 + 3 сѕс?0 cot?0. 
(iii) cos 0/(1 — tan 0) + sin 0/(1 — cot 0) = зїп 0 + cos 0. 


If cos 0 + sin Ө = ,/2 cos 0, prove that cos 0 — sin 0 = ,/2 sin 0. 


Prove or disprove the following statement : 
cos 0 = — 4/5 Л sin 0 > 0 > tan 0 = — 3/4. 


If sin 0 = 12/13 and 0 lies in the second quadrant, find the value of sec 0 
+ tan @. 
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If 0 is a positive acute angle, the terminal ray of an angle of 360° —9 in 
standard position is in the fourth quadrant. Use the adjoining figure to show 


that in this case 


sin (360° — 0) = — sin 6, 
cos (3600 — 6) = cos 6, 
tan (360° — 0) = — tan 6, 
cot (360° — 0) = — cot 6, 
sec (360° — 0) = — sec 0, 
esc (360° — 0) = — csc 0. 


y 


Fig. 2.17 
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14. If 0 is a positive acute angle, the terminal ray of an.anpgle of 180° +- 0 in 
standard position is in the third quadrant. Use figure 2.18 to show that in this 


case 

d sin (180° + 0) = —sin6, 
cos (180° + 0) = —cos 0, 

tan (180° + 0) = tanê, 

cot (180° +8) = _соїб, 

sec (180° + 0) = —есб, 

csc (180° + 0) = —ссё. 


Y 


Fig. 2.18 
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15. If 0 is a positive acute angle, the terminal ray of an angle of 180° — @ in 
standard position is in the second quadrant. Use the figure 2.19 to show that in 
this case 

sin (180° — 0) = sin 6, 
cos (180° — 0) = —cos 6, 
tan (180° — 0) = —tan б, 
cot (180° — 8) = —cot Ө, 
sec (180° — 0) = —sec Ө, 
csc (180° — 0) = сс, 


“р 
/ Bl G e 
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16. If 0 is a positive acute angle, the terminal ray of an angle of 90° + @ in 
standard position is in the second quadrant. Use the figure 2.20 to show that 


in this case 


sin (90° + 0) = cos 6, 
cos (90° + 0) = —sin 6, 
tan (90° + 0) = —cot 6, 
cot (90° + 0) = —tan6, 
sec (90° + 0) = —csc 0, 


csc (90° + 0) = sec 0. 
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17° Use the following figures to express the trigonometric functions of (270°+ 0) 
and (270°— 8) as functions of 6, 0 being a positive acute angle. 


Fig. 2.21 Fig. 2.22 


18. Draw a suitable figure and express the trigonometric ratios of (90°— 0) as 
functions of 0, 0 being a positive acute angle. 


Chapter 3 


Addition Theorems 


for Trigonometric 
Functions 


3.1. Introduction 
In the present chapter we shall obtain expressions for trigonometric functions of 


the sum of two angles in terms of the trigonometric functions of the angles and 
a 


discuss consequences of the same. 
3.2. Addition Theorem for the Cosine 
Theorem. For any two angles 0 and ф, 

cos (0 + 4) = cost cos ф — sin ô sin ¢ . 
Proof. Let us draw 0 in standard position and ф with its initial side along the 
terminal side of 0, as shown in figure 8.1. Thus @ + 4 is in standard posi- 
tion. Also, — ¢ is in standard position, and the angle —(— 4) + 0 = ¢ + 0. is 
as shown. Let us draw a unit circle with the origin О as centre. Let P, P, P, be 
the points of intersection of the terminal sides of the angles 0,0 + 4, — d ith 
the unit circle. Also let P, be the point of intersection of the positive x-axis with 
the unit circle. Then P, P, Рз have co-orordinates (cos 0, sin 0) {cos ( 0 + ¢ ), sin 
( 0 +¢ )} {соз E $ ), sn G Ф ) respectively, Also P, has co-ordinates (1,0). 
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(cos(ord), 


Fig. 3.1 


The triangles P,OP; and P,OP, are congruent since two sides and included angle 
of the one are equal to the two sides and included angle of the other. Therefore 
P,P, and P,P, are equal. By the distance formula, 

P,P32— {cos 0 — cos (— ¢)}?++ {sin 0 — sin (— ¢)}2 
= (cos 0 — cos ф)? + (sin 0 + sin ¢)?, since cos (— 0) = cos 0, sin (— Ф) = 
— sin $, 
= (cos? — 2 cos 0 cos ф + cos?) + (ѕіп?0 + 2 sin 0 sin ф + sin2¢). 
= 2 — (2 соз 0 cos ф — sin @ sin ¢), since cos? 0 + sin? 0 = І, cos? ф + sin? $ 
Also PiP4? = {1 — cos (0 + ¢)}? + (0 — sin (0 + 4j? 35 
= 1 — 2 cos (0 + 4) + cos? (0 + 4) + sin? (0 + 4) 
-2— i i 
| | 2 соз ( 0 + ¢), since cos? (0 + Ф) + зїп? (0+ 4) =1. 

Equating the value of P,P? and P,P? we have 

2—2 cos (0 + $) = 2—2 (cos 0 cos  —sin 8sin ¢). 
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Subtracting 2 from both sides of (i) and dividing each side of the resulting 
equation by —2, we have 


cos (0 + ф) = cos 0 cos ф — sin Û sin ¢. 


The above proof is obviously valid for all values of 0 and ¢. 
Corollary. cos (0 — ф) = cos 0 cos ф + sin 0 sin ¢. 
Proof. | cos (0 — 4) = cos [8 + (— ¢)], 
cos 0 cos (— ф) — sin 0 sin (— Ф), 
= cos 0 cos ¢ — sin 0 (— sin 4), 
[since cos (— 0) = cos 9, sin (— 4) = — sin 4] 
= cos 0 cos ф + sin @ sin ¢. 
33. Formulae for Complementary Angles 
Two angles @ and ¢ are said to be complementary if 0 + ¢ = 7/2. This is 
a generalisation of the usual notion of complementary angles for positive acute 


angles. 
Theorem. The cosine of any angle is equal to the sine of its complement. In 
symbols, 

if 0+ ¢ = 7/2, then cos ф = sin б, cos 0 = sin ¢, 


or cos (7/2 — 0) = sin 0, sin (7/2 — 0) = cos 0 


Proof, cos ф = cos (7/2 — 0), 
= cos 7/2 cos 0 + sin 7/2 sin 6, 
= 0. cos 0 + 1. sin 6, 
= sin 0. 


Similarly cos 0 = sin ф. 


| tan (7/2 — 0) = cot 0, cot (7/2 — 0) = tan 6, 
Corollary. sec (7/2 — 0) = cosec 0, cosec (7/2 — 6) = sec 6, 


whenever both sides have a meaning. 
34. Addition Theorem for the Sine 


Theorem. For any two angles 0 and ¢, 


sin (0 + Ф = зіп 6.соз ф + cos@sing. р ^  ... (i) 


cos {7/2 — (0 + d), by Art. 3.3 
cos {(7/2 — 0) — Ф} 


Li 


Proof. sin(0 -- 4) 
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= cos (7/2 — 0) cos ¢ + sin (z/2 — 0) sin à, by Art. 3:2 
= sin б cos ф + cos 0 sin ¢, since cos (7/2 — 0) = sin 0 and sin (7/2 — 0) = cos р. 


Corollary. For any two angles @-and ¢, 


sin (6 — ф) = sin 0 cos ф — cos 0 sin Фф. Н) 


Proof. sin (0 — Ф) = sin [0 + (— $), 

sin 0 cos (— 4) + cos @ sin (— ¢), by (1) above 
= sin Û cos ф — cos 0 sin ¢, by theorem 3.3. 

Example l. Calculate sin 15° and sin 75°. 

Solution. sin 15° = sin (45° — 30°) 

sin 45° cos 30° — cos 45° sin 30° 3 


1 


wi 3: EG 
PDT АО dE 2 
EE 
PETERE 


sin 75° = sin (45° + 30°), 
sin 45° соз 30° + cos 45° sin 30°, 


tel 3 Д 1 
КОЙО УЛАРДЫ 
= Bl, 

INA 


3.5. Addition Theorem for the Tangent 


Theorem. If none of the angles 0, ф and 0 + $ is an odd multiple of 2 then, 


i 0 +t 
> = E my 


Proof. As none of the angles 0, ¢, 0 + ¢ is an odd multiple of = 2 therefore cos 0 
cos ф + 0 and cos (0 + 4) +0. 
in (0 

tan (0 + 4) = 00, 
зіп 0 cos ф + cos Ө sin $ 
cos 0 cos ф — sin 0 sin ¢ ° 
sin 0 cos $ | cos sin Ф 
cos 0 cos ф cos Ө cos ф 
Cos Û cos ¢ _ sing зїп}? 
cos 0 cos ф cos cos 


ADDITION THEOREMS FOR TRIGONOMETRIC FUNCTIONS - 69 


(dividing the numerator and the denominator by cos 0 cos ¢ ) 
tang + tang 
1 — tan Û tan ¢ ` 


tan 0 — tang 
letan апы Бү Ж ЖЕДЕ (2) 


Corollary. tan (0 — $) = 


where none of the angles ГА ф and @ — ¢ is an odd multiple of app 
Proof. tan (0 — ф) = tan [0 + (— $)], 
tan 0 + tan (— 4) 
1 — tan @ tan (— 4) 
tan 0 — tang 
FERT + tan Û tan ¢ ` 


Example 2. Express tan (7/4 + 0) and tan (7/4 — 0) in terms gi tan б, stating 
the values of 0 for which the expressions are valid. 
tan 7/4 + tan 0 
1 — tan 7/4 tan 0 ' 
1 + tan 0 
1 — tan 0 ` 


Solution. taħ (7/4 + 0) = 


The above expression is valid for all those values of 0 for which none of the 
angles 0 and 7/4 + 0 is an odd multiple of 7/2. 


tan 7/4 — tan 0 
ten eji бу = 1 + tan 7/4 tan 0° 
mo Ex 
~ 1+ tand~ 
The above expression is valid for all those values of @ for which none of the 
angles 0 and 7/4 — 0 is an odd multiple of 7/2. 
3.6. Addition Theorem for the Cotangent 


Theorem. If none of the angles 0, ¢ and 0 + ¢ is a multiple of z, 


бый сый 


a Cre cot 0 + cot ф 


Proof. Since none of the angles 0, ф, 0 + ф is an even multiple of 7/2, therefore 
sin @ sin 4# 0 and sin (6+¢4) > 0. 
_ cos (8 + 4) 
eot 0-4) = ein (Gog 
_ Cos Û cos ¢ — sin Û sin ф 
sin 0 cos ф + cos ô sin ¢? 
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cos Û cos ф sin Ө sin ф 


sin Û sin ¢ sin Û sin ф 
sin 0 cosh , -cos sin $?’ 


sin Өзіпф ` sin 0 sin ¢ 

(dividing the numerator and the denominator by sin @ sin 4) 
cot 0 cot ¢ — 1 

cot ф + cot 0 В 

cot Û cot pj — 1 

cot 0 + cot¢ 


cot Û cot ¢ + 1 


Corollary. cot(0 — 4) — x ф — cot 0 


? 


where none of the angles 0, ¢ and 0 — ¢ is a multiple of т. 
Proof. cot (@ — ¢) = cot [9 + ($), 
cot Û cot (—ф) — 1 
‘cot 0 + cot(—4) ^" 
. — cot 0 cot ф — 1 
cot 0 — cot ф f 
cot Û cot ¢ + 1 
~ “cot ф — cot 0 d 


Let us note that if any one of the angles 0, 4, 0 — ф were a multiple ofr, 
then the addition theorem for the cotangent would not have been valid. 
3.7. Addition Theorem for Several Angles 


We can obtain addition theorems for several angles by repeated application of 
the theorems for two angles. We illustrate this by considering the angle 0+ 4, + y. 


sin (03-6 + y) = sin [ (0 + 4) + v], 
=: sin (0 + 4) cos y + cos (0 + 4) sin y, 
= (sin 0 cos ф + cos 0 sin 4) cos y, 
+ (cos 0 cos ф — sin @ sin ¢) sin y, 
= sin 0 cos ф cos y + cos 0 sin ф cos y 
+ cos б cos ф sin y — sin 9 sin ¢ sin y. 
Similarly 
cos (0 + & +y) = cos [ (0 + ¢) + y 1, 
== cos (0 + 4) cos y — sin (0+4) sin y, 
= (cos 0 cos ф — sin @ sin 4) cos y 
— (sin 0 cos ф + cos 0 sin 4) sin y, 
= Cos @ cos ф cos y — sin Ө sin ф cos y 
— sin 0 cos ¢ sin y + cos 0 sin ф sin y. 
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From the above two results, dividing the numerator and denominator by 
cos 0° cos ¢ cos y, we have 


sin (0 + ¢ -H y) 
8 by) = 
tan (0 + $ + y) one seer 
tan 0 + tan ф + tan y — tan 0 tan ¢ tan y 
1 — tan Û tan ф — tan ¢ tan y — tan y tan 0° 


Note that the two divisions will be permissible if and only if соѕ (6 + 4+ у) 


0 and 


cos g cos ф cos y # 0 ie, none of the angles 6, ¢, y and 0 + ¢ + y is ап 


odd multiple of 7/2. 


Аад 


EXERCISES 
Show that cos (30° + 45°) z& cos 30° + cos 45°. 
Show that sin (60° — 45°) ~ sin 60° — sin 45°. 
Verify that cos 70° cos 10° + sin 70° sin 10° = 1/2. 


Verify that sin 64° cos 26° + cos 64° sin 26° = 1. 
Prove the following identities : 
à cos (60° + 0) = 1/2 (cos 0 — ,/8 sin 8) 
(i) sin (30° + 0) = 1/2 (cos0 + /3 sin 6). 
(ii) sin (7/4 + 8) = 1/ J2 (cos 0 + sin 6). 
(iv) cos 0 — sin 0 = J2 cos (0 + 7/4). 
(v) o - ] — tan ô tan ¢. 
(vi) меке. = tan 0 + tan ¢. 
(vii) sin (A + B) sin (A — В) = cosB — cos'A. 
If A and B are positive acute angles such that sin А = 3/5, and sin 


6. 


sin B = 5/12, find the values of sin (A + B) and cos (A — B). 

If A and В are positive acute angles such that sin А = 1/ ,/5 and 
sin В = 1/ /10, show that A + В = 7/4. 

Without the use of tables, find the values of 

(i) cos 48° cos 12° — sin 48° sin 12°. 

(ii) sin 72° cos 12° — cos 72° sin 12°, 

(iii) sin 32° cos 13° + cos 32° sin 13°, 

(iv) cos 68° cos 8° + sin 68° sin 8°. 
Prove the following identities : 


(i) tan (7/4 + 0) = IER Ts 
(ii) tan (z/4 + 0) tan (z/4 — 0) = 
(iii) (cot A — 1) (cot B — 1) = 2. 
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п. 
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If tan A = p/q, tan В — r/s, and qs + 0, prove that 


ps + qr 
-tan (A + B) = т. pr* 
What happens when qs — pr? 


Prove the following identities : 


(i) cos (n + 1) 0 cos (n — 1) 0 + sin (n + 1) 8 sin (n — 1) 0 = cos 2 6. 
(ii) cos 4 0 cos 0 — sin 40 sin 8 = cos 3 0 cos 2 0 — sin 3 0 sin 2 6. 
(ii) tan 3 tan 2 0 tan 0 = tan 3 0 — tan 2 0 — tan 0. 
(iv) tan (0 — ф) + tan ($ — y) + tan (y — 0) = tan (06 — 4) tan ($ — y) 
tan (y — 6). 
If A, B, C be positive acute angles such that A + B 


+ C = m, prove that 
cot B cot C + cot C cot А + cot A cot B = 1. 


If A, B, C be positive angles such that A + B + 
+ cot B/2 + cot C/2 = cot A/2 cot C/2. 

Show that tan 70° = tan 20° + 2 tan 50°. 

For what values of 0and ¢ the identities in problems 5 


If 0 + $ is not an odd multiple of 7/2 and б, 
then prove that 


C — m, prove that cot A/2 


(v) and 5(vi) hold? 
¢are not even multiples of 7/2, 


_ _cot 0 + cot 
Bn фу = cot бсо à — 1^ 


3.8. Formulae for Trigonometric Functions of Multiple Angles 


We shall now express trigonometric functiions of 20, 30, etc., in terms of 


trigono- 
metric functions of the angle 0. 


Proof. By the addition theorem for the cosine, w 


Trigonometric Functions of 90. 


cos 2 0 = cos?ü — sin2A, 

= 1 — 2 sin?6, 

| = 2 cos?ü — ], ( 
| = (1 — tan?8)/(1 4 tanê). (4) 


Theorem . 


e have 

cos 2 @ = cos (0 + 0) = cos 0 cos 0 — sin 0 sin 9 — COs?Ü — sin, (1) 
Since cos? = 1 — ѕ1п20, therefore we have from (ШӘ D LL NUT. 
cos 2 0 == cos?ü — sin? = (1 sin?0) 

Again, since sin?@ 


sin? = | — 2 sin2g, 


калега 2 
= 1 — с050, therefore we may also write (1) as а, 
соз 20 = с0520 — (1 — со520) = 2 cos29 —1. 3) 
Finally, since cos?0 + ѕіп20 = 1, therefore (Dceanbewritenas = j 
УИ 
cos 20 — £28 0 — sin?0 


RABAT а 
cos? + sin * 
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Dividing the numerator and the denominator of the right hand side by cos'Ü 


(= 0), we have 


1 — tanê ; 
cos 20 — "ean o ge ШИ ЖОШ А (4) 
sin 20 = 2 sin 0 cos 0, axl) 
Theorem. 2 tan 0 
= pee || ee (6) 


Proof. By the addition formulae for the sine, we have 
„sin 2 0 = sin (0.+ 0) 
= sin б cos 0 + cos 0 sin 6, 
= 2 sin б cos б. ыза (83) 


е ДУ 2 sin 0 cos Û 
Again, sin 20 = cg X sin$8 ` 


Dividing the numerator and the denominator by соғ? 6 (== 0), we. get 


in 20= Флай Ua he ^К MEL MESE 555 (6) 
NP = T+ tan?0 7 
2 tan 0 
Theorem. cU Re Ms RE E E uem: (7) 


Proof. By the addition theorem for tangent, we have 


tan 2 0 = tan (0 + 6) 
tan 0 + tan 0 
] — tan 0 tan û ’ 
2 tan 0 
1 — tan?0 " 


1 


provided none of the angles involved isan odd multiple of 7 /2, ie, provided 


neither @ nor 26 is an odd multiple of 7/2. 


ctions of 30. Trigonometric functions of 36 can be found 


Trigonometric Fun 
ated. application of the above 


in terms of trigonometric functions of 0 by repe 
formulae. Thus 
cos 30 = cos (2 0 + 0), КЕ 
= cos 2 0 соз 0 — sin 2 0 sin 0; 
(cos? 0 — sin? 6). cos 8. — 2 sin 0 cos 0, sin 6, 
cos? 0 — З зіп? 0 cog, = _ : honos 


Il 


1 
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Putting 1 — cos?0 for sin*0 in the above equation, we get 


cos 30 = 4 cos 0 — 3 cos 0... | mee (8) 


Again, sin 3 0 = sin (2 0 + 0), 
= sin 2 0 cos 0 + cos 2 0 sin 6, 
= 2 sin 0 cos 0. cos 0 + ( 1— 2 sin?0) sin 6, 
= 2 sin 0 cos? 0 -- (1 — 2 sin? 0) sin б, 
= 2sin 0 (1 — sin? 0) + (1 — 2 sin? 0) sin 6, 
= 3sin 0 — 4 sin? 0. 


Hence | sin 30 = 3 sin — 4 sin*0. | TEN (9) 


Finally, tan 39 = tan (20 + 6), 
d tan 2 0 + tan 0 
1 — tan 20 tan 0 ? 


+ tan 0 
1 — tan?0 à 
= | е Dan DM , by using (7) 
Т 1— tan20" 6 


2 tan 0 + tan 0 (1 — tan?0) 
(L— tan?0) — 2 tan ? 
3 tan 0 — tan 
1 — 3 tan? 


d 3 tanê — tan? 
Hence | tan 30 = ^ 1—3tanü ^' Salty) 


Note. Expressions for trigonometric functions of 40, 5 0 etc., can be found in terms 


of trigonometric functions of 0 by repeated applications of the above formulae. 
Example 3. Calculate sin 18° and cos 369 


Therefore 4 cos 18° — 3 cos 18° — 2 sin 18° cos 18°, 
1 or cos 18° (4 cos? 18° — 3 — 9 sin 18°) = 0, 
or 4 cos? 18° — 3 — 9 gin 18° =p; 
since cos 18° = 0, 
or 4 (1 — sin? 18°) — 3 — 2 sin 18° — 0, 
or 4 sin? 18° + 2 sin 18° — ] = 0, 
ог (2 sin 18° + 1/2 — (25)... | = 9, 
or (2 sin 18° + 1/2) = 5/4, 


Solution. We have cos (3x18°) = cos54° = sin 36° = sin (2, x 189). 
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whence 2 sin 18° = — 1/2 +° „/5/2 or — 1/2 — ,/5/2, 


i in 18° J5— 1 J5+1 
ie, sin I8 n Ors A 


- Since sin 18° > 0, therefore sin 18? +H 1 


Hence sin 18? — B 2 

Also, cos 36° = 1 — 2 sin? 18°, 
SOMIT aN 
= 2 ( я 
E 6—25 
= 1—22, 
=, МЕЧЕ 
5 ca 


Thus 


EXERCISES 
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1. Reduce each of the following expressions to a single term involving only one 


function of an angle : 


(i) 2 sin 13° cos 13°. (ii) cos? 25° — sin? 25°. 
an) 2 tang. sna 1 — tan? 7/9 
(ii) {—tan? 7/5 ` 7) 1 + tan? 7/9 ` 
2 tan 31? a 20235 
(у) TF tan? 315° (vi) 2 cos? 23° — 1. 
(vii) 1 — 2 sin? 17°. (viii) 3 sin 15° — 4 sin? 15°. 


1 — 3 tan 7/7 
(ix) 4 cos? 7/10 — 3 cos «[10. (x) 3 tan z[7— tan #7 ` 


2. Express cos 130° in terms of cos 65°. 


3. Express соз 54° in terms of cos 18°. 
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4. Express cot 72° in terms of cot 24°. 


с 


In each of the following. problems, find the value of sin 26, cos 20 gui tan 2g. 
(i) sin 0 = 4/5, 0 lies in the first quadrant. 


(ii) cos 0 = — 5/12, @ lies in the second quadrant. 
(iii) tan 0 = 24/7, 6 lies in the third quadrant. 
(iv) cot @ = — 2, 6 lies in the fourth quadrant. 


6. Prove each of the following identities : 
(1) cot 0 — ton 0 = 2 сог? 6. 


(i) cot 0 + tan 0 = 2 cosec 20. 

are sin 20 
(iii) Tac eal > tan б. 

E tan 20 

(iv) A FET prec 28 tan 0. 

(у) Cosec 20 — cot 20 = tan 0. , 

(vi) sec 80 — 1 _ tan 80 А == 


sec49—1 tan 20 ` 


(vii) cos 0 cos (60° — 0) cos (60° + 0) = (1/4) cos 3 0. 
(viii) tan 0 + tan (60° + 0) tan (120° + 0 ) = 3 tan 3 0. 


(ix) sin? 72* — sin? 60° = У = xg 


(x) cos 7/8 + cos? 37/8 + cos? 57/8 + cos? 77/8 = 


I 
n 


(xi) cos 5 0 = 16 cos 0 — 20 cos + 5 cos 6. 
7. Obtain the formula 
2 tanê 
tan 20 — lig? 


a from . ће. addition theorem for the tangent. 
8. For what values of 0 is the formula 10 of the Art. 3.8 valid ? 
3.9. Formulae for Associated Angles 

We shall now express the trigonometric 


2 т 3 
functions of the angles =), 7 + 0, т + 0, + 0, 2 я + 0 in terms of trigo- 


nometric functions of б. 


We have already established (in Art. 3.2) that 


‘cos ( — 0) = cos 0, sin (— 0) = —sin 0 
tan( — 0) = — tan 0, cot (— 0 ) = — cot 6, 
sec ( — 0) = sec 0, cosec .(— 0) = —cosec 0 
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and (in Art. 3.3) that 


cos (7/2 — 8) = sin 9, sin ( 7/2 — 0) = cos 0 
tan (7/2 — 0) = cot 0, cot (7|2 — 0) = tan 0 
sec ( 7/2 —0) = csc 8, csc ( 7|2 — 0) = sec 0 


Theorem. 


cos (7/2 + 0) = — sin 0, sin (7|2--0) = cos 0 
tan (7/2 + 0) 
sec (7/2 + 0) 


— cot 0, cot (7/240) = tan 0 
— csc 6, csc (7/240) = sec 8 


Li 


Proof. 


cos (7/2+6) = 


sin (2-10) = 


cos [7/2—(—6)], 
= sin(—8), by (2), 
= — sin 6, by (1). E | 
sin [7/2—(- 0)], by (2), 

= cos (=0), by 0), 

= cos 0, by (1). 


. The remaining formulae can be established similarly. 


Theorem. 
cos (m — 0) = — cos 0, sin (m — 0) = sin 6, 
tan (т — 0) = — tan 6, cot (т — 0) = cot 6, 
sec (т — 0) = — sec б, csc (т — 0) — csc 6: 


Proof. By the addition 
cos (л— 0) 


cos (п— 6) 


‘Similarly we сап establish 


Theorem. 


formulae for the cosine and the sine, we have 


= cos т соз 0 + sin т sin 6, 
= (—1). cos 0 + 0. sin б, 

= — cosl. 

= sin z.cos 0 — cos 7 sin б, 
= 0.cos 0 —(— 1) sin 6, 

= sin б. \ 
the remaining formulae. 


cos (т + 0) = —cos 6, sin (т A 8) = — sin 0 


tan (7 + 0) = tan 0, cot (т + 0) = + cot 6- ` 


sec (2 + 0) = 


вес 0, csc (т + 0) = —csc 8. 


77 


78 PLANE TRIGONOMETRY 


Proof. By the addition formulae for the cosine and the sine, we have 


cos (z-F0) = cosmcos@ — sing sin 6, 
= (—1) cos@ — 0.sin 0, 
= —cos б. 


sin (74-0) = sin 7 cos 0 + cos 7 sin 0 = 0.cos 0 + (~1). sin 0 = —sin 6. 


Similarly we can establish the remaining formulae. 


Theorem. 
3 ү ; 
cos (es -= *)- —sin 0, sin (47-9) — соз б, 
г 
tan (= - (= cot 0, cot (T) Cus ST I (6) 


sec (= - (= — csc б, csc Cz - )- — sec б. 


Proof. By the addition formulae for the cosine and the sine 


3r 3r ra 
cos ( 2 -°) = cos —,— cos @ + sin > sin 6, 


1 


0.cos 0 + (— 1) sin 0, 
х #- i = — sin 6, 


sin c -8) = sin 3. cos Ó — cos == sin 0, 


= (—1). cos 0. — 0. sin 6, 
= —cos 0. 
Similarly we can establish the remaining formulae. 


Theorem. 


COS (es = sin б, sin (= +6 ) = —cos б, 
3v 


tan us +0) 
arg, Van 8 3r 
sec (—7— + = cosec б, cosec (7 a) = —sec 0, 


3, 


ll 


3 
— cot б, cot E + ۵ cC UT PN. e (7) 
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Proof. cos = +0) = cos | = ee) | 


= — sin (—@) , by (6) 
= — (—sin8) , by (1) 
= sin 6. 


The remaining formulae can also be established similarly. 


Theorem. 
cos (24 — 6) = cosÓ, віп (2л — 0).— — sin 8 | 
tan (27 — 0) = — tan 0, cot (27 — 0) = — coté 
sec (2л, — 0) = sec 0, csc (27 — 0) = — csc 0. 
Proof. cos (27 — 0) = cos 27 cos 0 + sin 27 sin 6, 
= l.cos 0 + O.sin 6, 
= cos б. 


Similarly we may prove the remaining formiulae. 


Theorem. 
cos (27 + 0) = cos 6, sin (27 + 0) = sin 0, 
tan (27 + 0) = tan 0, cot (27 + 0) = cot Ө, 
sec (27 + 0) = ѕес 0, „csc (2r + 0) = csc 0. 

Proof. 2a + Ө is coterminal with б. 

Theorem. 


cos (2kr + 0) = соѕ 0, sin (2kz + 0) = sin 0 

tan (2kz + 0) = tan 0, cot (2kr + 0) = cot 0 

sec (2kx + 0) = ѕес 0, csc (267 + @) = csc 0, 
2 


where k is any integer. 
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Proof. If К be an integer, then the angles 0 and 2kz + 0 are coterminal. 


With the help of the formulae (10) we can reduce the trigonometric functions 
of any angle (however large or small) to those of positive angles less than 27. Ву 
applying the formulae (3) or (5) or (7) (depending upon the angle involved) we may 


then reduce them to trigonometric functions of positive angles less than 


7/2. Final- 


ly, by applying formulae (2) we may reduce these further to trigonometric func- 


tions of positive angles not exceeding 7/4, 
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Example. Calculate cos (— 1020°). 
Solution. cos (— 1020?) = cos (1020^), 
= cos (2.860? + 300°), 
= cos (300°), 
= cos (270° + 30°), 
= siny 50>; 
ST: 
Example. Calculate tan 570°. 
Solution. tan 570° = tan (360° + 210°), 
` 4 = tan 210°, 
= tan (180° + 30°), 
= tan 30°, 
=з 


EXERCISES 


1. Find the values of : 


(i) cos 210°. (ii) sin 225°. 
(ii) tan 330°. (iv) cot (— 315°). 
(v) sec 2409. С (vi) csc (— 150°). 


s . (vii) sin 330° tan 135° + cos 225° sin 135°. 
(viii) cos (— 765°) sin (405°) + tan 300° csc 120°. 


2. Express the following in terms of trigonometric functions of 0 :— 


G) sin (270° + 0). (ii) cos (270° — 0). 
(ii) tan (2=— 0). (iv) cot ( +0). 
(v) sec ( «— 0). (vi) csc ( я/ +0), 


(vii) sin (180° + 8) sec (— 0) cot (90°— 0) 
tan (270° — 0) cos (360° — 0) csc (180° — 9j ` 


3. Express the following in terms of trigonometrical ratios of positi 

not greater than 45°: Positive acute angles 
(i sin (— 971°). 

(iii) tan (4959). 
(V) sec (— 828°), 


(ii) cos (567^). 
(iv) cot (— 762°). 
Ч (vi) csc (1146°), 
4 Find the angles between 0° and 360° which have their cosines equal to ,/3/2 
| al to Я 
5: -Find the angle between 0° апа 360° 


* whose sine is — 
is equal to 1/ ,/3, MES 


V3]? and Whose cotangent 
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3.10. Formulae for Trigonometric Functions of Half-Angles 
Sometimes we may be required to find the values of the trigonometric functions 
of half an angle from the values of the trigonometric functions of the whole angle. 
This can be done by using the double-angle formulae of Art 3.8. In fact, from 
. relations (2) and (3) of Art. 3.8 we have 
cos 2 0 = 1 —2 sin! and cos 20 = 2 cos — 1. 
Replacing 0 by 6/2 and 2 0 by 8 in the above formulae we have cos 0 = 1 — 
2sin? (40) and cos 0 = 2 cos ($0) — 1. 
Solving these equations for sin (0/2 and cos (6/2 ) respectively, we have 


sin (0[2) = + V {— =} Bee (1) 
O E J|) cr 0) 


Also, by dividing both sides of the identity (1) by the corresponding sides ‘of (2) 


we have, 


1— 0 
OE VET a OS) 


oo ==: заа 


for all permissible values of б. 

The ambiguous sign on the right hand sides of (1), (2), and (3) is determined 
by the quadrant in which the angle 6/2 lies. Thus, for example, if 6/2lies in the 
third quadrant, then sin ( 6/2 ) and cos (0/2) are both negative, and tan (0/2) is posi- 
tive. Consequently, in this case we shall have to choose the negative sign before 
the radical in (1) and (2) and the positiye sign before the radical in (3). Since 
the angle appearing in the left hand side of the formulae (1) to (3) is half the angle 
appearing in the right hand side, therefore these formulae axe called the half-angle 


formulae. 
Two formulae for tan (8/2) which may well be called half-angle formulae and 


which have the advantage that they do not involve any ambiguous signs (but 
which involve two trigonometric functions instead of one) can be obtained as 


follows : 


sin (6/2)_ 2 sin (8/2) cos (0/2) _ sin 0 
tan (0/2) = Gos (00) — 20 (02) EXD 
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in 0 
Hence tan (6/2) = ELI 
Similarly 
_ sin(0]) 2sim (6/2) 1 - cos 0 
tan 022) = оз (00) ^ “Zain 02) cos (00) sin 0 
rence tan (6/2) = نے‎ 


Example 4. Calculate sin (7/8) and cos (7/8). 


Solution. Putting 0 = 7/4 in the formulae 
. 1 — cos 0 
sin (0/2) = + м 1—8), 
1 + cos 0 
cos (0/2) = + VA 2 ) 


we have 


sin (2/8) = + /{ Ls үзе „йә. а) 
cos (7/8) = + Jem). 


Since 7/8 lies in the first quadrant, therefore sin ( 7/8) and cos (7/8) are both posi- 


tive and therefore the positive sign has to be taken before each of the radicals in 
(1) and (2). 


‘Therefore 
in (5/8) = 1 — cos 7/4 1-1/J2 Jo on 
e em = pog ар «VEG 
TM 1 + cos 7/4 Ж 1//2) _ М2 +1 
cm [egt] ура). pre 
Example 5. Given sin 0 = — 5/13 and 7 < 0 < 37/2, calculate cos (8/2), sin (0/2) 


and tan (6/2). 
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Solution. In order to apply the half-angle formulae we have to calculate first 
cos б. 

Now cos 0 = 1 — sin?@ = 1 — (— 5/13? = 144/169, 

so that cos 0 = Edi. Ор (1) 

Since 0 lies in the third quadrant, therefore cos 0 is negative, so that the 


negative sign should be taken on the right hand side of (1). 
Thus cos @ = — 12/18. 


From the half-angle formulae we have 


cot (Oh) = A pP _ Sp e. V tag} = + uas 


кке (2) 
sin (0/2) = 122) = V pH) = 5/5560 е (3) 
tan (0h) = АУ ча) = VEER = 0 0 % 


Since m < 0 < 3л/2,їһетеботе 7/2 < 0/2 < 3r/4, i.e. 0/4 lies in the 
second quadrant. Consequently; cos (0/2) is negative, sin (0/2) is. positive and 
tan (0/2) is negative. Therefore the —ve sign should be chosen in the right-hand side 
of (2), the + ve sign should be chosen in the right-hand side of (3) and the —ve 
sign should be chosen in the right-hand side of (4). 


Hence cos (0/2) = — 1/,/26, sin (6/2) = 5/ J36 and tan (6/2) = — 5. 
EXERCISES 
1. Given cos 30° = ,/3/2, deduce the values of sin 15°, cos 15° and tan 15°. 


à 9 E. 
2. Show that tan 221° H5 


3. Given cos 0 — 3/5 and 0 — 0 — 90°, find the values of sin (0/2), cos (6/2) and 
tant (0/2). 


4. Given cos 0 = — 7/25 and 6 lies in the third quadrant, find the value of sin 
(6/2), cos (0/2) and tant (6/2). 


5. Given sin 0 = 5/13 and 0 lies in the second quadrant, find the value of 
sin (0/2), cos (0/2) and tan (6/2). 
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6. Given tan 0 = — 4/3 and @ lies in the fourth quadrant, 


find the values of 
sin (0/2), cos (0/2) and tan (6/2). 


7. Show that 
G) sin 0 = af {4a 528) 
(i) cos 0 = tyf E \. 


8. Identify as true or false and give reasons: 


(i) cos 100° = — {teme |. 
vf l= =з 260° 
Ve 1 + cos 400° - 

pe 


(v) 2sin 300° = – y(I + sin 60°) — „(L — sin 609). 


(ii) sin 130° 


(iii) 2(соѕ 200°) 


Gv) | cos (6/2) | 


Il 


3.11. Formulae for the Transformations of Products into Sums and vice-versa 
We have 


cos (0 — ¢) = cos 0 cos ¢ + sin 0 sin ф, 
cos ( 0 + $) = cos 0 cos ¢ — sin 0 sin ¢ . 


Adding and substracting in turn we get 


2 cos 0 cos ф = cos (O0 — Фф) + cos (0 +e), | ....(1) 
25іп Ө зіп ф = cos (0 n оош. T (2) 


Again from 


sin (0 + 4) =sin@cos¢ + cosÓsin$, 
sin (0 — ¢) 


sin 0 cosÜ — cos ¢ зіп ф. 
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we have by addition and substraction in turn, 


2sin 0 соф =sin(@+¢) +sin(@—- ¢), 


2cos@sind = sin (0 + ¢$) — sin (0 — $). 


Let us write 0+ ф = « and 0 — ф = f, so that 


e) 


Then formula (1) becomes 


cos 4 + cos B 2 cos (52-9) cos ( 


The formula (3) becomes ` 


sin « + sin f 2 sin (AEE) cos (R58) 


Also, the formula (2) becomes 


соз « — cos В = 2 sin (SÊ) sin ( 


para 


Finally, the formula (4) becomes 


) 


pees ivi 


sin < — sing = 2 cos (Ê) sin ( 


2 


Example 6. Prove the following identities: 


) 


(1) sin (А + B) sin (A — B) = sin? A — sin? B, 
(ii) cos (A + B) cos (A — В) = cos? A — sin? B. 


Om) (3) 
2. (4) 


© 
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Solution. 


Example 7. 


Solution. 
L.H.S. 


Example 8. 


Solution. 
L.H.S. 
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G) sin (A + B) sin (A-B) = 2 [cos{A + B) — (А —В)} 
— cos {A + B) + (А —В)]] 
= 3 [cos 2B — cos 2A], 
= +#[(1— 2sin*B — (1 — 2 sin?A)], 
= sin? A — sin?B. 
(ii) cos (A + B) cos (A – В) = 3 [cos{(A + В) + (A — B)} 
+ cos((A + B) - (А — B)}], 
= } [cos 2A + cos 2B], 
} [(2 cos2A — 1) + (1 — 2 sin2B)], 
= cos?A — sin?B. 


Ш 


If A + B + С = 180°, then show that 4 
sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C. 


= sin 2A + sin 2B + sin 2C, 

= 2 sin (А + B) cos (A — В) + 2 sin C cos С, 

= 2sin (z— C) cos (A — B) + 2 sin C cos [7 — (А + В)], 
since A+ В + С =r, 

= 2sin C cos (A — В) — cos (А + B) 2 sin C, 

= 2 sin C [cos (A — В) — cos (A + B)], 

— 2 sin C. 2 sin A sin B, 

= 4 sin A sin B sin C, 

== КОН: 


If A + В + С 180°, then show that 
sin?A — ѕіп?В + sin'C = 2 sin A cos B sin С. 


= зїп?А — віпВ + sin!C, 

sin (A + В) sin (A — B) + sin’C, 

= sin ( 7 — C) sin (A — B) + sin C. sin {r — 
since A + B + C=7, 


(А + ву}, 


= sin С sin (A — В) + sin C sin А + В), 
= sin С [sin (A – В) + sin (A + В)], 


— sin C. 2 sin A cos B, 
2 sin A cos B sin C, 
= RHS: 


І 
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Example 9. If A + B + C = 180°, prove that 
A B с 
05 А cos В — cos C = — I 4 — cos —sin —. 
cos + S + cos 2 со 2 in 2 
Solution. 
L.H.S.— cos A + cos B — cos C 


= 2 cos { $ (А + B} cos ( 3 (А — В)} - cos C, 
= 2cos{4(m — С)} соз {4 (А — B} — cos C, 


since А+В-+ С =r, 


[e] 
= sin E cos {4 (А — B)} - (1 - 2sin? 7) 


= 1 + 2sin Z [cos {4 (A — B) + 9), 


= - 1 +2 sin [cos (4 (A В) + sin } {7 — (А + В), 
since A+BQ =7, 


=-1 + 2sin $ [cos {4 (A = B)} + cos {4 (A + В), 


I 


а А В 
1 + 2sin 2 2.05 соз 7’ 


А B c 
= - 1+ ‘cos cos z 60s sin a 


EXERCISES 
l. Express each of the following products ‘as an algebraic sum of sines and 
cosines: А à 
(i) 2 sin 60? cos 30°. (ii) 2 cos 70? sin 30°, 
(iii) 2 cos 45? cos 15°. (iv) 2 sin 40? sin 60°. 
(v) 2sin 50 cose. (vi) cos (A + B) cos (A — B). 


(vii) 4 cos (0 + 60?) sin (0 — 60°), (viii) 8 sin 2A sin 2B. 
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88 
2. Express each of the following as product: 
() sin 48° + sin 24°. (ii) sin 72° — sin 12°. 
(iii) cos 50 + cos 30. (iv) cos 5 — cos Е ? 
(v) sin (90 + 4) sin — (20 — ¢). (vi) cos (3a — 5g) — cos(3a 458). 


3. Prove the following identities. 


sin 50 — sin 30 


9 cos 30 — cos 50 O toi 
(ii) cos 29  — cos 40 _ tan 
cos20 + cos40  cot30 ` 


aft cosü — cos 20 + cos 30 
E ere ET, 
(iv) sin? + sin (120° + 6) sin (240° + 0) = 0. 
(v) sin 20° sin 40° sin 60° sin 80° = 3/16. ` 
(vi) cos 20° cos 40° cos 60° cos 80° = 1/16. 


= cot20) < 


4. If A + B + С = т, then prove the following identities: 
(i) sin2A — sin2B + sin 2€ = 4 cos A sin B cos С. 


(ii) cos 2A + cos 2B + cos 2С = 1 — 4 cos A cos B cos C. 
(GERA I Ea B o in O = 4 sin А sin З cos $. 


(iv) cos A + cos B + cos C = 1 + 4 sin 2 sin 2 sin З. 


(У) sin*A + sinfB — sin?C = 2 sin A sin В cos С. 


(vi) cos?A/2+ cos?B/2 — cos*C/2 = a $ cos B sn c 
2 2 


SUMI. a +B +T = 7/2 prove that 
or а 
sin? а ИПА Нона ашарда — 1. 


3.12. Table of Natural Trigonometric Functions 


We have see 
n above ho : " 
calculated by geometric ls Arie of trigonometric functions of certain angles are 
trigonometry, we shall a ods. But these are not enough, for in our study of 
© across trigonometric functions of other angles as well 


со; 
By advanced- meth 
ods, t Е 
computed to > the values of trigonometric functi 
me 10 any desired degree ор accuy: ions of any angle can Бе 
acy. ; 


5 a 
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Table 1.at the end of the book gives the values of trigonometric functions of 
angles from 0° to 90° at intervals of 10’. This table is called the table of natural 
trigonometric functions in order to distinguish it from the table of logarithmic tri- 
gonometric functions with which 'we shall concern ourselves in chapter 5. 


The values of trigonometric functions are, in most cases, non-terminating deci- 
mals, and therefore the values in the table are only approximations (except possibly 


in those cases in which the values happen to be terminating decimals). The 
values in the table are given to four significant figures and therefore the table is 


called a four-figure table. 


Let us have a look at the table. The first column contains angles from 0° to 
45° at intervals of 10’. The next six columns contain the values of the trigonome- 
tric functions of these angles, the particular function, the values of which are 
contained in any column is indicated at the top of the column. To 
find the value of any trigonometric function of an angle not exceeding 45° we 
first read down along the first column until the angle is found and then read to the 
right until we reach the column which contains the name of the function that we 
wish to find, at the top. The last column contains angles from 45° to 90° at inter- 
vals of 10’. The six columns preceding it contain the values of the trigonometric 
functions of these angles; the particular function, the values of which are contained 
in any column is indicated at the bottom of the column. To find the value of any 
trigonometric function of an angle lying between 45° and 90? we first read up along 
the last column until the angle is found and then read to the left until we reach 
the column which contains the name of the function that we wish to find, at the 


bottom. 
The table can be used for two purposes: 
1. Given an angle, to find the value of any of its trigonometric functions. 


9. Given the value of a trigonometric function of an angle, to find the angle. 


We shall now consider some examples to illustrate the manner in which the 
table can be used for any of the above purposes. 


Example 10. Find 
(i) sin 32*; 
(ii) tan 41° 20; 
(iii) csc 25° 40’. 
Solution. (i) In table 1 at the end of the book we read down the first-column until 
we come to 32°. Then we look across the page in the line corresponding to 32° 
and read from the column headed by sin. We thus have sin 32° = -5299. 
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(i) In table 1, we read down the first column until we come to 41° 2]'. 


Then we look across the page in the line corresponding to 41° 20’ and read from | 


the column headed by tan. 


We thus have tan 41° 20’ = .8796. . 


(iii) In table 1, we read down the first column until we come to 25° 40’. 


Then we look across the page in the line corresponding to 25° 40’ and read from the 
column headed by csc. 


We thus have csc 25° 40’ = 2.309. 


Example 11. Find 
(i) cos 68°. 

(ii) cot 53° 10’. 

(iii) sec 71°50’. 


Solution. (i) In table 1, we read up the last column until we come to 68°. Then 


we look across the page in the line corresponding to 68° and read from the column 
having cos at its foot. 


We thus have cos 68° = -3746. 


(ii) In table 1, we read up the last column until we come to 53° 10’. Then 
we look across the page in the line corresponding to 53° 10’ 


and read from the 
column having cot at its foot. 


We thus have cot 53° 10’ = -7490. 


(iii) In table 1, we read up the last column until we come to 71° 


50° and read 
from the column having sec at its foot. 


We thus have sec 71° 50’ = 3.207. 


Example 12. Find the positive acute angle 6, if 
(1) sin 0 = .3987; 
(ii) tan = 2.177; 
(ili) sec 0 — 1.630. 


Solution. (i) Since the sines are given in column two r 
three reading up, therefore we must search 

columns. We find that .3987 appears in colum 
column contains the sines of angles in the fi 
оп a line with -3987, we find in the first col 


eading down and in column 
for the number 3987 through these 


8 across the 
umn the angle 23° 30, page 


Hence sin  — :3987 д 0< 0 > 90° > 4 = 23° 30’ 
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(ii) Since the tangents are given in column four reading down and in column 
five reading up, therefore we must search for the number 2-177 through these 
columns. We find that 2-177 appears in column five which has tan at its foot. This 
column contains the tangents of angles in the last column. Reading across the page 
on a line with 2.177, we find in the last column the angle 65° 20’. 

Hence (апд = 2:177 A 0 < 0 <` 90° > 0 = 65° 20'. 

(iii) Since the secants are given in column six reading down and in column 
seven reading up, therefore we must search for the number 1-630 through these 
columns. We find that 1-630 appears in column seven which has sec at its foot. This 
column contains the secants of angles in the last column. Reading across the page on 
a line with 1-630 we find in the last column the angle 52° 10’. 


Hence sec = 1:630 A 0 < 0 < 90° 2 0 = 52°10’. 


EXERCISES 
1. Use table 1 (at the end of the book) to find the value of the following : 
(i) sin 25° 10’. (ii) cos 48° 20. 
(iii) tan 31° 40. > (iv) cot 57° 30’. 
(у) sec 36° 20’. (vi) csc 59°. 
(vii) sin 74° 40’. (viii) cos 16° 10’. 
(ix) tan 65° 50’. (х) cot 33° 20’. 


2. Use table 1 (at the end of the book) to find the positive acute angle 0 from the 
given value of the function : 


G) sing = -1248 Gi) cos @ = -9667 
(їй) tang = 1:632 (iv) cot Ө = -6959 
(v) sec @ = 2-595 (vi) csc 0 = 1:228 
(vii) sin 8 = -9261 (viii) cos @ = -3529 
(ix) tan 0 = +4986 (x) cot @ = :5851. 
INTERPOLATION 


In the preceding section we have seen how we can find the value of a tri- 
gonometric function of any, angle which ‘appears in the table. We shall now see 
how we can find the approximate value of a trigonometric function of an angle 
which does not appear in the table and also how we can approximately find the 
positive acute angle corresponding to a given functional value which does not 
appear in the table. The process by which this’ is done is called interpolation. 
Interpolation is an extremely important technique whenever we have to use tables. 
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In the! present case it depends on the observation that small changes in the value 
of a trigonometric function are proportional to the changes in the angle. This can А 
be readily seen by going through a few consecutive entries (at random) іп апу 
column of table 1. (Let us warn the reader that the above assumption is not true 
in general but is approximately true only for small changes.) 


We shall illustrate the technique by considering a few examples. 


Example 13. Find the value of sin 34° 16’. 


Solution. The given angle is not listed in table 1. It lies between the angles 34° 10’ 
and 34° 20' which happen to be consecutive entries in the table. From the table 
we can see that sin 8 increases as 6 increases from 0° to 90°. Therefore 
sin 34°10’ < sin 34°16’ < sin 34°20’. 
From the table, we find ` 
sin 34° 10' = .5616 
sin 34* 16' ? 
and sin 34° 20° = .5640. 


li 


As the angle increases by 10’, its sine increases by 24 thousandths. Now the angle 
` 34° 16' is 6/10 of the way from 34° 10’ to 34° 20’. Therefore sin 34° 16’ is also 
6/10 of the way from -5616 to ‘5640. Now { S; of | (24) = 14 2 = 14. (We have 
rounded off 14% to 14 because 14 2 is closer to 14 than 15) Since the sine 


is increasing, therefore we must add (to -5616, so as to have 14 thousandths). Thus 
sin 34° 16' = .5630. 


Remark. “The difference -0024 between two consecutive entries -5616 and .5640 is 
called the tabular difference. The number 14 thousandths is called the correction. 
The correction is to be added in the case of sin, tan and sec, because they are 
increasing functions as 0 increases from 0° to 90°. Since the functions COS, cot and 
csc are decreasing functions as @ increases from 0° to 90°, therefore the correction 
has to be subtracted from the functional value of the smaller of the two conse- 
cutive entries between which the angle in question lies. 


Example 14. Find cos 69° 13’. 


Solution. The given angle, 69° 13’ is not listed in table 1. It lies between the conse- 
cutive entries 69° 10' and 69° 90' in the table. 
Now 
cos 69° 10' = 3557 
cos 69° 13’° = ? 


cos 69° 20' — +3599, S 
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The tabular difference is -0028. Since the given angle is 3/10 of the way from 
69° 10’ to 69° 20’, therefore the correction is -0028 x (3/10) = -0008. Since cos 0 
increases from 0° to 90°, therefore the correction has to be subtracted from -3557, 
so as to give 3 


cos 69° 13’ = -3557 — -0008 = -3549. 
Example 15. Find the positive acute angle for @ which tan 0 = 1.689. 


Solution. Since the tangents are given in column four reading down and in 
column five reading wp, therefore we must search for the number 1.689 through 
these columns but there are two consecutive entries 1-686 and 1.698 in column six 
between which the given number lies. Since the entries in column five give tangents 
of angles in the last column, therefore reading the entries in the last column against 
the above.entries, we have 


tan 59° 20' = 1:686 
тату $2 = 1:689 
tan 59° 30° = 1:698 


Since 1.689 is 3/12 of the way from 1-686 to 1.689, and since the tangent of an 
angle increases as 0. increases from 0° to 90°, therefore we’ must add 3/12 x 
10° = 38’ (rounded off to the nearest minute) to 59° 20’. 


We thus find that tan 59° 23’ = 1.689. 
Hence the required angle is 59° 23’, 


Remark, After some practice, the reader should inculcate the habit. of performing 
the interpolation mentally. 


EXERCISES 


1. Find the value of the following (use table 1 and interpolate): 


(i) sin 28° 23’. ' (ii) cos 51° 47’. 
(iii) tan 39° 56’. (iv) cot 48? 38’. 
(v) sec 66° 25’. (vi) csc 78° 42". 
(vii) sin 46° 53’. (viii) cos 33° 46’. 
(ix) tan 56° 37’. (x) cot 41° 29. 


(xi) sec 15° 24’. z (xii) csc 35° 44’. 
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2. Find, to the nearest minute, the positive acute angle 0, for which: 


(1) sin 0 = 06927 (ii) cos 0 — -5380 
(їй) tan 0 = +4329 (iv) cot @ = 1-636 
(v) sec 0: — 2:537 ; (vi) csc 0 = 1-395 
(vii) sin 0 = 9479 (viii) cos 0 = +4052 
(ix) tan- 0 = -5682 (x) cot 0 = -4162 
(xi) sec @ = 1-823 2 (xii) csc @ = 2-184 


ASSORTED EXERCISES ON CHAPTER 3 


Show that tan 75° — tan 30° — tan 75° tan_30° = 1. 
Show that sin 10° sin 50° sin 70° = 1/8. 


Prove that tan 20° + tan 80° + tan 140° — 3/ N3. 
Prove that cos 6° cos 42° cos 66° соз 78° — 1/16. 


ою دم‎ к 


5—1 
5. Show that sin? 24° — sin? 6° — v 3 


6. Prove the following identities: 
tan ( 7/4 + 0) + tan ( 7/4 — 0) 


TT ШЖ AGI yes U 
(ii) cos 8 cos (2a — 8) = cosa = sin? (a — 8). 
(i) sin sin (60° — 8)sin(60 +6) = 4sin39. 


(iv) tan 0 tan ( 60° — 0) tan (60° + 0) = tan 30. 
(v) sin 0 + sin ( 120° + 8) + sin (240° + 8) = 0. 
1 
1» t 0 30° cot (8° — 30°) = = —_, 
do A а aa JEU SHOP С 60° 


(vii) cos! 0 — sin? = cos 20 — + sin 2 0 sin 49, 


(vii) cos? 0 + cos? (120° + 0) + cos? (240° + 9) = с "-" 


(ix) Find sin 9? and cos 9° by taking sin 18 — М5 1. 
i з 


(x) Verify that (i) tan 73° = 
(ii) cot 74° 


V6 — V3 + 2 — 9. 
М? + V3 + V4 + ув, 


1 
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(xi) Ifcos@ = —5- (а + l/a), show that cos 3 0 = Еа 7 LE 


(xii) Iftan B = 


2 
PE e, prove that tan (а — В) = (1 — n) tana 


— n? sin? a 
(xii) If a + 8 = Т, prove that 
cos? а + соз? g + 2 cosa cos В cos Т = зїп? 


(xiv) FA+B+C=7, then prove that 


sin A/2 + sin B/2 + sin С/2 = 1 + 4 sin ھچ‎ sin 27 sin 278 
(xv) If tan 6/2 -4/ 1 + = tan 9/2, prove that cos ф = s a= ; 


М е? зїп ө 


йпд = 1+ e cos @ 


Chapter 4 


Properties Of Triangles 


*41. Introduction 


We shall apply the theory of trigonometric 
of triangles, i.e., the relations between sides, angl 
etc. of a triangle. 


functions to discuss the properties 
es, circum-radius, in-radius, ex-radii, 


Let ABC be a triangle. By G б. 
the angle A we shall mean that 
angle between the sides AB and 
AG which lies between 0° and 
and 180°. The angles B and C 
are similarly defined. thus we 
shall always have A > 0, B > 0, 
С> 0апад +В рс 180°, 
The sides BC, CA, AB Opposites 
to the vertices A, B, C will be 
denoted by a, b, c respectively, 
Thus we shall have 

0 a « b c, 

O<b<c+Ha, 

О<с<а +, 


Fig. 41 
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The lengths of the radii of the circumscribed circle (or the circum-cirdle), the ins- 
cribed circle (or the in-circle) and the escribed circles (or the ex-circles) opposite to 
A, B, C will be denoted by r, R, т, rs, т; and the centre of these circles by О, I, 1, 
I, 1. The area of the triangle will be denoted by A and the semi-perimeter by s, 
so that 2s = a + b + с. 


4.2. Relations between Sides and Angles of a Triangle 
Theorem (The Law of Sines). In any triangle sides are proportional to the 
sines of opposite angles: 


а b c 


Sin A Sin B Sin C а) 


Proof. Let us draw the circum-circle of the triangle ABC [Figs. 4.2 (a) 4.2 (b) 
4.2(c)]. Let us consider any vertex, say, A. We shall consider three cases accord- 
ing as the angle A is 


A A 1 i 


EL m E 
Fig. 4.2 (a) 
(i) an acute angle, [Fig. 4.2(a)] 
(ii) a right angle, [Fig. 4.2(b)] 
and (iii) an obtuse angle. [Fig. 4.2(c)] 
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Fig. 4.2 (b) 


Case (i): A is acute. Through any other vertex, say B, draw the diameter BA’ of 
the circumscribed circle [Fig. 4.2(a)]. Then the triangle A’BC is right-angled with 
the right angle at C. From this triangle we obtain a = 2R Sin A’. 


In this case the vertices A and A’ are on the same side of BC and hence 
ZA = Z A, 


so that sin A’ = sin A, 
and therefore a = 2R sin A. 


Case (ii): А is a right angle. In this case BC is a diameter [Fig. 4.2(b)]. We have 
a = 2R, 


= 2R Sin A, as sin A = sin 90° 


Case (iii): A is obtuse. Through any other Vertex, say B, draw 
of the circumscribed circle [Fig. 4.2(0)]. Then the triangle 
the right angle at C. From this triangle we obtain 


а = 2R sin A’. 


the diameter BA’ 
A'BC is right-angled with 


In this case the vertices A and A’ 


A' are on the opposite sides of BC and hence 


— 
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. ZA+ ZA’ = 1805; 
so that Sin A’ = sin (180°—A) = sin A, 
and therefore a = 2R sin A. 


8 


NES 


A 
Fig. 4.2 (c) 
Thus in all the three cases 
a = 2R sin A. (2) 


Similar equations can be obtained for other sides. ‘Thus 


а = 2Rsin A, b —2R sin B, c = 2R sin C, 
which give 


a b с 
= = = 2R. (3) 
sin A sin B sin С 
Corollary. The circum-radius, 
a b с 
Hu = (8а) 


2snA  2snB  2snO 
Example 1. Show that 


а = b cos C + ccos B 
b = c cos A + a cos C (4) 
c = a cos B + b cos A. 
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Proof. We have 
a = 2R sin A, 


2R sin (B + C), as A+B+C= 180°, 
2R sin B. cos C + 2R sin C. cos B, 
= b cos C + c cos B. 


ll 


ll 


The other two relations are obtained in a similar manner. 


Theorem (The Law of Cosines). In any triangle 


a? = b? + c®— bc cos А 
b! 2 C+ a оса cos B 
© = а? + Ь°— ?ab cos С. 


(5) 


We shall prove only the first relation. Others follow in a similar manner, 


У 


C (6 сохд, |4 sinA) 


Ç 


А Origin) A, o) a 


Fig. 4,3 


Proof. Let us suppose th 


at the origin of a rectangular coordinate system is at 
A and AB is along the posi 


tive x-axis (Fig. 4.3). 

Then AC is the ter. 
B has the coordinates (c, 
by Art. 1.9 


minal side of the an, 


gle BAC = ZA. AC is of length b. 
9) and C has the с 


ordinates (b cos A, b sin A). "Therefore 


a = BC? = (bcosA _ Cf + (b sin A — о)?, 
= B (cos? А + sin? А) + c! — 9bc cos A, 
=» 9bo соз A. 
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Corollary. We have immediately from (5) 


b? + с — a? 

cos A = каер; еа 

2 ато 

соѕ В = Beant Be 
2ca 

| ms.l-b-c 
d re Dab, 


Theorem (The Law of Tangents). In any triangle ABC 


tan {1/2 (B — С)! bic iel 
tan {1/2 (B+ C) b+c 
and two similar relations. 
Proof. We have 
b—c _ 2R (sin B — sin C) 
b+c 9R (sin B + sin C) 


2 sin (1(B — O} cos (3 (B + C) 
= Tiin (8 + O} cos {4 (B — C) 
tan {4 (B — O} 

= tan (B F O} 


Corollary. tan {+ (B — С] = : 0. cot (A/2), 


for tan {} (B + C)} = tan (3 (180° — A)} = tan (90° — 3 A) = cot } А. 


} › 


Example 2. Prove that in any triangle ABC, 
boc sin ($ (B — Oy 


© a Е] cos ($ A) : 
Gi) b+c _ co {4 (B — O} 1 
a sin (} A) 
Solution. 
(i) We have 
b—c _ 2R (sin B — sin C) 
a = 2R sin A Р 
sin B — sin С 


nd "sin A 
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2 cos {3 (B + О) sin (3 (B — С)} 
2 sin (4 A) cos (3 A) 4 
Sae x, since cos } (B--C) = sin ($ А). 


(ii) — We have 
b+c _ 2R(inB + sin О) 
Cis 2R sin A з 
rab атаву 
z Teh Sey. ^ 
= 2 Sin E BF Су cos (В — су 
2 sin ( 1A) cos (A) ? 
T = 
so о > since sin } (B + C) = cos} A. 


Note. The above formulae are ver 


y useful in checking solutions of triangles, since 
all six parts of a triangle appear in each formula. 


Halfangle Formulae. We have 


b? + c2 — a2 


= = 2 = 
соз А = Abc and cos A = 2 cos? (A/2) — 1. 


Hence 


b? + с2 — а? 
РА = 
2 cos ي ج ر ا‎ 


_ (b+ c)? — а? 
7 2bc ? 


ESTE gr ue. а 
2bc 

__ 28. 2(s — a) 

Ta 2be 


Therefore ^ 
cos (A/2) = + / ps2. 


Since 0 < A < 180°, therefore 0 < A[2 < 90°, and consequently cos (A/2) is 
positive. We must, therefore, 


ign before the radical. 


Hence cos (A/2) = J| Sz») В 


take the positive s 


(8a) 
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Similarly, it can be shown that 


ex (8/2 = JFE, = ву 
and cos (0/2) = 4/ pec d KOF 
Again, from рт 


cos А = 1 — 2 sin? (3 А), 
we get ~ > 


2sin? ($A) = 1— a а ) ч 
2 га? — (b? — с)? 1 
2bc 
(a—b+c) (a+b — c) 
2bc 
= 2(s—5)2(s—c). 
2bc 


Therefore 
sin (A/2) = + үк сз 


Since 0 < А < 180°, therefore 0 < А/2 <90° and consequently sin (A/2) is posi- 
tive. We must, therefore, take the positive sign before the radical. 


Hence sin (A/2) = \/ fe = a 6) | . (да) 
Similarly 
sin (B/2) = Vad) (9b) 
and 


; A (5 — а) (s — b) 
uc = y[e—9&—9). СО» 
From formulae (8a, 8b, 8с) and (9a, 9b, 9c) we obtain, Жу Sion _ 


tan (A/2) = |y [exec po 


dz 8|‏ م 
tan (B/2) = VS eg А | Sf J л‏ 
E of‏ 


tan (C/2) = / (£236) 
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Corollary: sin A = av {se — а) (s — b) (s - ә} (11) 


and two similar relations, 
We have 


sin A = 2 sin (A/2) cos (A/2), 


[E 96-9 = 2) (s e-B6-9). JES. by (8a) and (9а) 
E ua 


Expressions for sin B and sin C are obtained in a similar manner. 


Example 3. If the sides of a triangle are in A. P., prove that the cotangents of half 
the angles are also in А.Р. 


Solution. We are given that 


AM or mf (i) 
le, 9s — b = 2b, 
and we are required to prove that 


cot (A/2) + cot (C/2) = 2 cot (5/2). 


(ii) 
c : cos (A/2) sin (C/2) + cos (С/2) sin (4/2) | 
Now, cot 2 + cot C/2 Em (Afi) sin (C]2) 
sin Є ar C 
= © 14. m 2 - 
(Sin (A2) sin (CP) 
= 805 (В/2) 
sin (A/2) sin (C/2) ° 
jl si 
= 2cot (B/2) (>. ___sin B2 _ ii 
ee 6 sin (A/2) sin (0/2) ш) 


1 Sin (B/2) 


2" mag = 5 (8906-9). V BG 9-56-3l 
5-5}. 


Again, 
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Therefore, from (iii), 


cot (A/2) + cot (C/2) = 2 cot (B/2), 


ie. cot (A/2), cot (B/2), cot (C/2) are in A. P. 


Selo, COME 


EXERCISES 
In any triangle ABC, prove that 
а соз А + b cos В + c cos С = 4R sin A sin B sin C. 
asin A — b sin B = c sin (A — B). 
a? sin (B — C) = (b? — c?) sin A. 
а cos А + b cos B + c cos С = 2a sin B sin C. 
a sin (B — C) + b sin (C — A) + c sin (A — В) = 0. 
с = а cos B + b cos A. 


c — bicos AS cos BL 
b—ccosA соѕ С ` 


2(bccosA — с a cos B + a b cos C) = a? + b? 4c 
(b? + c? — a?) tan A = (c? + a? — b?) tan B. 
a? = (b — с)? cos? (A/2) +:(b + c)? sin? (A/2). 


20 = (a + b)? — 4a b cos? (C/2). 


(b? — c?) cot A + (c? — a?) cot B + (a? — b?) cot Œ = 0. 
If G = 60°, then 


oa ла AE 
äte b«c та EB Ee 


a—b 
app cot (6/2). 
E 8 A а CA, 
с—а 2 


2 
sin (B/2) =/{ (= SME =a) }. 
sin (92) =y — E By 


a+b+c 
a+ b—c 


tan {(1/2) (A — B)} 


cot (A/2) + cot (B/2) + cot (C/2) = -cot (C/2). 


(b — c) cot (A/2) + (c — a) cot (B/2) + (a — b) cot (C/2) = 0. 
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a+bt+c 
a— b+c 


21. (b +c — a) {cot (B/2) + cot (C/2)} = 2a cot (А/2). 


= cot (А/2) cot (С/2). 


22. Ifcot (C/2). = b , the triangle is right-angled. 


23. If a cos А = b cos B, then the triangle is either isosceles or right-angled. 
24. If b + c = 3a, then cot (B/2) cot (C/2) = 2. 

25. If3 tan (A2) tan (С/2) = 1, then a,b,c, are in А.Р. 

26. Deduce the formulae (5) of Art. 4.2 from the formulae (4) of Art. 4.2. 


4.3. Area of a Triangle 
The area A of a triangle ABC = (1/2) base x altitude. 


4 ХОС. eB. 2 


Fig. 4.4 


In the triangle ABC, there must be at least two acute angles. Let us suppose that A 


and B are the acute angles. Let us draw the perpendicular CF from С to AB 
(Fig. 4.4). 


Then the altitude (to the base AB) 
= CF, 
= b sin A. 
"Therefore A — (1/2) c x b sin A, 
— (1/2) bc sin A. 


Now we have from the Law of Sines [Art. 4.2 (1)] 


а b с 


Kee Sin Bm рб; 
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whence 
be sin A = ca sin В = ab sin С. 


Thus A = (1/2) be sin A = (1/2) ca sin В = (1/2) ab sin С, (i) 
so that the area of a triangle is equal to half the rectangle contained by two 
adjacent sides multiplied by the sine of the included angle. 

Hence, from (11) 


A^ — Vi s(s — a) (s — b) (s — 9). Q) 


Example 4. Show that in any triangle ABC, 
АХ = а? sin В sin С 
ORE ON 
Use the above result to show that if B = 45°, С = 60°, and а = 2(/3+1) cm, 
then the area of the triangle ABC is 6 + 24/8 sq. cm. 


= : b с 
Solution. Since SEA ЭКЕ“ Дер 
; _ asin B — азш С 
therefore b= SATAN and c = а WATE 
Hence A = (1/2) be sin A, 
" 
asin B a sin C h 
(1/2) o TEE ыйла de A, 
а? sin B sin С 
F ZESTA N 
ы, а? sin B sin С 
SS CASIME FETE) а) 


Substituting В = 45°, С = 60°, and a = 2 (4/3 + 1) cm, in (i), we have 
{2073 + 1)P sin 45° sin 60° 7 


A= 2 sin (45° 4- 60°) ч=п, 
1 3 
4 (V3 +1 Gy = 
5 i FUTTER sq. cm, 
У (у: 2n UE EO ) 


= 24/3 (N3 + 1) sq. cm, 
= 6 +2 4/3 sq. cm. 


Example 5. In any triangle ABC, prove that 
A = 2R? sin A sin B sin C. 
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: a prs © 
Solution. Since Ate unm EG. = 2R, 


therefore а = 2R sin A, b = 2R sin B, c = 2R sin C. 


Now A = (1/2) bc sin A, 
= (1/2) 2R sin B. 2R sin C. sin A, 
— 2R? sin A sin B sin C. 


EXERCISES 
l. Find the area of the triangle ABC when 
(i) a = 5 cm, b = 12 cm, and c = 13 cm. 
(li) a = 14 cm, b = 48 cm, and с = 50 cm. 


(iii) a = 45 cm, b = 108 cm, and c — 117 cm. 


(iv) a=/3m,b —4/2m, and c = VEEN m, 


() a = 10 cm, b = 12 cm, and C = 30°. 


2. If one angle of a triangle be 60°, 


the area be 10/3 sq.cm, and the length of 
one of the sides containing the 


angle be 8 cm, find the length of the other side. 


vo 


In any triangle ABC, prove that 


(i) s(s — с) tan (C2) = A. 
Gi) “FA cot A = a a2, 
2s — Csin A sin B 
gars 2 sin (A + B) ` 
(iv) abe. s. sin (A/2) sin (B/2) sin (C/2) = A8. 
4. ТЕР and Q are positive acute angles such that P > О, deduce from MUR 1 
of art 43, the following formulae : 
(i) sin (P + Q) = sin P cos 


Q + cos P sin Q; 
(i) sin (P— Q) = 


sin P cos Q — cos p sin Q. 
44 Radii of the Circumscribed, Inscribed and Escribed Circles 


З) Circum-circle: We have from Art. 4.2 (8a), 


„Куа гу .. abc 
2bcsin A ° 
and from Art. 4.3, 

y= (1/2) be sin А. 
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abc 
4a 


Therefore fi = 


(1) 


(2) In-circle: Let АІ, BI, CI (Fig. 4.5), the bisectors of the angles of the 
angles of the triangle ABC, meet in I, the centre of the in-circle. Draw IX, IY, IZ 
perpendiculars to BC, CA, AB respectively (X, Y, Z are the points of contact of the 
in-circles with the sides BC, CA, AB respectively); each perpendicular is of length т. 


Fig. 4.5 


Then A = IBC + ЛІСА + A IAB, 
= (1/2) BC. IX+ (1/2) CA. IY+(1/2) AB. IZ, 
= (1/2)r. (a+ b+c)=rs. 


Therefore ipm 


А 
БР! (2) 


Corollary. т = (s — a) tan (A/2), ie 
for tan (A/2) — V1 £ DE : } 
= 4 {s(s—a) (8 = b) (s —o)}/ {s (s —a)}, 
= r[(s — a). 
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Similarly, 

r = (s — b) tan (B/2), 

and r = (s — c) tan (C/2). 


(3) Ex-circle: Again if AI, (Fig. 4.6) is the internal bisector of the angle A, 
and BI, CI, are the external bisectors of angles B and C, then І, 
the ex-circle opposite А. Let I XD ly Yn Za 


(3b) 
(3с) 


is the centre of 


be perpendiculars to BC, CA, AB 
respectively ; each of the perpendiculars has length r,. 


Fig. 4.6 
Dhen д = Al CA + A I; AB — A I, CB, 
= (1/2) CA. I; Y, + (1/2) AB. I; Z, — (1/2) BC. I; X, 
= (1/2) rı (b +c — a) =r (s — a). 
{nS 
Hence nz RC) 


(3a) 


Example 6. Show that r 


4R sin (A/2) sin (В /2) sin (C/2). 
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i КЗ АТС abc v (s — b) 6—9) 
ES ж, a ae š ITE TET TT 
Solution. 4R sin A Же 4^ { be : 


e 


_ (s—a) (s—b) (s—o) 


A 
s (s — a) (s — b) (s — c) 
sA 2 
ж. INST SE IN a SE 
= TSAC Р Ир с, 
ramp IP h 1 уа 
Example 7. Prove that = + H + mu uas 
; 1 1 1 s—a s—b se 
Solution. 2 + zs + а. js = x. 
= (з –а) + (5—0) + (5—с)} А, 
= ДА == к. 


Example 8. Prove that г, + r, + rq = 4R + г. 


Solution. The given problem is equivalent to showing that r,+1,+r,;—r=4R. 
A A FA A 


рен а SB сос sen 
is (s—b) + (sca) Y , s—(s—c) Y, 
А Ease ea 
+2 cA cA, 
(s-a)(s-b) * з(з—©) 


cAfs(s~c) + (s-a) (8-6), 
s(s—a) (s—b) (s—c) 
= cA{2s*-s(a+b+c)+a bl A?, 


abc abc 
4. 4R. 
A 4A 


rytre+rs = 4R+r. 


Example 9. Prove that 
(n = 1) (т, — 1) (7 — r) = 4R г, 


112 


Solution. 
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wes Ж. a A A A A A^ Pa 
€ 69 69 = д Nes 3 (2 _ &) 


a b с 
A. s(s—a)  s(s-b)  s(-c) ° 
A3 abc а 
s*{s(s—a) (s—b) (s—c)} 
A3 abc 
es. 
abc A \2 
=4, 2. (4 у, 7 
= 4R г? 
EXERCISES 


In any triangle ABC, prove that 


1. 
N 
3. 


A = 2R? sin A sin B sin C. 
а cos A + b cos B + c cos C = 4R sin A sin B sin C 
s 


sin A + sin B + sin C = g~ 


- ue E CNN. 
Miro QoS 2 Ө 


R r (sin A + sin B + sin C) 


I 


[ 
P 


cos A + cos B + cos C = 1 + 
Ti = s tan (A/2). 
тү = (s = с) cot (B/2) = (s —c) cot (C/2) 


Aj" 


TNI A: B 
T 4R sin 2 cos 2 PE 


БКО, ie а, за — b 


Tı Te + TT + r = $, 
ET 

Site ed LE]. 

en ? bel 


T; + Ту = cC cot X 


m 
| 


TI, = Tr, г; tan? = 


PROPERTIES OF TRIANGLES ! 113 


15. {6R ту тут, = а? Б? сї. 

16. а (rr + mn) = b(rr + т) = c(m + п). 
A B С 

l7: hun. = Feo D] cot? 2 cot? 2^ 


18. (Шк) + (1/1)? + (1/rg? + (0/88) = (a*-Fb?-Ec9)/ Дз. 


Cc 
19. (r, — r) cot "osos iC: 


90. Show that in an equilateral triangle 
n = т, = т; = 3r = (R/2). 


4.5. Regular Polygons 

Let O be the centre of the circles circumscribed about and inscribed in a regu- 
lar polygon of n sides (Fig. 4.7). Let R and r be the radii of the former and the 
latter circles respectively, and let a be the length of a side of the polygon. 


Fig. 4.7 


If AB be a side of the polygon, and D is the point where the inscribed circle 
touches it, the angle AOB is 2т/п and the angle AOD is т/п. Thus 
a = 2AD = 20A. Sin Z AOD, 


fl 


т 
2R sin "ED 
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‘Therefore 
a 
R = ———_.,, 
9 sin Е а) 
п 
Also, 
a — 2 OD. tan Z AOD, 


т 
= 2r tan =T 
Therefore 
r= TERI. 5 
tan а @) 

The area of the triangle OAB = (1/2) R? sin z, 
eo =; T Men UR 

Also this = (1/2) ar = r? tan a 4 cots 


Corollary. The area of the polygon is given by the following formulae : 


Area of the polygon 


^ 2 
= (1/2) n R? sin = nr? tan = AP cot I 3) 


for the area under consideration is n times the area of the triangle OAB. 


Note. This formula will give the area of 


а circle of radius R by using the 
concept of a limit which you will learn later. 


Example. The length of each side of a re 
(i) the radius of its inscribed circle, 
and (iii) its area, giving the answers с 


gular hexagon is 10 centimetres, Find 
(ii) the radius of its circumscribing circle, 
orrect to two decimal places, 


Solution. The angle 


polygon = = = 60°, Therefore, we have 5 = 


subtended by a side of a regular hexagon at the centre of the 


rtan 30° = R sin 30°, 
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*. т = 5 cot 30°, 
. = 5 4/8 = 5 x 1-732 = 8-66 cm. (approx) 
Also R —.5 cosec 30° = 10 cm. 


5 
Again, the area — 6 x r x 5 sq. cm, 


inl 


= 30 x уЗ = 51-96 sq. cm. 


EXERCISES 
Find the area of (i) a hexagon (ii) an octagon and (iii) a decagon, each be- 
ing a regular figure of side 5 cm. 
One side of a regular decagon is 10 cm. Find the radii of the inscribed 


and circumscribed circles. 


If an equilateral triangle and a regular hexagon have the same perimeter, 
prove that their areas are as 2: 3. 


If a regular pentagon and a regular decagon have the same perimeter, prove 
that their areas are as 2 : 4/5. 


Find the difference between the areas of a regular octagon and a regular 
hexagon if the perimeter of each is 12 decimetres. 

Show that the areas of a regular hexagon and a regular octagon inscribed 
in a given circle are as 4/27 : 4/32. 


Given that the area of a regular polygen of n sides circumscribed about a 
circle is to the area of the circumscribed polygon of 2n sides as3:2, find n- 


Two regular polygons of n sides each are inscribed in and circumscribed 
about a given circle. If their areas are as 3 : 4, find n. 


The sides of a triangle are respectively a side of a regular pentagon, hexa- 
gon and decagon inscribed in a circle. Prove that the triangle is right- 
angled. 

If a be the side of a regular polygon of n sides, R and r the radii of the 
circumscribed and inscribed circles, prove that 


a T 
Rt+r= CO с: 


ASSORTED EXERCISES ON CHAPTER 4 
In any triangle ABC, prove that 
(i) а? sin 2B + b? sin 2A = 2ab sin С. 
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х KG: 
(ii) cain ($ 4A) = adn ©. 
(iii) (b + c) cos A + (c + a) cos В + (a + b) cos C = a + b 4 c. 
(iv) a (cos С — cos B) — 2 (b — c) cos? = ; 


sin (A - В) a? — b? 


(v) sing = ы ce 
2. (с? a 2 3 = 2 
(i) P =~ sin2A + © pro sin 2B + 2 = sin 20 = 0. 


(vii) a? (cos? B — cos? C) + b? (cos? С — cos? А) + с? (cos? A — cos? B)=0. 
(viii) asin (В — C) + b3 sin (C — A) + c? sin (А — B).= 0; 
у asin (B — C) bsin(G— A csin (A — B 
(ix) O с? a =a ) ata b2 ) a 
а? sin (B — C) , b? sin (C — A) c? sin (A — B) = 
Œ) sin B + sin C sin C + sin A sin A + sinB ^ 


2. Ifa, b, care in H. P., then sin® (A/2), sin? (B/2), sin? (C/2) are also in H.P. 
3. Ifa cos? (C/2) + c cos? (A/2) = Е ‚ then a, b, c are in А.Р, 


4. Ifa?, bP, c? are in A.P., then cot A, cot B, cot С are also in A.P. 
5 R abc (cot A + cot B + cot C) 


a? + be + с 
_ 2R +r — r 
6. СозА = ZR 
ri To T3 1 1 
y Бе ПАСА аЬ г 2R ° 


8 т _ асоз А + b соз B + ссоѕ С 
wR a+b+c E 


9. The area of the inscribed circle is to the area of the triangle as 
7 : cot (A/2) cot (B/2) cot (С/2). 
10. If a, b, c are in A.P. then Ty I, T, are in НР. 
П. Tfr, = ra + r, + r, then the triangle is right-angled. 
12. If A, А, A, A; be the areas of the in-circle and the ex-circles, then 
1 Er 1 ЕЕ 1 oe 1 : 
УА VAL" VA," VAs 
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13. 


14. 


16. 


Of two regular polygons of n sides, one is circumscribed about and the other 
is inscribed in a given circle. Prove that the perimeters of the circumscribed 
and inscribed polygons and the circle are as 


sec (m/n) : 1 : a/n csc (m/n), 
and that the areas of the polygons are as 1: cos? == 3 


Prove that the area of a regular polygon of 2n sides circumscribed about a 
circle is the harmonic mean between the areas of the inscribed regular poly- 
gon of 2n sides and circumscribed regular polygon of n sides. 
If R, r be the radii of the circumscribed and inscribed circles of a regular 
polygon of the same area but double the number of sides, show that 

К? = Rr,andr?: r? = 1/2 (R + r). 
If A, be the area of a regular polygon of 2n sides inscribed in a circle, and А» 
A, be the areas of regular polygons of n sides inscribed in and circumscrib- 
ed about the same circle, prove that A, A, A; are іп С.Р. 


Chapter 5 


Logarithms 


5.1. Introduction 

Whenever we have a problem involving numerical computations, logarithms 
prove to be an indispensable tool. They are so useful that some people are in- 
clined to call them ‘the servants of man’. In the present chapter we propose to tell 
you what logarithms are, and how we can use them. In the next chapter we shall 
tell you about applications of logarithms to solution of triangles. 


For defining logarithms we shall need certain properties of real numbers which 
we shall state without proof : 


I. For every positive real number a, not equal to unity, 
number N, there is one and only one real number x 


at= N, 


and every positive real 
satisfying the equation 


II. For any given real number a > 1 and for any real number N > 1 
solution of the equation a? = N must be positive. 
ПІ. 17=1,yxeR. 
IV, a =1,yaeR. 
V. (a) = a", y a, x, y in R. 
VL a®. b = (аЬ), v a, b, x in В. 


, the 


Definition. If а be a positive real number, not e 


qual to unity, and N be a positive 
real number, then the real number x which satis 


fies the equation a?=N, is called 
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the logarithm of N to the base a. We write the logarithm of N to the base a as 
log; N. Thus 
=N <> tx = logs N. 

Of the two equivalent statements written above, the first is said to be in exponen- 
tial form and the second is said to be in logarithmic form. Whenever we write 
log, N, it is always understood that N is a positive real number and that a is a 
positive real number, different from unity. 

In any particular discussion if it is understood without any ambiguity as to 
what base is being used, then we may omit the suffix indicating the base. 


Examples 1. Since 2* = 16, therefore log, 16 = 4. 


2. Since (1/2)73 = 8, therefore 10р1/28 = — 3. 

3. Since 7! = 7, therefore log; 7 = 1. 

4. Sinee (1)74 = 10000, therefore log., 10000 = — 4. 
5. Since (10)? = 1000, therefore logio 1000 = 3. 


Example 1. Solve the following equations : 
(1) logs x = 4; (ii) loga 64 = 3; (iii) log, 16 = x. 


Solution: (i) log x = 4 ج‎ 3 = × 4 x = 81. ` 
(ii) lig биг a> wm ok er с > 
(iii) Јов 16 = x <=> (1/37 = 16 «= (1/2 = (1/2) > x = — 4, 
EXERCISES 
1. Give the logarithmic form of each of the following statements : 
(i) 26 = 64. (ii) 3+ = 81: (ш) 7-2 = gy. 
(iv) 6° = I. (м) 27218 = 9. (vi) (32)2/5 = 4. 
2. Find x, у or a in each of the following equations : 
(i) log, x = 4. (i) logsx = — 1. (ii) logs x = 0. 
(iv) logo x = 3/2. (v) logyx = — 2. (vi) logy, x = 3. 
(vii) log, 16 = 4. (viii) log, 27 — 3. (ix) log, 1000 = 3. 
(x) log, gy = — 5. (xi) log, 1l = 0. (xii) log, ; = — 1. 
(xiii) logs 625 — y. (xiv) log, 32 — y. (xv) log, ¥ = y. 
т 
(xvi) log, 16 — y. (xvii) .loge4 4 = y. (xviii) 10566 = y. 


5.2. Properties of Logarithms 
We shall now prove some important properties of logarithms. 


Theorem 1. For any two positive real numbers M and N, 


log; (MN) — loga M + log, N. 
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Proof: Letlog; M = x and log, N = y, so that 
a* = M and av — N. 
Now MN = a”. ау = a**v, 
whence by definition, 
loga (MN) = x + y = log, M + log, N. 
Remark. The above theorem can be immediately extended to the product of any 


finite number of positive real factors. That is, we can prove that if M,, M, 
My be any positive real numbers, then 


log, (Mi M, ..... Mk ) = log, Mi + log, M, + 
Example : logio 42 = logio (2.3.7), 
= logio 2 + logro 3 + logio 7. 
Theorem 2. For any two positive real nnumbers M and N, 


log, (M/N) = log, M — log, N. 


Proof : Let log, M = x and log, N = y, so that 
a” = M and av = N. 
Now  M[N = atja = a*-v, 
whence by definition, 
log; (M/N) = x - у = log, M — log, N. 
Example : logio (22/7) — logio 22 —logio 7, 
— logio (11.2) — logio 7, 
== logio 11 + logio 2— logio Уз 
Theorem 3. For any positive real number М and any positive real number p, 


log; M? = p log, M. 


Proof : Let log, M = x, so that a? = M. 
Now M? = (a*)» = a*» = ar, 

whence, by definition, 
log, M? = px = p log, M. 

Examples: 1. logio 216 = logio 63 = 3 logio 6. 


2. logs (27) = loge (38)? = log, 3? = + logs 3. 


Example 2. Express logio/fa*[(c* bt) 
8s a sum of logarithms, 
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Solution. logio {x/(a5/(c3b*)} = (1/2) logio {a5/(c3b4)}, 

(1/2) [logio a5 — logio (c? bt)], 

= (1/2) [5 logo a — (logio c? + logio b*)], 
= (1/2) [5 logio a — ( 3 logio c + 4 logio b)], 
= (5/2) logie a — 3/2 logio c — 2 logio b. 


I 


Example 3. Show that the following is an identity : 
log, 48 — log, 24 + log; 35 — log, 10 = log, 7. 


Solution. L. H. S. = (1og, 48 — loga 24 ) + ( loga 35 — log, 10 ), 


= loga E + log, = 

= loga 2 + log, $, 

= loga(2 x $), Ў 
= lofa 


Example 4. Solve the equation 
logs 4 + logs (2х — 1) = logs (x +2) – I. 


Solution. The given equation can be written as 


logs 4 + logs (2х — 1) – logs (x +2) = — I, 
or as logs (4 (2x—1)}—logs (х+2) =—1, 

1 Е (2х-17 i 
or as Ogs xou ed 

'The above equation can be written in exponential form as 
sae 4 (2x — zr 
x+2 

or as x + 2 = 12 (2x — 1), 


which gives on solving, x = 14/23. 
On substituting x — 14/23 in the given equation we find that it satisfies the given 
equation. 


Hence the solution-set is { 14/23 }. 


EXERCISES 


1. Express each of the following logarithms as an algebraic sum of logarithms. 
The bases to which the logarithms are to be considered have not been 
indicated. Use any positive number (other than 1) of your choice as base : 


G) log (231 x 476). Gi) log (219. 74. 97*). 


(iii) log È vz | . (v) log [/e-98—3 [ 


раг 
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2. Express each of the following in logarithmic form. (Take an arbitrary posi- 
tive number a, different from 1, as the base): 


(i) s = (1/2) gt. - (ii) V = (4/3) r r. 
(ii) t= 2e I (vy) r = AM 
3. Given log, 2 = 3010, log, 3 = ‘4771, find the value of each of the follow- 
ing: 
logio 26, (ii) logio 3-11, 
(iii) logio 24. (iv) logio S д 
(Y) logio-V1536, (vi) logo 4/ 1024. 


243 
4. Use the laws of logarithms to show that each of the following equations is 
an identity: 
(a is a positive number different from 1.) 
(i) log; 48 — log, 168 + log, 35 = log, 10. 


(ii) 3 loga x — 2logay + 41од„^/х — (1/2) log y — (1/2) log, Us k 


у? 


5. Solve each of the following equations: 
(i) logs 54 — (1/2) logs4 = x. (ii) logs x + 3 logy x = logi 81. 
(ii) logs 64 — dog, 256 = 2х+1. (iv) Hogs x? + $ logy x = 2, 


(v) log, 28 — log, 7x = 2. (vi) logs 3 + logs (x-+1) -logs (2x —7) = 4, 
(vii) logo | 2x + 1 | — logs | x+2 | = 3. 
6. Prove: 
1 
4 log, (x + h) — log, x те: h үх: 
(i) h = loge (1 + JE 
" x К? м x? + b? -+ b 
(ii) log, олет = 3i loga { - ] " 
i 2x — \/(4 x? — 1) 2 
1 == у мр ہے ل‎ — x? — 1)}. 
(ii) log, 2x + (438 — 1) 2log, {2х — V/(4x 1) 


Prove that the equation 

д leg, (1/N) = — loga №. 

s pia for every positive real number N, and any positive base a different 
rom I. 

8. 


Pr pte 
ove that for any two positive bases a and b different from 1, 


log, N 
log, N= E4 N 
log, b 


1 
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9. Prove that the equation log; b. log, a = 1 is true for every pair of positive 
numbers, a, b, different from 1. 


10. Prove that if a> 1, and M > N > 0, then log; M > log, N. 


11. Prove that if a and b be two positive numbers, both greater than 1, then loga 
b >0. 


53. Common Logarithms 

Two systems of logarithms are generally used in mathematics. One of these, 
called natural logarithms, is due to Napier. It has, as its base, the irrational num- 
ber e (approximately equal to 2.71828). It is generally used in advanced mathema- 
tics. The other one, called common logarithms, is due to Briggs. It has, as its 
base, the number 10. 'This system is very convenient for numerical computations, 
especially because of the fact that 10 also happens to be the base of our decimal 
system of notation. We shall throughout use the system of common logarithms and 
shall therefore not write the base. Whenever no base is written, it would be under- 
stood that the base is 10. "Thus, we shall write simply log 2, log 8, ...... instead of 
log; 2, logi 3,...... ; also log N would mean log, N. 

The English mathematician Briggs computed and published in 1624, a table 
of common logarithms of all integers from 1 to 20000, and from 90,000 to 100,000. 
Since the logarithms of most integers happen to be irrational numbers, the entries 
in the table were only rational approximations. (Of course, they had a very high 
degree of accuracy. In fact, he had computed the logarithms correct to 14 decimal 
places) For ordinary purposes it is enough to use a much smaller table than that 
of Briggs, and also to have a much lower degree of accuracy than he had. We 
shall use a four-figure table (i.e, a table in which the logarithms are given correct 
to four places of decimals) but before we do so, we shall learn the use of scientific 
notation and a few more facts about logarithms. 


5.4. Scientific Notation 
Consider some numbers, say, 29.2, 629-4, .0437 and 1223. We may write these 
as 


29:2 = 2:92x10, :0437 = 437 x10, 

629:4 6:294 x 103, 1223 1:223 x 10°. 
The above manner of expressing the numbers 29:2, 629-4, "0437 and 1223 shows that 
each of them can be expressed as the product of a number lying between 1 and 10, 
and an integral power of 10. We can do this for any positive number whatever. 
That is, if N be any positive number, then it is possible to find a number n (where 
1 «n <10) and an integer r such that 

N —n x 10. 

The above notation is called scientific notation. 


ll 


ll 
Il 
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Examples. (i) The distance that light travels in one year is called a light-year, which 
is approximately equal to 5,870,000,000,000 mi. In scientific notation this is equal 
to 5°87 x 10° mi. 


(ii) The thickness of an oil film is about -0,000,005 cm. In scientific notation 
this is 5x 10-7 cm. 


(ii) The mass of a molecule of water is about *00,000,000,000,000,000,000,003 

gm. In scientific notation, this is 3 x 10-2 gm 

As we shall see later, 
finding its logarithm. 


it is convenient to write a number in scientific notation before 


55. Logarithm of a Number lying between 1 and 10 
= Theorem 5. If 1 < N < 10, then0 < log N — 1. 
Proof. Let N be any number such that 1 


any base exceeding 1 is a strictl 
fore 


« N « 10. Since the function log to 
y increasing function (See ex. 10, page 123), there- 


logu 1 < log, N < log, 10. 
Now, logarithm of 1 to any base 


Also, since the logarithm of the 


ne (i) 


(other than unity) being zero, we have logh 1—0. 


base itself is unity, therefore log, 10—1. 
We may, therefore, write (i) as 
0 < logio N <1, 
i.e 0 < log N <1, 
in view of our convention regarding omitting the base 10. 


5.6. Characteristic and Mantissa 


Consider any positive number N. Expressing N in scientific notation, we have 
М-и = eo, C (i) 
where 1 < n < 10, and r is an integer, 


By taking logarithms of both sides of (i) to the base 10, we have 
log N = log n + log 10, 
= log n + r log 10, 
ылы = 0 0 2. (ii) 
ii) that the common 
m of an integer r and 
cteristic and the: part 


Since, by theorem 4, 0 — lo 
logarithm of any 
a number betw 
between 0 and 


Б n < 1, therefore we find from. ( 
positive number can be expressed as the su 
ееп 0 and 1. The integer r is called the chara 
1 is called the mantissa. Thus, for example, 
(i) if log N = 2:1076, then 

characteristic is 2 and mantissa is -1076. 
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(ii) Iflog N = 0.3010, then 
characteristic is zero and. mantissa is -3010. 
(iii) If log N =—4 + .4771, then characteristic is —4, and mantissa is «4771. 
To determine the logarithm of a number, we have to find both the characteristic 
and the mantissa. The following theorem gives us a rule for finding out the 
characteristic of the logarithm of a number. 


Theorem. If the decimal point in a number is m places to the right of the 


* standard position, then the characteristic of the logarithm is m ; and if the decimal 


point is m places to the left of the standard position, then the charactenistic of the 
logarithm is —m. 
Proof. Let N be any positive number. If the decimal point in N is m places to 
the right of the standard position, then the expression for N in scientific notation 
is of the form 
N =n x 10”, (1 < n < 10) 
and therefore the characteristic of log N is m. 
If, on the other hand, the decimal point in N be m places to the left of the 
standard position, then the expression for N in scientific notation is of the form 
N=n x 10-", (1 <n < 10) 
and therefore the characteristic of log N is —m. 
Remark, If the decimal point in N is in standard position, then the characteristic 
of log N is zero. 
From the above theorem and the remark following it we find that 

(i) if N > 10, and there are k digits to the left of the decimal point, then 
the decimal point is k — 1 places to the right of thé standard position, so 
that characteristic of log N = k — 1. 

(ii) If0 < N < 1, and there are k zeros between the decimal point and the 
first non-zero digit in N, then the decimal point is k + 1 places to the 
left of the standard position, so that the characteristic of log N = 
= (к + 1) 

(iii) If < N < 10, then characteristic of log N is zero. 


From the above discussion, we have the following rule for determining the 
characteristic of the logarithm of a number : 
Rule. If N > 10, the characteristic is positive, and is one less than the number 
of digits to the left of the decimal point. 

If N < 1, the characteristic is negative, and is numerically equal to one more 


than the number of zeros between the decimal point and the first non-zero digit in 
N. 
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If 1 < N < 10, the characteristic is zero. 


Remark. It is, however, advisible to express a number in scientific notation to 
find its characteristic. 


Example 5. Express each of the following numbers in scientific notation, and 
hence find the characteristics of their logarithms : 


4.718, 47-18, 471.8, 04718, .4718. 


Solution : 
N Expression for N Characteristic 
in scientific notation of log N 

4-718 4718 x 10° 0 

47:18 4718 x 10! 1 

471°8 4718 x 10? 2 
۰04718 4718 x 10-2 —2 
4718 4718 x 10-! —1. 


Example 6. Find by inspection the characteristic of the logarithm of each of the 
following numbers : 


2,634, -00,635, 16-74, 1.245, .4718. 
Solution. Writing 2,634 as 2684:0 we find that it has 4 digits to the left of the 
decimal point, so that the characteristic acteristic of log «00635 is —3. 


Since -00635 < 1 and since there are 2 zeros between the decimal point and 
the first non-zero digit, therefore the characteristic of log “00635 is — 3. 


Since there are 2 digits to the left of the decimal point in 16.74, therefore the 
characteristic of log 16:74 is 1. 

Since 1 <1-245 < 10, therefore the characteristic of log 1.245 is 0. 

Since -4718 < 1, and since there is no zero between the decimal point and 
first non-zero digit in -4718, therefore the characteristic of log 4718 is —1. 
Example 7. Given log 2 = -3010, find the number of digits in 2%, 

Solution: Let N = 231, 
Taking logarithms of both sides, we have 
log N = 31 log 2, 

31 x -3010, 
9.3310. 

Characteristic of log N = 9, so that the number o 
decimal point in N is 10. But N is an integer. 
‚М is 10. 


f digits to the left of the 
‘Therefore the number of digits in 
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Example 8. Given log 3 = -4771, find the position of the first significant digit 
in 8*. 
Solution: Let N = 3®. 
Taking logarithms of both sides, we have 
log N = —29 log 3, 

= —29 x 4771; 

= —13-8359, 

= —14 + -1641, 


“so that the characteristic of log N is —14. 


Since the characteristic is negative, therefore N < 1. Also, there must be 13 
zeros between the decimal point and the first non-zero digit in N, ie. the first signi- 
ficant digit is the fourteenth digit to the right of the decimal point. 

The following theorem gives an important result regarding mantissas : 

Theorem 5. The mantissa of the logarithm of a number N is determined uniquely 
by the succession of digits in N, and is the same for all numbers having the same 
succession of digits. 

Proof: Let the expression for N in scientific notation be of the form 

n x 10", where 1 < n < 10, апа r is an integer. 

Then the mantissa of log N = log n. 

If M be any number having the same succession of digits as N, then M differs 
from N by an integral power of 10, that is, 

М =n x 104, for some integer К, 
or M =n x 106+", where 1 < n < 10, 
and k + r is an integer. ; 

This shows that the mantissa of log М is also equal to log п. 

Thus log M and log N have the same mantissa. 

Corollary. If the expression for a number N in scientific notation be n x 10", 
where 1 < n < 10 and r is an integer, then the mantissa of log N is log n. 

The above result shows that if the logarithms of all numbers between 1 and 10 
be known, then we can write down the mantissa of the logarithm of any number. 
Example 9. Given log 31-15 = 1.4935, find the value of (i) log 3115, (ii) log 31150, 
(iii) log -3115, (iv) log -003115. м 
Solution. (i) Characteristic of log 3115 = 3. 

mantissa of log 3115 = mantissa of log 31-15, 
3 = 4935% 


2. log 3115 = 3-4935. 
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` (i) Characteristic of log 31150 = 4; 
mantissa of log 31150 = mantissa of log 31-15, 


= .4935. 
2. log 31150 = 4.4935. 
(iii) Characteristic of log 3115 ——1; 
mantissa of log .3115 = mantissa of log 31-15, 
= .4935. 


log -3115 ——1 + .4935 
= 9.4935—10. 
(iv) Characteristic of log -003115 ——3; 
mantissa of log -003115 = mantissa of log 31-15, 
= 4935. 
log -003115 =—3 + .4935 
= 7-4935—10. 
Aliter: 31.15 = 3-115 x 10, so that 
log 31-15 = log 3-115 + 1, 
which gives log 3-115 = .4935. 
Now 3115 = 3-115 x 103, 
so that log 3115 = log 3-115 + 3 = 3.4935. 
31150 = 3-115 x 104, 
so that log 31150 = log 3-115 + 4 = 4.4935. 
3115 = 3-115 x 104, 
so that log -3115 = log 3-115 —1 = .4935 —1 = 9-4935 —10. 
003115 = 3.115 x 103, 
so that log 003115 = log 3-115 —3 = .4935 —3 = 7.4935 — 10. 
Remark. It is usual to express a negative characteristic —1 as 9—10, —2 as 8—10, 
—3 as 7—10, etc. | 
Example 10. Given log 670-5 = 2.8964, find N, if 
(i) log N = 18264, (ii) log N = 8.8264 — 10. 
Solution. (i) Since log N and log 670-5 have the same mantissa, 
670-5 have the same succession of digits. Also, since the characteri 
therefore the decimal point in N must be to t 
one place. 


Therefore log N = log 67.05, ie. N = 67-05. 

(ii) Since log N and log 

670-5 have the same succession of digits. Also, 

8—10, ie. —2, therefore the decimal 
standard position. 


therefore N and 
stic of log N is 1, 
he right of the standard position by 
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Therefore log N = log -06705, ie. N = -06705. 
Aliter: Since 670-5 = 6-705 x 103 therefore 
log 670:5 = log 6:705 + 2, 
or 2:8264 `= log 6:705 + 2, 
so that log 6:705 = :8264. 
Now (i) log N = 1:8264 = 1 + log 6:705, 
log ( 6:705 x 10 )s 


= log 67:05 
so that N = 67:05. 
(ii) log N = 8:8264 — 10 = — 2 + log 6:705, 
= log (6705 x 10-2), . 
= log -06705, 
so that N = ‘06705. 
EXERCISES 


l. Find by inspection the characteristic of the logarithm of each of the following 
numbers. Verify your answers to the problems (vii) to (xii) by writing the numbers 
in the form n x 10", where r is an integer and 1 < n < 10. 


(i) 2:3 х 10° (ii) 3:4 x 10. (iii) 1:63 x 104 
(19) 8:97 x: 10** (v) 472 x 1075 (vi) 2:01 x 10* 
(vii) 672 (viii) 4329 А (їх) 67:87 
(х) 4992 (xi) 004 (xii) 0375. 
2. Find the characteristic of the logarithm of N when : 
(i) log N = 2:0001 (i) log N = — 3:4621. (iii) log N = — :0231. 
(iv) log N = 3:0632 (v) log N = — 40071. (vi) log N = — 6:8927. 
3. Given log 6-731 = 0.8281, find the numbers which have the following logarithms : 
(i) 28281. (i), 38281 (iii) 1-8281. 
(iv) 158281. (v) 98281 — 10. (vi) 88281 — 10. 


4. Given log 2 = -3010, find the number of digits in 29. 
5. Given log 3. = .4771, find the number of zeros preceding the first significant 
digit in 3:3. 


6.7 Table of Logarithms 

We have seen above how the characteristic of the common logarithm of any 
number can be easily written down. The mantissa of the logarithm of any number 
cannot, however, be determined so easily. By using advanced methods we can com- 
pute the mantissa of the logarithm of any number to any desired accuracy. 
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Table 2 at the end of the book gives the mantissas of logarithms of the inte- 
gers 100 to 999. The mantissas are, in most cases, non-terminating decimals, and 
therefore the values in the table are only approximations (except in a few cases). 
The values in the table are given to four significant figures and therefore the table 
is called a four-figure table. 


Let us have a look at the table. The first two digits appear in the first 
column, headed N. The third digit appears at the top of the page along the first 
row. 

Since the characteristic of the logarithm of any number between 1 and 10 is 
zero, therefore the table actually gives the logarithms of numbers from 1.00 to 9.99 
in steps of .01. For finding the logarithms of numbers outside this range, we have 
to express them first in scientific notation and then use the table. We may also 
have to use interpolation in order to find from the table the logarithm of a num- 
ber having more than three significant digits. The method will be illustrated by 
examples. 4 
Example 11. Find the logarithm of 

(i) 6-34. (i) 648. (iii) .00873.. 
Solution. (i) The characteristic of log 6.34 = 0; 
mantissa of log 6.34 = mantissa of 634. 


To read the mantissa of 634 from the table, we first read down along the first 
column until we reach 63 and then read to the right until we reach the column 
headed by 4. We thus get the desired mantissa as -8021. 

-. log 634 = 0:8021 

(ii) The characteristic of log 648 = 2 
mantissa of long 648 = -8116. 
log 648 = 2.8116. 


(iii) The characteristic of log :00873 = —3, 
mantissa of log -00873 = mantissa of log 873, 
= 9'410. 


. log -00873 = —3 + .9410 = 7.9410 — 10. 
Aliter: (i) The number lies between 1 and 


r 10, and therefore we can read the 
logarithin directly from the table. 


We first read down along the first colur 
the right until we reach the column heade 
log 6-34 = -8021. 
Gi) 648 = 648 x 102, 
log 648 = log 6.48 + 9, 
8116 + 2 = 9.8116; 


mn until we reach 63 and then read to 
d by 4. We thus get 


Ш 
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(iii) -00873 
log -00873 


8-73 x 103. 
log 8-73 + (—3). 
9410 + (7 — 10), 
= 7.9410 — 10. 
Example 12. Find the logarithm of 
(1) 3789. (ii) ‘06842. 
Solution (i) The given number has four significant digits, and its mantissa can- 
not be read directly from the table. We shall, therefore, have to use interpolation, 


as explained in Chapter 3, page 91. Let us make the following observations 
which will help us in the interpolation : ` 


l. The number 3789 is -9 of the way from 3780 to 3790. 


Ill 


2. The mantissas corresponding to 3780 and 3790 are the same as those 
corresponding to 378 and 379, which when read from the table are -5775 and -5786 
respectively. The tabular difference is therefore 11 thousandths. 


3. The desired mantissa is -.9 of the way from -5775 to -5786. The correc- 
tion is therefore 11 x .9 — 9.9 thousandths — 10 thousandths, when rounded off. 


4. Since log x increases as x increases, therefore the correction must be 
added. f 


5. The desired mantissa = -5775 + .0010, = .5785. 
Also, the characteristic = 3. 
log 3789 = 3:5785. 


The working fòr finding the mantissa can be arranged as follows : 


(i) Number Mantissa Correction 
3780 5775 x O OO 0 
) 9 
3789 11 5775 + 10 = 5785. 
10 
3790 5786 
Since the required characteristic is 3, therefore log 3789 = 3.5785. 
(ii) Number Mantissa Correction 
6840 8351 6x 2512921 
6842 ) 2 6 8351 + 1 = 8352. 
1 


6850 8357 
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Since the required characteristic is —2, therefore 
log -06842 = —2 + -8352 = 8.8352 — 10. 


Remark. It is advisable to do all the computations needed to 


write down the 
logarithm of a number mentally. 


5.8. Antilogarithms 


If log N = x, then we say that N is the antilogarithm of x. In symbols, 


log N = x 4> N = antilog x. 


We can use table 2 to find the antilog of a given logarithm, i.e., to find N when 
log N is given. 


The following examples will illustrate the method. 
Example 13. Find (i) antilog 1.8722. (ii) antilog (8-6665 — 10). 


Solution. (i) Let N = antilog 1.8722, so that log N = 1.8722. The mantissa of 
log N is -8722. We look 


for the entry -8722 in table 2. We find that it occurs in 
the line which has 74 in the first column headed by N; also the column in which 
it occurs is headed by 5. Therefore the succession of digits in N is the same as 
that in the number 745. Also, the characteristic of log N being 1, there must be 
two digits to the left of the decimal point. 


Hence N = 74.5, 


(ii) Let N = antilog (8.6665 — 10), so that log N = 8.6665 — 10. The 
mantissa of log N is .6665, so that from table 2 we find that N has the same suc- 
cession of digits as the nfimber 464. Also, the characteristic of log N being 


—2 (= 8 — 10), there must be one zero between the decimal point and the first 
non-zero digit in N. Ke 


Hence N = .0464. 
Example. 14. Find (i) antilog 2.9446 (ii) antilog (9.8575 — 10). 
Solution. Let N — 


N is therefore .9446. 
entry, but there are twi 


antilog 2.9446, so that log N = 2.9466. The mantissa of log 
On searching through table 2 we find that :9446 is not an 


О consecutive entries .9445 and -9450 in the row headed by 
88 and columns headed by 0 and 1 respectively, between which the given number 
lies. 
Number Mantissa + 
Correction 
8800 9445 
j 1 l0x i-o 
? 10 9446 
5 8800 + 2 = 8809. 
8810 


9450 
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Since the characteristic of log N is 2, therefore there must be three digits to 
the left of the decimal point in N. 
Hence N = 8802. 
(ii) Let N = antilog (9-8575 — 10), so that log N = 9.8575 — 10. The 
mantissa of log N is therefore -8575. From table 2 we find as follows : 


Number Mantissa Correction 

7200 8573 10. x = аз 
? ) 10 8575 2 7200 + 3 = 7203. 

7210 8579 : 


Since the characteristic of log N is —1, therefore N < 1 and there should be 
no zero between the decimal point and the first non-zero digit in N. 


Hence N = :7203. 


EXERCISES 
1. Find the logarithm of each of the following numbers : 
(i) 4372 (ii) 28710. (iii) 937600 
(iv) 4639 (у) 24:86 (vi) 12377. 
(vii) 0614. (viii) 000032. (ix) ‘004881. 
9. Find the antilogarithm of each of the following logarithms : 
() 14143 (i) 2:6891. (iii) 0:8163. 
(iv) 9:6438 — 10 (v) 84271 — 10 (vi) 3:5376. 
(vii) 73224 — 10 (viii) 68734 — 10. (ix) 5:9971 — 10. 


5.9. Use of Logarithms 
Logarithms can be used to 
binations of these operations. 
Example 15. Find the value of 
2:632 x ‘0071 
1451 x ‘0651 ` 


compute products, quotients, powers, roots, and com- 
The following examples will illustrate the procedure. 


Solution. 
2-632 x 0071 
Let N = -T451 x 0651 ^ 


By taking logarithms of both sides and using theorems 1 and 2, we have 


log N — log (2632 x 0071) — log (1-451 x -0651), 
= (log 2.632 + log -0071) — (log 1-451 + log -0651). 
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In order to avoid errors, it is advisable to prepare an outline of the solution. For 
the present problem a possible outline can be as follows : 


log 2.682 — log 1.451 — 
log -0071 = log -0651 = 
Add Add 
log numerator = 
log denominator = log denominator = 
Subtract 
log N = 
N= 


By using tables we can complete the above outline. The completed form would 
be as follows : 


log 2.632 = .4203 log 1-451 = -1617 
log -0071 = 7.8513 — 10 log 0651 = 8.8136 — 10 
Add Add 
log numerator = 8.2716 — 10 log denominator = 8.9753 — 10 
log denominator = 8-9753 — 10 
pepe С _ Subtract 
log N = 9.2963 — 10 
N = .1978 


Example 16. Find the value of (-6438)1/7. 


Solution. Let N = (.6438) 1/7, 
Then log ЇЧ = 4 log (6438), 
= + (9:8087 — 10). 


If we divide 9-8087 — 10 by 7 we get the result in the form 1°4012 ............... 
т БЕРДЫ EE which is not suitable for logarithmic computation. We 
can, however, obtain the result in a suitable form if we write the characteristic 
9 — 10 as 69 — 70 before division. We then get 
log -6438 = 69.8087 — 70 
2 log -6438 = 9.9727 — 10 


N = :9391. 
(27:43)! (-6804)1/3 
Example 17. Compute SS CODE — 
ў _ _(@7:43)1/° (-6804)1/3 
Solution. Let = — (OM — 


Then log N = (Ф log) 27-43 + ‡ log -6804)} — 4 log (7:091). 
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Preparing an outline and filling the numbers we have 
log 27-43 = 1.4383 
log -6804 = 29-8326 — 30 


i log 27-43 -71915 
l log 6804 = 9.9442 — 10 
A 
log numerator = -6634 log 7-091 = -8507. 
log denominator = -2127. + (4) log 7:091 = -2127. 
5 
log N = -4407 
N = 2-758 


Example 18. Compute (7:091)!/* 


Solution. We have not defined log x when x is negative. Therefore we cannot 
directly apply logarithms for computing the value of the given expression. 


However, (— :6804)!5 = — (:6804)1/5. 
f Y з (274812 (06804 )U* 
Therefore the given expression = ( 7091 J 
= — N, say. 
We may evaluate N by using logarithms and then affix a negative sign to it to 
obtain the value of the given expression. 
By the preceding example, N = 2.758. 
Hence the given expression = — 9:758. 
EXERCISES 
Compute by means of logarithms : 
1. 28:34 x 08176. 2. (4315). 
3. (2839) 1/4, 4. (128:6))? х (29°74)!%. 
2:962 x :04725 ч -$ у 
5, USB то 6. (4973) =. 
7 /{ 1:287 x 4:682 8 d 6:842 x 27:04 
3:421 х | 03145 i 
4 CR x (06217) 10 26:34 
28:13 : 3/T63 х 0:634 ` 
i 27805 х 8973. p, (421822 х V 687 , 
12:92 


177563 
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13, (49999 х (0:935)0-2 i4, 08:14) Е 
: (0:9762)0: A ` 007359 x (3:82) т ° 
15. comi 37418 16. a ae a 
@ж 2/6435 зу "(27-63\0-3 x 3RORA. 
p, Q845) x (—7-621)1/3 18. 1761)! x (262415 
y (4872)! 8 : ; (—0°0473)1/3 
19. 3/9763 — 4/12°83. 20. (62:59)1/4 — (76-41)1/5, 


5.10. Exponential Equations 
An equation of the form 
а* = b, 
that is, an equation in which the unknown appears as an exponent is called an 
exponential equation. To solve an exponential equation we have to first convert it 
into logarithmic form. 
Example 19. Solve: 7* = 1.69. 


Solution. Equating the logarithms of the two members of the given equation 


, we 
have 


log 72 = log 1.69, 
ог x lg 7 = log 1.69. 


Hence x = “ыз” $ 
‘2279 
т 
The problem now is to compute the value of the above fraction 
2279 
log x — log “R451 ` 


= log -2279 — log -8451. 
= (9.3577 — 10) — (9.9270 — 10), 


= 9.4307 — 10. 
"^ x = antilog (9.4507 — 10), 
= -2696. 
EXERCISES 
1. Solve each of the following equations for х; 
(i) 7 = 25, Gi) 100° = 27. 


(iii) (3/2)? = 4/3. 

(v) 39? = 9-76. 
(vii) (6071 = 1000. 
(ix) 5. 6 = 7. 52, 


(iv) 322 = 64, 

(vi) 10*+1 = 299-7, 
(viii) (27.32)" = 25.4, 

(x) (3°271)°* (4819)х +1 = 278, 
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(xi) 2 — 8, 25 + 15 = 0. (xii) 3?* — 7.3х + 10 = 0. 
(xiii) 52 — 5*1. -6 — 0. (xiv) 49* + 7х — 6 = 0. 
2. Solve each of the following inequations : 
(їй 067. (ü) 3 (25 ):= 5. 
Gii) (3/4)* > "99. (iv) (1"8)х > 3:6. 
(v) 252152. (vi) 4* < 62. 
3. Find the following logarithms : 
(i) logo 63:84. (i) logs 41°96. 


5.11. Applications of Logarithms to Problems 


Example 20. A certain bank pays 6 per cent per annum interest on fixed deposits. 


How much will Rs. 4000 amount to in 15 years, interest being compounded 
annually? 
Solution. If the required amount be A rupees, then 


A = 4000 (1 + .06)5. 
By taking logarithms of both sides we have, 
log A = log 4000 + 15 log 1.06, 
= 3.6021 + 15 x -0253, 
= 3.6021 + -3795, 
= 3.9816, 
so that A = antilog 3.9816, 
= 9585. 
Hence the required amount is Rs. 9585, correct to the nearest rupee. 
Example 21. Radium decays according to the equation 
O HOI T 
where Q, is the initial mass of radium and Q is the mass of radium after t 
years. If the initial mass be 450 milligrams, in how many years will the mass be 
cut down to 300 milligrams? In other words, find the one-third life of radium. > 


= 450, Q = 300. 


We have, therefore, to solve the equation 


Solution. We are given that Qo 


1 
300 = 450. 2 - 1600 * 


'The above equation is equivalent to the equation 


2 


3 


1 
== = 3509. 
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Taking logarithms of both sides, we have 
t 


log 2 — log 3 = = 1600 °8 2> 
or ‘3010 — 4771— — ggg x “3010, 
S coo 11761 x 1600. 
"3010 
Ву taking logarithms, we have 
log t = log ‘1761 + log 1600 — log :3010, 
= (9:2458 — 10) + 3:2041 — (9:4786 — 10), 
= 2:9718. 
Therefore t = antilog 2:9713 


= 1936; 
Thus it will take approximately 936 years for 450 milligrams to decay to 800 
milligrams. 


EXERCISES 


1. If Rs. 5,000 is invested at 5 per cent interest compounded annually, what will 
be the amount in the inyestment after 10 years ? 


2. A certain bank pays 4 per cent interest compounded half-yearly. How much 
will Rs. 4,000 amount to if left on deposit for 15 years ? 


3. A certain bank pays 6 per cent interest compounded quarterly. What will 
Rs. 2,500 amount to if kept in the bank for 12 years ? 


How much should be invested now at 5 per cent compounded half-yearly to 
amount Rs. 975 in 8 years ? 


[21 


c à = mc, where c is the 
velocity of light (= 3.00 x 10% cm per sec), find the energy available in a 
mass of 4 gm. 


If energy E and mass m are related by the equation Е = 


Note: When mass is expressed in gr 


ammes, and velocity is expressed in centi- 
metres per second, 


then energy is expressed in ergs. 


6 With the same notation as in the above problem, find in kilowatt hours, the 
energy available in a mass of 4:5 gm. Remember that 1 kilowatt hour 
= 9-00 x 165 joules, and 1 poule = 1.00 x 107 ergs. 

7. 


A certain culture of bacteria (under ideal conditions) grows at the rate of 

N - 1100 (10) */5; where N is the number of bacteria, and t is the elapsed 

time in hours How many bacteria will be present after 5 hours ? 

8. A certain radioactive material decays at a rate given by О =Q (10) 7025# 
where t is in hours. Find the half-life of the material, i.e., find t when 


0-10, 
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9. 


12. 


18. 


14. 


A certain radioactive substance decays at a rate given by О = Q , 10-^' where 
Q is in grams and t is in years. If O = 1000 gm, find k if Q = 800 gm, 
when t — 1000 years. 

'The mass of a quantity of radium steadily decreases because of loss by radia- 
tion. It is known that the quantity О of radium remaining after t years is 
given by О = Q,2-'/9?, where О is the initial quantity of radium. 
If the initial quantity is 750 milligrams, in how many years will it reduce to 
250 milligrams ? 


A general formula for exponential growth and decay is Q = Q, 10% where 

Q is the quantity at time t and Q, is the quantity initially. 

(i) If the formula is a growth formula, what is the sign of К? 

(ii) If the formula is a decay formula, what is the sign of k ? 

(iii) Find k for a culture which doubles in 3 hours, t being measured in hours. 

(iv) Find k for a radioactive element with a halflife of -200 years, t being 
measured in years. 


The period of vibration of a simple pendulum whose length is 1 centimetre is 


4, 
given Ьу Т = 27 (z)- Taking g = 981, find the time of vibration of a 


pendulum 40 centimetres in length, 


The volume of a sphere of radius r is У = $7 r3. Find the volume of a 
a hollow sphere having outer radius 7} cm and inner radius 5 cm. 


A change of state of air is described by the pressure-volume relation P V 7/5 
= Vo 7/5. 
Find P if p, = 321, vo 75.82 = and V = 47°81. ° 
If the temperature of a rod of length 1, is increased by t degrees, it ex- 
pands so that its final length is 

1=1, (1+ at), 
where « is a constant depending on the material of which the rod is construct- 
ed. For steel, « = ‘00001071, approximately- Steel rails, 9 metres in length, 
are spaced 3/4 of a centimetre apart. Is this sufficient if the rails are subject 
to a variation in temperature 92° ? 


5.12. Logarithms of Trigonometric Functions 


In solving problems involving trigonometric functions with the help of 


logarithms we have to use logarithms of the values of trigonometric functions. Such 
situations will arise very often while solving triangles. We can find the logarithm 
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of the value of a trigonometric function of an angle by first finding the value of the 
trigonometric function of the angle from table 1 and then finding the logarithm 
of this value from table 2. However, we need not take the trouble of consulting 
two tables because there are tables from which the logarithm of the value of a tri- 
gonometric function of an angle can be found directly. Table 3 at the end of the 
book gives the logarithms of the sine, cosine, tangent and cotangent of angles from 
0° to 90°, at intervals of 10’. Since log sec @ = — log cos 6, and log cosec 0 = 
—log sin 6, therefore this table also suffices to find out log sec 0 and log cosec 0 
whenever 6 lies between 0° and 90°. 

The following examples will 


illustrate the method of using the table. 
Example 22. Find log cos 55° $2’. 


Solution. From table 3 we have the following readings : 
log cos 55° 30' = 9.7513 — 10. 
log cos 55° 40' — 9.7513 — 10. 
The tabular difference is .0018. Now 55° 39’ is 2/10 of the way from 55° 30’ 
to 55° 40. Assuming that the same relation holds good between log cos 55° 32’, 
log cos 55° 30' and log cos 55° 40’, we find that the correction = :0018 x 
= :0004. Since cos 0 decreases as 6 increases from 0° to 90» 


0 decreases as 0 increases from 0° to 90°. 
subtracted. 


Therefore log cos 55° 32’ = (9.7531 — 10) — -0004, 
= 9.7527 — 10. 
Example 23. Find the acute angle 0 for which log sin 0 = 9.6301 — 10. 


Solution. From table 3 we find that while 9.6801 — 10 i 
column headed by log sin, but we find that 


тб 
› therefore log cos 
Consequently the correction must be 


5 not an entry in the 


log sin 25° 10 = 96286 — 10 

| ү: 
log sin ? = 96301 = 10 27 
log sin 25° 20 = 96313 — 10 


Now 9.6301 — 10 is 1$ of the way from 9.6286 — 10 to 9.6813 — 10. Assuming 
that the same holds good between the angles, we find that the correction = 10’ x 15 
= 65) = 6. 

Since @ and sin @ increase together in the first 
log sin @ also increase together in the first quadrant, a 
tion must be added. 

Hence 0 = 25° 10' + 6’ = 25° 16’, 


quadrant, therefore 0 and 
nd consequently the correc- 
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EXERCISES 
l. Find, by using table 3, the value of each of the following : ў 
(i) log sin 31° 40. (ii) log cos 68° 10’. 
(iii) log tan 51° 27’. (iv) log cot 23° 39’. 
(у) log sec 48° 46’. (vi) log csc 51° 13’. 
(vii) log sin 26° 55’. (viii) log cos 18° 29’. 
(ix) log tan 54° 19’. (х) log cot 39° 37. 
9. Find by using table 3, the acute angle 0 to the nearest minute for each of the 
following : 
(i) log sin 0 — 9.4269 — 10. (ii) log cos 0 = 9.9609 — 10. 
(iii) log tan 0 = 9.3149 — 10. (iv) log cot 8 = .3916. 
(v) log sec 0 = -0162. (vi) log csc 0 = -3679. 
(vii) log sin 6 = 9.8187 — 10. (viii) log cos @ = 9.8613 — 10. 
(ix) log tan 0 — 9.7263 — 10. (х) log cot 0 = -0421. 


ASSORTED EXERCISES ON CHAPTER 5. 


1. Using x = 3.14, approximate 37° 


2. Solve the equation logio (x + 2) — logio x = ‘6281. 
3. Solve the inequation ( 2:5 )х < 6:4. 
4. Find to four significant digits loga.71s 10. 
5. Find: 
(i) log (log 3). (ii) (log 2) + (log 6). 
(iii) (log 3) (log 4). (iv) (log 3). 
6. Find in how much time will a sum of money double itself if i = ‘05, the 


interest being compounded annually. 


7.. Solve for x : 
logs | 3x + 1| — logs | 2х + 4 | = 1. 


8. A radioactive substance decays according to equation О = О, (10) 9026:, 


where t is in hours. Find the halflife of the substance. 
9. Find the value of ( — 97:26 5/5. 


10. If a and b be positive real numbers such that a? + b? = 7 ab, prove that 


log TP. + (log a + log b). 


ll. Ifa > 0, х = log; a, y = logs, 2a, Z = logs, За, 
prove that xyz + 1 = 2yz. 


21. 
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If a and b be positive numbers other than unity, prove that 
log, x. log, y = log, x. log, y. 
Find the value of (6:4 )!/10 x ( 4/7956 )3 + y 80. 
Find the seventh root of -03457. 
Find the number of digits in 29. 
Find the position of the first significant digit in 3-39, 
If а! = хі + y!/5, find the value of a when x = 0.3753, у = 0.01984. 
In the formula V = 3-142 r° h, find the value of V when г = 6.39, h = 12.87 
3x—4/9x?—1 
3x--/9x?*—1 
Solve each of the following equations : 
(i (log x) (log x?) + log x = 2. 
(ii log (log x) = 2. 
If the birth rate of a nation is 11 per cent and death rate 3 per cent per 


year, how many years (to the nearest integer) will it take for the population 
to double ? 


Prove that log 


2 log (3x — 4/9x?—1). 


Evaluate to four significant digits : 
ES 1/8400 
(—3897) (2-165) 
If c? = a? + bP, is 2 log c equal to 2 log a plus 2 log b? 
Prove that 2 (log 2 + log p + log q) 
= log [(p* + q*)* — (p? — q*)*] , if p and q are positive. 


A nautical mile is defined as being equal to one minute of arc on the surface | 
of the earth at the equator. 


If the radius of the equatorial circle is 6349 km, 
the number of metres in a nautical mile is therefore 


2m x 6349 x 1000 
360 x60 
Make the calculation, taking 


= 3:142, and obtain your result correct to 
four significant digits. 


Chapter 6 


Solution of Triangles 
and Its Applications 


6.1. Introduction 

‘The three sides and the three angles of a triangle are called the parts of the 
triangle. Given the measures of three parts, at least one of which is a side, we can 
compute the possible measures of the remaining parts. The process of computing 
the measures of the unknown parts from those of the given parts is known as soluing 
a triangle. Since we are going to be interested only in the measures of the parts of 
a triangle, therefore we shall not distinguish between congruent triangles. Also, we 
shall use the phrase 'a part of a triangle' to mean the measure of that part. We 
shall say that three given parts determine a triangle if there exists a triangle with 
given parts and if all the other parts сап be computed uniquely by means of the 
given parts. Thus, for example, the three sides determine a triangle provided no 
side is as great as the sum of the other two; three angles do not determine a 
triangle because if the sum of the angles be different from 180°, then no triangle 
exists with the given angles as parts, and if the sum of the angles be 180*, then 
infinitely many triangles exist with the given angles as parts. 


Solution of triangles has lots of applications in navigation, astronomy, survey- 
ing, architecture, engineering, and in many other sciences. In astronomy, the radius 
of the earth, the radius of the moon and the distance of the moon from the 
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earth are computed by the process of solving triangles. In surveying (and else- 
where too) heights and distances which cannot be measured directly are computed 
by solving triangles. In fact, till the beginning of the present century, the study of 
trigonometry was motivated solely by its utility in solving triangles. (Unfortunate- 
ly, most textbooks still cling to this practice!) In modern times, however, the tri- 
gonometric functions have found important applications in numerous other fields 
such as simple harmonic motion, the theory of vibrating strings, Fourier series, etc., 
and this has led the mathematicians to emphasize the analytical aspects of trigono- 
metry more than the computational aspect. Even then, solution of triangles conti- 
nues to be sufficiently important. і 


In the present chapter we propose to discuss various methods of solving tri- 
angles and their elementary applications to heights and distances, navigation, etc. 
We shall divide our study into three parts—solution of right-angled triangles, 
solution of oblique triangles, and applications. However, we shall first set out 
some general directions which will prove useful while solving triangles. 


Note: We shall throughout use the same notation as in chapter 4. 
62. Some General Directions 


The following points should be remembered while solving a triangle: 

By using the given parts, construct a triangle roughly to scale. Mark the 
known parts of the triangle and indicate the unknown parts. A proper figure 
helps in having a clearer understanding of the problem and a better planning 
of the solution. It guides us very much in certain cases (for example in case 


IV, p. 159). The figure also gives a rough estimate of the parts required to 
be computed and at the same time it serves as a check 


1. 


against gross errors. 

2. While solving triangles, we must remember that the given parts are generally 
the result of certain measurements and, as such, are only approximate quanti- 
ties Also, the. computed parts cannot be any more accurate than the given 
parts. We have therefore to see as to what degree of accuracy in the comput- 
ed parts can possibly be there when the given parts have a certain degree 
of accuracy. A computed side can be accurate to at the most as many signifi- 
cant digits as the given side or sides contain. Therefore we should always 
round off a computed side to as many significant digits as the given side or 
Sides contain. Similarly, a computed angle can be accurate to the nearest 
degree, nearest multiple of 10', or nearest minute at the most, according as the 


given angle or angles are accurate to the nearest degree, the nearest multiple 
of 10' or nearest minutes. 


Since in any problem angles and sides are involved together, therefore, we 
should know as to what accuracy in angles is comparable to a given accuracy 


a 
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in the sides. The following table gives the accuracy in an angle (or angles) ` 
corresponding to a given accuracy in a side (or sides). 


Sides Angles 
Two significant digits Nearest degree 
Three significant digits Nearest multiple of 10’ 
Four significant digits Nearest minute 
Five significant digits Nearest tenth of a minute 


According to the above table, which we shall adhere to, a computed angle 
should be rounded off to the nearest degree, nearest multiple of 10’, nearest 
minute or nearést tenth of a minute according as the sides have two, three, 
four or five significant digits. We shall throughout assume that the given parts 
of a triangle to be solved are of corresponding accuracies. 


Solution of triangles involves a lot of multiplications and divisions which 
may be done either without any computational aids, or we may choose to use 
a slide rule, logarithmic tables or calculating machines to perform the desired 
computations. If the results are required only to two significant digits, then 
we need not use any computational aids. If the results are required to not 
more than three significant digits, we may use the slide rule. If a higher degree 
of accuracy is desired, then we may use logarithm tables. Calculating machines 
give most accurate result, but we do not generally have access to them and 
therefore we shall not discuss their use for solution of triangles. 


The slide rule can also be used as a check on the working when other 
methods are used for computation, unless of course the answers are to be more 
accurate than the slide rule can give. 

For each part to be computed, choose a formula which determines that part. 
The choice of the formula will generally depend on the mode of computation. 
Different formulae may be needed according as we wish to use logarithms or 
we wish to do without them. 

It is always better, if possible, to find a part from the given parts rather than 
from the computed parts. This gives better results and also avoids carrying 
forward any error in computation. 

It is extremely important to check the results in problems on solution of tri- 
angles as elsewhere too. While a figure to scale serves as a rough check and 
the use of the slide rule gives 4 check when a high degree of accuracy is not 
desired, the solution can always be checked either by computing a part by two 
different methods or by substituting the parts in a formula which holds for 
triangles and which has not been used in the process of solution. While using 
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the latter method for checking the solutions, the following formulae are parti- 
cularly useful : 

к Ane Sr Б cos 4 (A — B sin} (A — В 

@ == ijs bae cm L, 
The above formulae, known as Molleweide's formulae, have the redeeming 
feature that each of them involves all the six parts of a triangle. (The deriva- 
tion of these formulae is left as an exercise for the reader.) 


7. The working should be arranged in a neat and systematic manner. A complete 
outline of the working should be prepared before doing any computations. 
6.3. Solution of Right-angled Triangles 


If one of the angles of a triangle is given to be right angle, then the triangle 
can be solved easily without having recourse to the formulae derived in Chapter 4. 


A 


Suppose it is known that in a tri- 
angle ABC, /С=90°. Let us also suppose 
that two other parts are given, at least 
one of them being a side. 'Then the fol- 
lowing different cases arise: 


Case I: Given a and b. The solution 
is unique. 


We use the formulae 


tan А = a/b, to find A; 5 a G 
B — 90? — A, to find B; Fig. 6.1 
с = b/cos A, to find c, 
or c= (а? + b?), to find c. 


Case П: Given a and c. There is no solution unless c > a. 


(Use whichever is simpler.) 


If c > a, there is a unique solution. 
We use the formulae 
sin А = а/с, to find Аз 
В = 90° — A, to find B ; 


b — a cot A, to find b, 
or b = (с? — a?), to find b, f (Use whichever is simpler.) 
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Case ПІ: Given a and A. There is no solution unless A is acute. If a is acute, 
there is a unique solution. 
We use the formulae 
B — 90? — A, to find B; 
b = a cot A, to find b ; 
с = а/ѕіп A, to find c, | 
or c = 4/(a* + b?), to find c. ` 
Case IV: Given c and A. There is no solution unless A is acute. If A is acute, 
there is a unique solution. 


} (Use whichever is simpler.) 


We use the formulae 
B = 90° — A, to find B; 
a = csin A, to finda; 
b = c cos А, to find b; 


or bee PME S О } (Use whichever is simpler.) 


Example 1. Given a = 166.1, с = 187.3, С = 90°, solve the triangle. 


Solution. B 
Vo 
> 
= 
a 166-1 M NS 
Gh tine Sy ers 8 NI 
n 
Q 
Preparing an outline of the logarith- b 
mic solution and filling in the numbers ^ 
we have 
log 166:1 = 2:2204 rig 65 


log 187:3 = 2:2725 


log sin A = 9:9479 — 10 
A = 62° 307 
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(2) B = 90° — A = 90° — 62° 30’ = 27° 30’. 
(3) b = a cot A = 166:1 cot 62° 30’ 
log 166:1 — 2:2204 
log cot 62° 30' = 9:7165 — 10 
A 


log b — 1:9369 
b — 86:48. 
The computed parts are А = 62° 30, B = 27° 30’, b = 86.48. 


Check. To check the solution we may compute b by the formula 
b = с cos A = 187-3 cos 62° 30’, 
log 187-3 = 2:2725 
log cos 62°30’ = 9:6644 — 10 
A 


log b = 1:9369 
b — 86:48, which agrees with the value of b found by 
another method. 


64. Solution of Oblique Triangles 


A triangle, none of whose angles is a right angle, is c 
triangle. Since the ratio of two sides of an oblique triangle does not represent 
any circular function of an angle of triangle, therefore certain formulae are needed 
for solving oblique triangles. The formulae needed are the cosine formulae, the 
sine formulae, Napier's formulae. and the half-angle formulae, all of which have 
been established in chapter 4. 


alled an oblique 


If three parts, at least one of which is a side, be given, the triangle can be 
solved. The various possibilities can be divided into the following four cases : 
L Given three sides (SSS) ; 
II. Given two sides and the included angle (SAS) ; 
III. Given two sides and the angle opposite to one of them (SSA) ; 
IV. Given one side and two angles (SAA). 


We shall now discuss each of these cases separately. 


6.5. Case I. Three Sides Given (SSS) 


To solve a triangle ABC when a, b and c are given. 
tion unless the sum of each pair of sides exceeds the rema 
be a unique solution if the sum of each pair of sides is gre 
angles can be found by using the cosine formulae. 


There will be no solu- 
ining side. There will 
ater than the third. The 


SOLUTION OF TRIANGLES AND ITS APPLICATIONS 14! 
9 


Contes beso Жаы! 
2bc а 

сове сама bii 
2са È? 

Cos C = Ва + b? =i 
2ab 


The above formulae are, however, not convenient 
aboy و‎ , and theref і 
solution is to be obtained without the aid of légarithms NEAN EE 
For logarithmic computation the following half-angle formulae are useful: 
{ап Аз = V [em 
s (s — a) ; 
tan В/2 — Eco ыла) 
ET 
tan O2 = v { (заа) 
s (s — c) х 


We can determine A/2, В/2, C/2 from the above formulae and A, B, C 
In practice, however, it is most convenient to use 


can be determined therefrom. 
the following versions of the above formulae. 


ros 

tan A/2 = r/(s—a), tan B/2 = r/(s—b), tan C/2 = r/(s—c). 
Example 3 illustrates the procedure. 
The solution can also be obtained without using any formulae as in example 4. 
Whichever method we may use, the solution is checked by findi 

n 

examining its deviation from 180°. 4 SAB Cand 
Example 2. Solve the triangle ABC with a = 4, b = 7, с= 9. 
a? = 16, 2аЬ = 58, ч 


b? = 49, 2bc = 126, 
ci = 81, 2са = 72, 


Solution. 


so that 
b3 + с? — а? 
Соз A = r 7 = :9048, or A = 25°, 


iy с? + а? — b? 
Cos B — WE = '6667, or В = 48°, to the nearest degree. 


а? b? — | 
COO AB = — 2859, or C= 106°, | 
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Check: A- B+ С = 25° + 48°1-- 106° = 179°. 
The check is satisfactory. The deficit of 1° in the sum is not at all surprising 
since the value of each angle has been computed to the nearest degree. 


Example 3. In a triangle ABC, a = 210, b = 218, с = 360. Solve the triangle. 


Solution. We have to first compute s, s—a, s—b and s—c. We can then obtain log r 
from these values by using the formula 


log r = 1/2 flog (s — a) + log (s — b) + log (s — c) — log sj. 
з= } (a +b + c) = + (210 + 218 + 360) = 394. 


s — а = 184, log (s — а) = 2:2648 
s — b — 176, log (s — b) = 2:2455, 
С = 34. log (s — с) = 1°5315 
Add 
6°0418 
log s = 25955 
Subtract 
2 log r = 3:4463 
log r = 1°7232 (approx.) 
т r 
tan 1/2A = ESI tan В/2 WP 
log r = 11.7232 — 10 log r = 117232 — 10 
log (s—a) = 2.2648 log (s — b) — 2:2455 
S ——————8 
log tan 1/2A — 9.4584 — 10 log tan В/2 = 9:4777 — 10 
1/2A = 16° ; В/2 = 16° 40' 
А = 32° В = 33° 20' 


tan С/2 = —* 
5— с 


log г = 11:7232 — 10 
log (з — с) = 1:5315 
— sS 
log tan С/2 = 10.1917 — 10 
C/2 = 57° 20’ 
С = 114° 40’. 
Check : A +B + C = 32 + 33° 20 + 114° 40’ = 180°, 
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Example 4. Solve the triangle ABC when a = 20, b = 17, c = 27. 


Solution Through C draw CD | АВ. 
Let AD = p, DB = q. 
et AD = p, q 1 25 
Then p + q = AD + DB 
ex ABI ete ЮТ УП) 


A 
^ 2 g 
Fig. 6.3 
Also from the right-angled triangles ADC and CDB we have 
C D: = (17)%,— р? = (20)? — а, 


or ә 

q? — p? = (20) — (17) = 700 2e (ii) 
From (i) and (ii) we have 

37 

hee ЖӨИ rre ee (iii) 

; m 103 140 ` А 
From (i) and (iii) we get p = TEL TOP Е (iv) 

е From the right-angled triangle ADC, we have 
ofp ra m 
CoA v йүз ы 6732, 


so that ZA = 47° 40’, to the nearest 10’. 
e right-angled triangle CDB, we have 


Cos B= ah = ; = 118, 


Again, from th 


ZB = 39°, to the nearest 10’, 
ZG = 180° — (ZA + ZB) = 93° 20'. 


EXERCISES 
1. Solve, by using the cosine formula, the triangles in problems (i) to (iv). 
(i) a= VE BD = уЗ: 
(ii) а = 46, = 2,с= V3 + 1. 
(iii) 


PLANE TRIGONOMETRY 


2. For what values of x can x* — 1, 2x+1, x? yxy] be the lengths of the 
sides of a triangle. If x has any one of these values, 


prove that the greatest 
angle of the triangle is 120°. 


3. Solve, without using the cosine formulae and the half-angle formulae the tri- 
angles їп the following problems: 
(i) а=9,Ь=5,с =8. 
(ii) a=7,b=9,c = 10. 
(iii) a = 11, b = 16c = 20. 
4. Prepare a complete outline of the logarithmic solution of the 


triangle (obli- 
que) in which a, b, с are given. 


[21 


Solve the triangles in the following problems by using logarithms, and check 
the solution in each case: 


(i) a=25,b = 26, c = 27. 
(ii) a = 229, b = 181, c = 257. 
(iii) a = 4584, b = 3624, c = 5140. 
(iv) а = 1877, b = 2532, c = 29:65. 
6. Check the solutions of problems l(ii) 2(i) 2(ii) 
accurately. 


by constructing the triangles 


6 


6. Case П. Two Sides and the Included Angle Given (SAS) 


To solve a triangle ABC when b, c, and A are given. In this case the solution 
always exists and is unique. If logarithms are not to be used (see examples 1 (i) 
to (iv), then we first determine a by the cosine formula ; 

У a? = b? + c? — 2 bc cos A, 
and then determine B and C by the sine formulae 


sin B sin A , b sin A 
—L— = i.e., sin B = ————., 
b a a 
sin С sinA , i csin A 
and —— = ie. sin C = ———— 
c = 


If logarithmic computation is desired (see example 6), then we use the formul 


ae 
tan 4 (B — С) Pini (B + 0) 


1 


апа 
b sin A 
= а B 
The first of these formulae is 
the equivalent form obtained by i 
is used. If b = c, then B = 
Also, then, a — 2b sin A/2. 


given in suitable form when b>c Ifb g 
nterchanging b and B with c and Cr 


espectively 
С = 90 — A/2, and the first formula is n 


or needed, 
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To check the solution we may use one or more of the following: 
(i) find A+B+C; 


(ii) find B from the formula sin B = PS2 С. ; 
c 
(iii) find a from the formula а = SP А 
зіп С 


Example 5. Solve the triangle ABC, given b = 4/3 + 1, с = 2, A = 60°, 
Solution. We shall first find а. Ву the cosine formula for a, 
a? = b? + c? — 2bc cos A 
= (V3 + 1)? + 2? — 2. (V3 + 1.2.1 


= 6, 
so that a = 4/6. 
We shall next find C. By the sine formula, 
2^ MERC 
snA  sinG’ 
; m csinA AVR AL 
le, іп © = z = 76 = E 


so that С = 45° ог 135°. 


‘Since the sum of the angles А and С cannot exceed: 180°, therefore the value 


C = 135° is not admissible. 


Thus C = 45°. 


Now we shall find the remaining angle B. ^ | 
В = 180° — (А + С) = 180° — (60° + 45°) = 15°: 


Hence a = 4/6, В = 75°, С = 45°. 


Check. By the sine formula, 
bsinG _ (М3 +1) 
c 2/2 


sin B = 
FORO NE Re 
EET Е 
= sin ous 


so that B — 75° which agrees with the value of B found above by another method. 
Example 6. Solve the triangle АВС, given b = 5, c = 3, Ат 120°. 


Solution. We shall first find a. By the cosine formula for a, 
a? = b? + с? — 2 be cos А 
= 52 + 32 — 2.5.4, (—1/2) 
= 49, 
so that a = 7. 
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We shall next find С. By the sine formula, . 
csinA 
a 
34/3 
14 
= `3712, 
so that С = 22°, to the nearest degree. 
We shall now find B. By the sine formula, 
b sin A F 


sin O = 


sin B = 


= 6186. 
so that B = 38°, to the nearest degree. 
Check. A + В + С = 120° + 38° + 22° = 180°. . 
Remarks І. Since the sides are given to one significant digit and the angle is 
given to the nearest degree, therefore we have determined the angles. to the 
nearest degree. : 
2. sin С = -3712 actually gives С = 22° ог 158°. 

Since A = 120°, the value С = 158° is obviously inadmissible. We therefore wrote 
C = 22°, without caring at all for the value 158°. 
Example 7. Two sides and the included 

angle of a triangle have measures 98-17, B 
67.13 and 107° 36’. Solve the triangle. 
Solution. Let us denote the given parts 
by b, d and A as shown in figure 6.4. Then 


N 
N 
0 
1 
Ь = 98:17 , 
c — 6713 
b—e = 31-04 
b + с = 165-30 : 
B+C = 180° — 107° 36, A 
= 70° 24 


9817 ; 


ле 


Fig’ 6.4 
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4 (B + C) = 36° 12' > tan à (B — C) =: tan 36° 19". 


log 31:04 = 1:4920 
log tan 36° 12^ = 98644 — 10 
А 
log пиш. = 11°3564 — 10 
log 165:33 = 2:2183 = 
1. ERE E 


log tan} (B — С) = 91381 — 10 
4 (B — С) = 7° 49 -38-0-7T4» 
B = 44° Yr 
С = 28° 23’. 
To determine a, we have 
b sin A _ 98:17 sin 107° 36 
sin B sin 44° I’ 
log 98:17 = 19920 
log sin 107° 36' = 9:9804 — 10 
Er AM 
log num. = 11:9724 — 10 
log sin 44? 1' = 9:8419 — 10 


a= 


S 


log a = 21305 
а = 1351 
Check. To check the solution, we may determine a by using the formula 
A Җә sin A 
а SS ana O 
c sin A 67:13 sin 107° 36’ 
а NEWS sin 28° 23’ 
log 67:13 = 1:8269 
log sin 28° 29' = 9۰9804 — 10 
A 
log num. *= 11:8073 — 10 E 
log sin 28° 23° = 9:6771 — 10 
ee Е 
log a = 21302 
a == 1350. " 


The check is fairly satisfactory. А difference of -1 is not surprising. 
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EXERCISES 
1. Solve, by using the cosine formula and the sine formulae, 
following problems. Check your solution in each case. 

G) b= Mie V3, А = 30°. 

(i) b=/3 + 1, c= ¥3 —1, A = 60°. 
(iii) a= П, b:= 20, C = 37°, 

(iv) c = 23, a = 12, B = 35°, 
2. Prepare a complete outline of the log 
the following parts are given : 
(i) a, b, C with a > b 


the triangles in the 


arithmic solution of the triangle in which 


(v) b,'c A with c > b. 
(ii) a, b, C with b > a. (у) c a, B with c > a. 


(ii) b, c A with b >c (vi) c a, B with a > c 
3. Solve the triangles in the followin 
solution in each case. 

(i b = 540, c = 490, A = 52° 10’. 

(i) а = 3521, b = 21:35, С = 50° 49’. 

(iii) c = 1643, a = 242:5, В = 54° 36’. 
(iv) a = 158, b = 237, G = 66° 40’. 
4. The ratio of the two sides a and b of a triangle ABC is 7: 5 and tł 
cluded by these sides is 60?. Find, to the nearest 10' 


5. Check the solutions of problems 
scale. 


8 problems- by using logarithms. Check the 


he angle in- 
, the angles A and B, 


(iii) and (iv) by constructing the triangles to 
6.7. Case III. One Side and Two Angles Given 
To solve the triangle ABC when a, 
B + C < 180° and is then unique, 
The third angle is given by the formula 
ʻA = 180° — (B + 0). 
b and c are then determined by the sine formulae 


B, C are given. The triangle exists if 


a sin B a sin C 
b = = = 
sin A пас sin A 
respectively, 


Example 8. Solve the triangle ABC, given 
а = 15, В = 37° C = 43°, 
Solution : 
(1) А = 180° — (37° + 439) 
= о e Р 
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(2) To find b, we have by using the sine formula 
asin B 15 sin 37° 15 (:6018) 


sin A sin 110° ЗЕН 3 265. 
(3) To find c, we have by using the sine formula 
g asinC _ 15зїп43° 15 (6820) =11 


sin А sin 110° 9397 
The computed parts are A = 110°, b = 9'6, с = 11. (The values of b and c have 
been rounded off to two-figure accuracy.) 


Check. To check the results, let us find c by using the formula 


bsinC 
|». sinB А 
9:6 sin 439 096 (6820) _ К 
= sin37 — -6018 = 11, when rounded 


off to two-figure accuracy. 
Remark. We could also have used the cosine formula to check the result. 
Example 9. Solve the triangle ABC, given с = 48°31, A = 31° 29, С = 70 ° 43. 


С 
Solution: (1) В = 180° — (81° 29 + 74° 49) 
= 78° 48. 
а 
А a 
C=48-3/ 
Fig. 6.6 
csinA _ 48°31 sin 31° 29' 
a= "uu G — ^ sin 74° 43" 


On preparing an outline of the logarithmic solution and filling in the numbers, 
we have 
log 48:31 = 1.6840 
log sin 31° 29' = 1.7178 — 10 
SS EN 


log num. = 3.4018 — 10 
log sin 74° 43’ = 1.9843 — 10 
— S 
log a | = 14175 


a = 26-15. 
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csinB. 48-31 sin 73° 48" . 
@) зіп С sin 74° 43 А ; 
On preparing an outline of the logarithmic solution and filling in the numbers, 
we have 
log 48-31 = 1.6840 
log sin 73° 48’ = 1.9824 — 10 


: A 
lognum. = 3.6664 — 10 
log sin 74° 43’ = 1.9843 — 10 
S. 
log b = 1.6821 
b = 48.09. 


The computed parts are B = 73° 48’, a = 26-15, b = 48.09. 


Check. To check the results, let us find b by using the formula 
Б E asinB 
PEORES 
asin B _ (26°15) sin 73° 48' 
^ sinA sin 31° 29' 
log 26:15 = 14174 
log sin 73° 48' 1.9824 — 10 


/ log num. = 3.3998 — 10 " 
105 sin 31? 29 = 1.7178 — 10 


log b = 1.6820 
b: = 48.08. i 
The check is satisfactory. The difference of .01 in the values of b obtained by two 
different methods is not surprising.. › 


EXERCISES 
1. Solve, without the use of logarithms, the triangles in the following problems. 
Check your solution in each case. c 
(i) B = 31°, C = 43°, a = 9g. 
(1) A = 80°, B = 53°, b = 152. 
(iil) С = 36° 20, A = 45° 50’, c = 140. 
(iv) A= 61° 10’, B = 36° 20’, а = 159. К А 
2. Prepare an outline of the logarithmic solution 
following parts are given : 


І 


of the- triangle in which the 
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(i) В, С,а (iv) C, A, a. 
(i) B, C, b. (v) C A, b. 
(ii) B, C, c. (vi) C, A, c. 


-8. Solve the triangles in the following problems by using logarithms. Check your 
solution in each case. 
(i) b = 39, A = 81°, B = 27°. 
(ii) С = 136, B = 34° 20, С = 67° 30’. 
(iii) a = 15.72, A = 41° 30, B = 72° 45’. 
(iv) b = 28.94, С = 61° 48’, В = 84° 23’. 
4. Check the solutions of problems 3(ii) and 3(iii) by using the formula 
a+b cos 4 (A — B) 
c sin 4 C 1 - 
5. Check the solution of problem 3(iv) by using the formula 
a—b _ sin} (A — В). c 
c cos 1 C 4 
`6.8. Case IV. Two Sides and One Angle Given - 
To solve the triangle: АВС when a, b, A are given. There may exist no, one 
or two triangles depending on the relation between the given parts as we shall see 
below. Because of the possibility of having two triangles, this case is called the 
Ambiguous Case. 3 
To discuss the existence and uniqueness of the solution we shall proceed geo- 


metrically. 
We construct angle A and cut off AC = b. This fixes the vertex С. With С 
as centre we draw an arc in order to locate (if possible) B. 


С 


Fig. 6.7 
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Fig. 6.8 
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Fig. 6.10 Fig. 6.11 s 


For the sake of convenience let us consider the cases A < 90°, A > 90° separately. 


(x) A < 90°: Several possibilities arise : 
(i) Ifa < p (where p = b sin A) isthe perpendicular from C on AX, then the 


(ii) 
(iii) 


arc does not cut AX and no triangle is possible (Fig. 6.7). 

If a = p, then the arc touches AX. Therefore one triangle is possible and it 
is right-angled (Fig. 6.8). 

If a > p, then the arc cuts AX at two points. Both these points lie to the right 
of A if a < b (Fig. 6.9), one of them lies to the right of A and the other 
coincides with A if a — b, (Fig. 6.10), and one of them lies to the right of A 
and the other to the left of A ifa > b (Fig. 6.11). Thus two triangles are 
possible if a < b and only one triangle is possible if a > b. Because of the 
possibility of two triangles, the case a < b, a > b sin A, A acute is called the 


Ambiguous Case. 


(з) A > 90°: The following possibilities arise : 
(i) Ifa <b the arc does not cut AX at any point to the right of A and no triangle 


is possible (Fig. 6.12(a) and Fig. 6.12 (b)). 
[^ 


Fig. 6.12 (а) 
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A 


Fig. 6.12 (b) 


[^ 


Fig. 6.13 


(i) Ша > b, then the arc cuts AX at two points, only one of which lies to the 


right of A and therefore only triangle is possible (Fig. 6.13). This completes 
the discussion. 


To solve the triangle when a, b, A are given we have to use the sine formula. 
For the sake of convenience we shall discuss the case A < 90°, and A > 90° 
separately. 

(x) A < 90°: The following possibilities: arise : 


G) Ifa<b sin A, then fr i 
р гот (2 е 
Possible, E ore 


(ii) Ika = 
is one 


consequently no solution is 


b si : 
е ive A, then from (2), sin B = 1, so that B = 90°. Therefore there 
olution and the triangle is right-angled. 
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(iii) If a > b sin A, then (2) gives two values of B, one of which is acute and 
the other obtuse. 
Ifa > b, then A > B, so that only the acute value of B is permissible, and 
consequently there is only one solution. 
If a <b, then A < B, so that both the values of B are possible, and conse- 
quently there may be two solutions. 


(в) 4 > 90°: The following possibilities arise : 


(i) If a <b, then A < B, so that B must also be an obtuse angle, which is im- 
possible. Hence no solution is possible. 


(i) Ша > b, then only the acute value of B is permissible and therefore only 
one triangle is possible. 
Having determined B (whenever there exists a permissible value of B), we 
determine C by the formula C = 180° — (A + B). The remaining side c 
is then found as in the SAS case. In the ambiguous case the values of C and 
c corresponding to the two values of B have to be found separately. 


If we use logarithms, then it may be helpful to observe that 
log sin B > 0 — sin В > 1 — no solution. 
logsinB = 0 => sin В = 1 = В = 90°. 
logsinB < 0 = sin B < 1 ie, there are two values of B say B, and By 
We then consider these values as discussed above. 


Remark. The above case can be disposed of by using the cosine formula also. 


If a, b, A are given, then the cosine formula for a gives 
a? =b? + с — 2bc cos A, 
ord -'2b5ccosAA x BY vat = 0. gg a (1) 


Solving (i) as a quadratic in c, we have 
2Ъ cos А + „/ {4° соз A —4(b? — a?) } 
E 2 


с 


= bcorA HE „/(а2 — р зіп2 А). . ToS nG etes (ii) 
Since c is the length of a side of a triangle, therefore it must be positive. We have 


therefore to determine as to how many of the values of с given by (ii) are positive 


for any given set of values of a, b and A. 


Two different possibilities arise : 
(i) А < 90°: IfA < 90°, cos A is positive so that b cos A is positive. 
Three sub-cases arise : 
Î afa > bain A; then at Ьа} A so thatat — ааш Ass Oss pleb 


values of c are imaginary and no triangle is possible. 
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(8) If a =b sin A, then a? = b? sin? A, so that a? — b? sin? A= 0. There is 
only one value of c ( — b cos A) from (ii) which is positive, therefore only one 
traingle is possible, 
(у) If a > b sin A, then a? > b? sin? A so that a? — b? sin? A > 0. In this case 
(ii) gives two real and distinct values ofc. One of these values, namely 
bcos А + J (a? — b? sin? A} 
is surely positive ; the other value 
b cos А — ,/ { а? — b*sin? A} 
is positive if 
b cos A > J (a? — b?sin* A} 
i.e., if b? cos? A > a? — b? sin? A, 
i.e., if b? > a? 
ie, ifb >a. 
Therefore two triangles are possible if b > a and only one triangle is possible 
if b « a. 
(ii) A > 90? : If A > 90°, cos A is negative so that b cos A is negative. 
The value b cos A ,/ (a? — b? sin? A} is surely negative, 
The value b cos А + ,/ (a? — b? sin? A} is positive if 
A/ fa? — b? sin? A] > — b cos A, 
i.e., ifa? — b? sin A > b? cos? A, 
Le. ifa? > b? 
ie. ifa > b. 
Thus we find that when A > 90°, no triangle is possible when a < b and only 
one triangle is possible when a > b. 


SUMMARY OF THE VARIOUS POSSIBILITIES 


(i) А < 90° 
(«) a < b sin A No triangle 
(8) a = bsin A One triangle 
(y)a > b sin A Two triangles if a < b; one 
triangle if a < b. 
Gi) A > 90° 
(0) a<b No triangle 
( ab 


One triangle. 
Example 10. Given а = 19, b 


or find all solutions. 


31, A = 56°, either show that there is no solution 
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Solution. We shall use the sine formula to find B. 
bsinA _ 3lsin 56° 31 (78290) 

a 19 19 
Since sin B > 1, there does not exist any solution. 


sin B = 


1:3525. 


Remark. 'The above example illustrates the case А < 90°, a — b sin A. 


Example 11. Given а = 31.1, b = 62.2, A = 30°, either show that there is no solu- 
tion or find all solutions. 
Solution (1) We shall use the sine formula to find B. 
bsnA  (022)3. | 
a MIT 


Since sin В = 1, therefore В = 90°. "There exists only one solution. 


sin B — 


A 


Fig. 6.14 


(2) С = 180° — (80° + 90°) = 60°. 
(3) To find с, we shall use the sine formula 
bsin C _ 69-9 sin 60° = (622). (8660) = 53:9, 
sin B К 
nded off to three-figure accuracy. 1 
T po» above example illustrates the case A < 90°, а = b sin A. 


Example 12. Given a — 7295, b = 8231, A = 49° 97', either show that there is no 

xample 12. Give = 7295, 

solution or find all solutions. И 

Solution. (1) We shall use the sine : 

b sin A 82:31 (sin 42° 27) 4 
абы, 7295 


с = 


formula to find В. 


sin B = 
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166 
Fig. 6.15 
Preparing an outline of the logarithmic solution and filling in the numbers we 
have 
log 8231 = 3:9155 
log sin 42° 27’ = 9:8293 — 10 А 
log num. = 137448 — 10 
log 7295 = 3:8632 
S 
log sin В = 9:8816 — 10 
B = 49° 36’ or 130° 24’, 
Let В, = 49° 36’, B, = 130° 24. 


Since A + B, < 180°, therefore both 


two solutions. 
. (2) C, = 180* — (А +В) 
180° — (42°27 + 49°36’) 
=87° 517 
а зїп С, 
BS ak 
.. 7295 sin 7° 57’ 
O sin42"27 
log 7295 = 3.8632 
log sin 87°57’ = 9-9997 —10 
A 
log num. — 18-8699 —]10 


the values are admissible and there are 


C, = 180° — (A + B,) 
= 180° — (42° 27’ + 130° 24) 
Ew Ө; 
a sin C; 
کو‎ 


sin A 
7295 sin 7° 9' 
sin 42° 27’ 
log 7295 = 3-8632 
log sin 7° 9'— 9-0949 — 10 


A 


log num. = 12-9581 — 10 
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log sin 42°27’ = 9:8293 —10 log sin 42° 27, = 98293 — 10 
————————S . $ 
log cq. = 40336 - log с = 3128 
€ = 10800. Суч. Е20013457 


Thus there exist two solutions. The computed parts are 
В, = 49° 36’, С, = 87° 57, c, = 10800; 

В, = 130° 24, С, = 7° 95 а = 1345. 
Remark. The above example illustrates the ambiguous case A < 90°, a b sin A 
b sin С 


sin В 193 


and а <b. The solutions сап be checked by using the formula с = 


determining the values of c. 
Example 13. Given a = 5314, b = 4249, A = 70° 15’, either show that there is no 
solution or find all the solutions. 
Solution (1) We shall use the sine formula to find B. 
ә b sin А 421:9 sin 70° 15’ 
sin B = = 5314 


~ 
~ - 
м. سے‎ 
><A 


Fig. 6.16 


Preparing an outline of the logarithmic solution and filling in the numbers we have 
log 421-9 = 2.6252 
log sin 70° 15’ = 9.9736 — 10 А 

oan эс 
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log num. = 12-5988 — 10 
log 531-4 = 2-7254 
— sS 


log sin B = 9.8734 — 10 
В = 48° 21’ or 131° 39’. 


Since 131° 39’ + 70° 15’ exceeds 180°, therefore the value 131° 38’ 


is inadmissible, 
so that B = 48° 21’. 


Therefore there is only one solution. 
(2) С = 180° — (A + B) = 180° — (70° 15° + 48° 21^ = 61° 94 


(3) We shall use the sine formula to determine c 
_ asinC 531:4 sin 61° 24’ 


SIDA sin 70° 15' 
Preparing an outline of the logarithmic solution and filling in the numbers 
we have 
log 531.4 = 2.7254 
log sin 61°24 = 09.9435 — 10 
A 
log num. = 12-6689 — 10 
log sin 70°15’ = 9.9736 — 10 
S 
lgc = 2.6953 
с = 4958. 


There is only one solution. The computed parts аге В = 48° 21’, C = 61° 24’, 
с = 495.8. 
Remark. The above example illustrates the case A < 90°, a > b sin A, and a> b. 
b sin C ae 
The solution can be checked by using the formula c = aR for determining c. 


Example 14. Given a = 24, b = 27, A = 142°, either show that there is no solu- 
tion or find all the solutions, 


Solution. (1) We shall use the sine formula to find В. 


sinB = 0 Sin A _ 27 sin 142° _ 27, (-6157) 
a 


24 * 24 
so that В = 44° ог 136°, to the nearest degree. 


For each of these values of B we find that A + B > 180° 
values of B is admissible. Hence there is no solution. 


Remark. The above example illustrates the case A > 90° 


= 6927, 


- Therefore none of the 


,a« b. 
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Example 15. Given a = 27.3 = 

= 3, b= К == ۹20 i у 
cid 7 19-1, A 108° 20’, show that there is onl 
Solution. By the sine formula we have 


sin B — Dsin A _ 191 sin 108° 20' 
а 273 i 


=~ = 


Fig. 617 _ 
Preparing an outline of the logarithmic solution and filling in the numbers we 
have 
log 19:1 = 0 


log sin 108° 20° = 9:9774 — 10 
A 


log num. = 11-2584 — 10 
log 27.5 = 14362 


log sin В =  9:8222 — 10 
s. В = 41° 37 or 138° 23’. 
Since A > 90°, the second one of the two values of B is obviously inadmissible. 
Also, since 41° 37’ + 108° 20° < 180°, therefore 41° 37’ is an admissible value 


of B. 
= 
Hence there is only one solution апа В = 41° 37. 


ark. The above example illustrates the case A > 90°, a > b. 


EXERCISES : 
1. In each of the following problems, either show that there is no solution or find 


all the solutions. Do not use logarithms in problems (i) to (vi). 


Rem 
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(ix) а = 182, b = 244, A = 43° 30. (х) а-= 29-6, b = 185, A = 101° 20". 
(xi) 327, b = 537, A = 33° 40. (xii) b = 534, с = 42.6, С = 111° 10’. 
(xii) a = 43-75, b = 71.38, А = 38° 8^ (xiv) а = 29.36, = 25-74, А = 52° 12". 


2. In each of the following problems assume that a, b, A are given, A is an acute 
angle and b sin A < a < b. 


G) a = 98, b — 17, A = 108°. (i) a = 32, b = 25, A = 29°. 
(ii) а = 69, b = 49, В = 37°. (iv) a = 24, b = 31, A = 128°. 
(у) а = 82, = 130, A = 44°. (vi) a = 44 b = 71, A = 32°. 
(vii) a = 752, = 84.8, A = 65° 30. (viii) a = 322, = 25-1, A = 51° 10". 
a 
a 


(i) If Bi, Cı and B,, С, are the angles of the two possible triangles, prove that 
sin С, sin С, 
sin Bi = sin В, 
(ii) Show that if ci, c, be the two values of the third side, then 
| cı = cg | = 2 J { a? — b? sin? AJ. 
(iii) Show that if cı, c, be the two values of the third side, then 
Ci? — 2c; с, cos 2А + c? = 4а? cos? A. 
(iv) Show that if cı, c, be the two values of the third side, then 
(cı — ca È + (cı + с, ? tan? A = 4a?, 


= 2 cos А. 


6.9. Summary 


The following table gives a summary of the formulae to be used for 


solving 
triangles in the various cases discussed above. 
Given parts ` Formulae to be used 
without use with use of 
of logarithms logarithms 
SSS Cosine formulae Half-angle 
formulae 
SAS Cosine formulae Napier’s formulae 
Sine formulae Sine formulae 
SSA Sine formulae Sine formulae 
SAA Sine formulae Sine formulae 


A problem on solution of triangles should be taken as a challenge and not merely 
аз a routine problem where the rules set out in the book are to be applied. An 
ingenuity on the part of the reader may often reduce the labour considerably. For 


example, (i) in the SSS case, the triangle may be solved without the use of any 
special formulae 


oa ' (see example 4, page 151); (ii) one may compute one part without 
25 of logarithms and another part with the aid of logarithms; (iii) when four 
Parts are known, one may like to use the sine formula in the SSS or SAS case. 
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6.10. Applications 

Solution of triangles has enormous applications to surveying, navigation, etc. 
We shall now consider some simple ones from among them. For this purpose, we 
need to explain certain terms that are generally used in practical problems. 

Let O denote the position of the observer's eye and let P denote a certain point 
on some object which the observer is watching. The straight line from O to P is 
called the observer's line of sight. Let О H be the horizontal line through O lying 
in the vertical plane containing OP. Then, if OP be above OH, the angle HOP is 
called the angle of elevation of P at O. If OP be below OH, the angle HOP is called 
the angle of depression of P at О. 


[^ Frorizontal 


Fig. 6.18 


M, Horizontal 


Fig. 6.19 
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Surveyors indicate the direction from one point to guotherin a rather special way: 
To understand it, let us denote by NS a horizontal line in the north-south direc- 
tion. Let P be any point on NS and let WPE be the horizontal line through P 
perpendicular to NE. Then WPE is the west-east line through P. 


The direction from P to any point in the horizontal plane through P can be 
specified if we know (i) the positive angle which the line makes with NS (ii) 


whether the angle is measured from PN or from PS (11) whether the angle is 
measured to the west or the east. 


N 


X 
Fig. 6.20 


Thus, for example, in figure 6-20, the direction PA is specified by saying that 
PA makes with PN an angle of 52° measured east-wards. We can express this more 


simply by saying that the bearing of A from P is N 52° E, Similarly, for the points B, 
C and D ip the same figure we would зау: 


the bearing of В from P is S 32° E; 
the bearing of C from P is S 71° W; 
the bearing of D from Р is N 61° Ww 
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6.11. Problems Involving Right-Angled Triangles 

Example 16. А balloon is directly above one end of a bridge 850 m. long. The angle 
of depression of the other end of the bridge from the balloon is 58°. Find the height 
of balloon above the bridge. 


Solution. In the figure below, let AC indicate the bridge, B the balloon, and 
B H the horizontal through B lying in the plane B A C. Then / H B C = 58*. 
In the right-angled triangle ВАС, AC = 80m, / АСВ = И CBH = 58°. 
The height h is given by 


T tan 58°, 

so that h^ — 850 tan 58? 
— 850 x 1.600 
= 1860. ` 


Hence the required height is 1360 metres. 


A 8507? “Сс 


Fig. 6.21 


Example 17. The angular elevation of the top of a vertical tower from a point 
A. in the same horizontal plane as the foot of the tower is 51° and from a point B 
in the same horizontal line with the foot of the tower as A and 73 metres further 


away from it is 32°. Find the height of the tower and the distance of A from the 


foot of the tower. 
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Solution. In the figure below, let F and T denote the foot and the top (respec- 


tively) of the tower. Also let h metres be the height of the tower, and x metres the 
distance of A from the foot of the tower. 


7 
4 
A [] 
82 73m A * p 
Fig. 6.22 
From the right-angled triangles A F T and B F T we have 
h о А 
ИЧР О р a (i) 
h 3 т 
9473 7 аа at "И v. rus (ii) 
Eliminating h from (i) and (ii) we have 
х tan 51° 


= o 
REET = tan 32°, 


or x — _ 73 tan 32° 
tan 51°-tan 32° 
73 x +6249 
~ l235 — 9 
_ 78 x :6249 
. 25801 
_ 73 x 6249 
Б 58001 =? 
so that 4 


log x = log 73 + log 6249 — log 5801 


18633 + 3.7958 — 3.7685 
= 1:8956, 


Ш 
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165 x = antilog 1.8956 
= 78.68. 
Also, h = x tan 51° 


= 78:63 х 1235, 
so that log h = log 78-63 + log 1.235 

= 1.8956 + -0917 

= 1.9873, 
whence h = 9712. 

Hence the height of the tower is 97 metres and the distance of A from the foot of 

the tower is 79 metres (approx.) 
Example 18. A statue x metres high standing on the top of a column y metres 
high, on the bank of a river, subtends ata point on the opposite bank directly 
facing the column, the same angle as that subtended at the same point by a man 
z metres high at the base of column. Find the breadth of the river. 


С 
х 


5 


2 
2 


A d 
Fig. 6.23 
et AB represent the column, BC represent the statue, 
and AD represent the man standing at the base of the column. Let P be the point 
on the opposite bank of the river, directly facing A. Let d = AP be the breadth 
Z APD = Z BPC be the angle which the statue subtends at P, 


e 2 


Solution. In figure 6-23, 1 


of the river, 0 = 
and let Z DPB = ф. 


AD 2 

=- = o4 el 

Then tan 0 = AP d (1) 
AB - 

n (6 + Ф) = 4p = Сш: doc Un RS. (2) 


ва (29 ф) = Ap = EX. 08) 
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From (2) and (3) we find that 


(x + y)/d — y/d 


225 — T GC yd. уа | 
ах 
= dUEyG Y) ено) 

From (1) and (4), we have 

ZNSE dx 

4 атур туу’ 
Le; d* (x — z) = (x + y) У 2, 
whence d= J {(+y) y z —z)}, 


12 


EXERCISES 
A ladder 5 metres long rests against 
the ladder and the ground is 26°, 
from the ground. 


a vertical wall, so that the angle between 
Find the distance of the top of the ladder 


A man on a diff-top 100 metres high sees a 


ship out at sea 425 metres away. 
Find the angle of depression of the ship. 


A vertical flagstaff stands on a horizontal plane. From a point 50 metres from 
its foot, the angle of elevation of the top is found to be 30°. Find the height 
of the flagstaff. 


The angle of elevation of the top of a building from a point 225 m from and 
in the same horizontal plane with the base of the building is 21° 10, Find out 
height of the building. 


A balloon is 675 m directly above one end of a bridge. The angle of depression 
of the other end of the bridge from the balloon is 56° 40’. How long is the 
bridge ? 


From a ship, the angle of elevation of a point A at the top of a cliff is 19*. 
After the ship has sailed 800 m directly towards the foot of the diff, the angle 
of elevation of A is 44°. Find the height of the cliff. 

The angular elevation of the top of a vertical tower from a point A in the 
same horizontal plane as the foot of the tower is 60° and from a point B in 
the same horizontal line with the foot of the tower as A and 40 m further 
away is 30°. Find the height of the tower and also the distance of A from 
the foot of the tower. " 

AB is a Straight horizontal Toad leading to F, 
Stance of 160 m from C, and B 100 
tion. of the top of the tower at B be double th 
the height of the tower, ? 


the foot of a vertical tower, A 
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15. 


16. 


From a point A in the same horizontal plane as the foot of a vertical tower, 
the angles of elevation of two points B and C on the tower are 60° and 30* 
respectively. If BC = 40 m, find the height of B from the foot of the tower, 
and the distance of A from the foot of the tower. 4 

Two vertical pillars of equal height stand on either side of a roadway which is 
50°ш wide. At a point in the roadway between the pillars the elevations of the 
tops of the pillars are 60° and 30°. Find the height of each pillar and the 
position of the point. 

A ladder 8 m long reaches to a distance 8 m from the top of a vertical flag- 
staff. At the foot of the ladder the elevation of the top of the flagstaff is 60°. 
Find the height of the flagstaff. 

A man on the top of a vertical light-house observes a boat coming directly 
towards it. If it takes 10 minutes for the angle of depression to change from 
30° to 60°, how soon will it reach the light-house ? 


A statue 6-80 m high standing on the top of a column 54-40 m high, on the 
bank of a river, subtends at a point on the opposite bank directly facing the 
column, the same angle as that subtended at the same point by a man 170 cm 
high at the base of the column. Find the breadth of the river. 

n the top of а 4-5 metres high building. How far 
g should a man stand if the flag-pole and the build- 
his eye which is 1-5 metres above the 


A 9-metre flag-pole stands o 
from the base of the buildin 
ing are to subtend equal angles at 
ground. 


A vertical telegraph pole is supported by two wires, each running from the 
top of the pole to the ground. One wire is 23 m long and makes an angle of 
52° with the ground. Find the angle that the second wire makes with the 
ground, given that it is 20 m long. 

уз a line due west from A to B but cannot continue the line in 
an obstacle. So he draws a line 200 m long 
f south and then draws another line 
long should CD be, if D is to be due 


A surveyor dray 
the westerly direction because of 
from B to G, in a direction 25° west О 
in the direction 46° west of north. How 
west of B? 

above the level of a river, the angle ot 
hore is < and that of a point directly beyond 
he width of the river is a ( cot g — cot « ). 


From an observation tower а metres 
depression of a point on the near s 
on the far shore is p. Show that t 
a metres in height, on level ground, the angle of 


From the top of a building 
f a vertical tower is «. From the bottom of the 


depression of the bottom © 
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6.12. Problems Involving Oblique Triangles 
Example 19. A tree stands vertically on 
with the horizontal. From a point 35 md 


the tree, the angle of clevation of the top 
tree. 
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building the angle of elevation of the top of the tower is g. Show that the 
height of the tower is a tan р cot <. 


A vertical tower stands on a horizontal plane and is surmounted by a vertical 
flagstaff of height h. At a point on the plane, the angles of elevation of the 
bottom and the top of the flagstaff are respectively < апа р. Prove that the 
height of the tower is 
h tan < 

DC IL у 

tan В — tan < 
The angles of elevation of the top‘of a vertical tower from tw 
а and b from the base and in the same 
Prove that the height of the tower is 


© points distant 
straight line with it, are complementary. 
v (ab), and if 0 be the angle subtended at 
the top of the tower by the line joining these points, then sin 9 = =. 
a 


a hillside which makes an angle of 20° 
irectly down the hill from the base of 
of the tree is 43°. Find the height of the 


Solution? In the adjoining figure, BC re- 


presents the tree, A the point 35 m directly 
down the hill from the base of the tree, 
and a the height of the tree. 


[^ 


Fig. 6.24 
In the triangle ABC, we have 
Z ВАС = 43° __ 20° — 239, 
2 ABC = 180° — ( 90 — 20 )? = tio? 
CB = 180° 


— (23? + 110°) = 47°, 
€ = 35 m. 
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By the law of sines, - 
a TY i 
sin 23° sin47^ > 
35 sin 23? 35 2:391 
sin 47? ‘731 
Example 20. A surveyor laying a road due west from A encounters a swamp at B. 
He changes his direction to N 29° W for 2300 metres to C and then turns S 41° W. 
How far must he continue in this direction to reach a point D on the east-west 


= 19m: 


so that a = 


line through A ? 


^N 


! 
! 
П 
П 
! 
П 
1 
П 
І 
1 


Fig. 6.25 


Solution. In the figure above, BC = 2300 m, 
Z CBD = 90° — 29° = 61°, / СОВ = 90° — 41° = 49°, 


Z DCB = 1809 — (61° + 49°) = 70°. 
By the sine law, 
- BD -2 _ BC 
йа Z DOB sin Z CDB' 
2300 x sin 70° 
«ДШ = ing 
2300 x :940 
Mi DLE 
EL "755 
= 3100 metres. 


EXERCISES 
1. Two boats leave a place at the same time. One travels 56 km in the direction 
N 50° E while the other travels 48 km in the direction $ 80° E. What is the 


distance between the new positions of the boats ? 
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From a defence battery P an enemy ship is sighted in the direction N 57° 
20’ E. From a second defence battery Q, 114 km due north of P, the ship is 
seen in the direction S 40° 50’ E. How far is the ship from Р? How far is it 
from О? 

Two ships leave a port at noon. One shi 


р travels at 16 km per hour in the 
direction N 13° 


W. The other ship travels at 21 km per hour in the direc- 
tion N 57° Е. How far apart are they at 2 p.m.? 


To find the distance between two points A and B on the opposite sides of a 
river, we measure the distance from A to C to be 75m, the 


angle CAB to be 
70* and the angle ACB to be 42*, Find the distance AB. 


Fig- 6.26 


'Two men, 750 m apart, sight a balloon which is betweer 


1 them and in their 
vertical plane. 


'Тһе angle of elevation of the balloon as measured 
the men is 36° and by the other is 56°. 
from each obsery 


by one of 
Find the distance of the balloon 
er and the height of the balloon. 


750 m e 
Fig. 6.27 
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A tree stands vertically on a hillside which makes an angle 22° with the hori- 
zontal. From a point 20 m directly down the hill from the base of the tree, 
the angle of elevation of top of the tree is 40°. Find the height of the tree. 


A tree stands on a hillside which makes an angle of 20? with the horizontal. 
From a point 50 m up the hill from the tree, the angle of depression of the 
top of the tree is 10°. Find the height of the tree. 


A hill slopes at an angle of 18° to the horizontal. A vertical tower stands on 
the hill A man walks 75 metres directly down the hill from the foot of 
the tower and then observes that the angle of elevation of the top of the tower 
is 50°. Find the height of the tower. S 


Two points A and B are on opposite sides of a pond. The distance from A 
to a third point C is measured to be 10:5 metres and the distance from C to 
B is measured to be 18:8 metres. Find the distance from A to B if the angle 
ACB is 51? 40". 

diving at an angle of 5°, passes directly over an observer on 
at in 15 seconds the angle of elevation of the aeroplane 
If the speed of the aeroplane be 660 km p.h., find the 


An aeroplane, 
the ground, who finds th 
alters from 71? to 20*. 
height of aeroplane when it is directly overhead. 

5-metre pole placed vertically on a hillside casts a shadow of 7 m straight 
down the slope. At the tip of the shadow, the angle subtended by the pole 
is 35°. Find the elevation of the sun and the angle made by the hillside with 


the horizontal. 


(Hint: The elevation of the sun is F 
90° — <; the angle made by the hill- 
side with the horizontal is В —90°). 


Fig. 6.28 
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On a hillside that makes an angle x 
of 16° with the horizontal, a 10 metre 50у T 
tree leans downhill. When the eleva- ----—- 
tion of the sun is 50°, the shadow of 
the tree is 5 m long and falls straight 
up the slope. Find the angle made 
by the tree with the vertical. 


us or 


(Hint : The desired angle is 4 —74°.) 


Fig. 6.29 


A vertical tree stands on a hillside that makes an angle x with the horizontal. 
From a point directly up the hill, the angle of elevation of the top of the tree 
is 6. From a ponit 1 metre further up the hill, the angle of depression of 


the top of the tree is y, If the tree be h metres high, express h in terms of 
l, <, B, y. 


Р, Q, R are three towns, Р is 270 km from Q and 180 km from R. The 
bearing of P from О is N 18° W, The bearing of R from Q is N 55° W, What 
сап we say about the distance between Qand R? 


Find the length x in the following figure : 


x 


№ 


a 


100m 


Fig. 6.30 
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6.13 Three-Dimensional Problems 

Example 21. P and Q are two points exactly opposite each other on the two sides 
of a level road. There is a vertical pillar at P. The angle of elevation of the top 
of the pillar as measured from Q is 38*. On moving 110 metres along the road to 
a point R, Z QRP is found to be 20°. Find (i) the width of the road, (ii) the 
height of the pillar, (iii) the angle of elevation of the top of the pillar as observed 
from R. r 
Remark. The present problem is a three-dimensional problem. In figure 6-31 we 
have tried to represent this problem on paper (which is two-dimensional). In the 
figure, three right angles have been represented even though none of them actually 
measures a right angle. We must remem- 

ber that when we draw three-dimensional 7 
diagrams, the angles and distances may be 
distorted but vertical lines should always 
appear as vertical lines. We shall find it 
helpful to draw right-angled triangles on 
separate diagrams. 


y Om 2 
Fig. 6.31 
Solution (i) In the right-angled triangle 
PQR, we have ^ 
PO, e ca 
==. = tan 20", 
ко ^^ 


so that PQ = RQ tan 20° 


о т 
Fig. 6.32 
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(ii) In the right-angled triangle 


r 
TPQ, we have 
sm = tan 38°, 
so that TP = PQ tan 38° 
= 40 x 1781 ZN Г] 
= 31 ш. Q 2 


Fig. 6.33 


(iii) In the right-angled triangle 
TPR, we have 


tan Z PRT = TP 


RE 


R 


Fig. 6.34 


Now from the right-angled triangle PQR, 


s. RO a. RO 110 
cos 20° = RP so that RP = cos 20° = “046 ` 


Also, TP = 31 m. 


Therefore tan. / PRT = 2х6 


= '9666, 
whence / PRT = 15°. 
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Find (i) the height of each pillar ; 
(ii) the distance СА; 
(11) the distance AB between the feet of the Towers. 


X 


Solution. 'The diagram is shown in figure 
6.35. Let us note that Z ХАС, Z ҮВС, 
Z АВС are all right angles even though б -------—- 
they do not appear to be so. 


(e 
Fig. 6.35 
() From the right-angled triangle ҮВС, 
ҮВ 
ha an 129 m —— 
we have tan | cB ^ 
so that YB = CB tan 12° Y 


= 100 х :2126 
= 21 m. (to the nearest 
metre) 


С 100m B 


| Fig. 6.36 


Hence the height of each tower is 21 metres, 
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(ii) From the right-angled triangle CAX, 


XA 
we have tan = CA? 
so that CA = XA cot 10° 
= 21 x 5671 x 
= 119 m (to the nearest 
metre) 


C //9 m A 
Fig. 6.37 
(iii) From the right-angled triangle A в 
АВС, we have 
AB? = AC? — BC? 
= (119y— (100): 
= 4161, - 
so that A B= ,/4161 = 65m. 


ш 007 


\ 
"D 


Fig. 6.38 


EXERCISES 


The angle of elevation of a tower from the point A due south of it is 42° 


and from a point B-due east ANS 97*. “If AB = 4b metres, find the 
height of the tower. 


1. 


2. From A, a point Р bears due west and its elev 
south of A, and at the same level as A, 
height of P above the level of A. 


ation is 27°. From B, 500 metres 
the elevation of P is 14°. Find the 
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P and Q are two points on the same level as the base F of a vertical pillar 29 
metres high, and the angle of elevation of'the top of the pillar when viewed 
from either point is 26°. If Z XFY is 90°, find the angle of elevation when 
the pillar is viewed from the pointon PQ which is nearest to F. 

Three equal poles, 30 metres high, are placed at equal intervals on the same 
side of a road 10 metres wide. An observer stands at O, on the other side 
of the road, directly opposite the first pole. He finds that the angle of eleva- 
tion of the top of the second pole is 27°. Find (i) the distance between each 
pair of poles? (ii) the angle of elevation of the top of the third pole from O. 
From the top of a cliff 60 metres high, two ships are seen, one due south at 
an angle of depression 12°, the other in a direction S 64° W at an angle of 
depression of 10°. Find the distance between the ships. 

An observer at A looks due north and sees a meteor with an angle of elevation 
68°. At the same time another observer 48 km east of A, approximates the 


position of the metéor as N 50° W but does not note its angle of elevation. 


Find the height of the meteor and its distance from A. 

The angle of elevation of the top of a vertical tower from a point A due south 
of it is known to be 0 and from a point due west of A to be ¢. If AB = a, 
show that the height of the tower is 

asin Ө sin ф 
J {sin (6+ $)sin(0 — ¢)} ` 

At each end of a base of length 2a, the elevation of the top of a mountain is 
«, and at the middle point of the base, the elevation is g. Prove that the 


height of the mountain is 


asin < sin f 
J {sin (x + p) sin (x — 8)} 7 
The altitude of the top of a mountain observed from each of three points A, 
B, C, forming a triangle on a plane, is х. Show that its height is (1/2) a tan « 


cosec A. 


A person, wishing to find the height of an inaccessible vertical pillar OP stand- 
ing on a horizontal plane, observes that at a point A in the plane the angle of 
elevation of the top P of the pillar is «. After walking a distance a feet to a 
point B, Z PAB being в, he finds that / PBA is y. Find the height of 


the pillar. 
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Solve, without using logarithms, the triangles in the following problems : 


188 


0 
(ii) 
(iii) 
(iv) 
(v) 
(vi) 

` (vii) 
(viii) 

9 


A. 


(i) 
(ii) 
(iii) 
(iv) 
(v) 
(vi) 
(vii) 
3. 


4. 


ex 


least by a right angle. Prove that the sides are i 


6. Show that if the cosines of two angles of a trian 


7. Two points, A and B are 186 metres a: 
toa hill. The angle of elevation of t 
angle of elevation from B is 37° 30’. 
AB produced. 


8. A ship is being tracked from two stations 
westeast line. At A the ship is observed 
B it is in the direction S 41° 
9. A vertical tree stands on a hillside th. 
the horizontal. When the angle of ele 
dow of the tree down the slope is 13 
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a = 16, b = 18, c = 25. 
a = 26, b = 43, c = 31. 
a = 70; b) = 50, G = 24°. 
a= 7-4, В = 47°) G = 54°. 
a = 25,b = 12,A = 51°. 
a = 46,b = 51, A = 62°. 
b = 40, c = 24, B = 100°. 
2-5, a = 3.7, С = 29°. | 
Solve the triangles in the following problems by using logarithms and 
the solution in each case : à 
a — 99.93, b — 92.04, c — 81.05. 
a = 563, b = 462, C = 40? 20. 
a = 8321, B = 47° 4l, C = 61° 29’. 
b 
a 


(e 


І 


= 36-91, с = 94.68, В = 187° 41’. 
57-14, с = 3848, С = 35° 30’. 
a = 326-5, с = 599.3, A = 39° 47’. 
b = 42.38, с = 48.86, B = 21° 9’. 
The sides of triangle are 4,/ 3, 7, V3 centimetres res 
smallest angle. 


Show that a, b, ,/ { a? + b? + ab } determine a triangle for each р 
tive values of a and b. Find the greatest angle of any such triangl 
The three sides of a triangle are in A.P. and th 


е. 


n the ratios 


ИО ут Ут. 


the opposite sides, the triangle is isosceles; but if the 
tional to the opposite sides, the triangle is either isos 


Part on a level stretch of ro: 


E. How far is the ship from B ? 


vation of the sun measures 27° 
m long. How tall is the tree ? 


at is inclined at an angle of 12° 


check 


pectively. Find its 
air of posi- 


€ greatest angle exceeds the 


gle be directly proportional to 
у are inversely propor- 
celes or right-angled, 

ad leading 
he hilltop from A is 95° 40’, and the 
Find how high the hill extends above 


A and B 4500 metres apart on a 
in the direction § 53° E while at 


with 


» the sha- 
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10. 


12. 


13. 


14. 


16. 


If the angle of elevation of a cloud from a point h metres above a lake be p, 
and the angle of depression of its reflection in the lake «, prove that the height 
of the cloud is 

sin (< — В 

sin (< + 8) 
At two points A and B 250 metres apart, on a straight horizontal road, the 
summit of a hill is observed. At A it is due north, with an elevation of 40°. 
At B it is due west, with an elevation of 28°. Find the height of the hill. 


Two stations due south of a tower, which leans towards the north, are at 
distances a and b metres from its foot. If «апав are the elevations of the 
top of the tower from these stations, prove that its inclination to the hori- 
: b cot « — a cot f 
zontal is бор Еа, 
b—a 

From a mountain village the angle of elevation of a mountain peak is «. After 
leaving the village and walking a distance d down a slope that makes an angle 
B with the horizontal, an observer finds the angle of elevation of the peak to 
be y. Express the difference in the altitudes of the peak and the village in 


terms of d, x, 5 and y. 
A vertical television mast is mounted on the roof of a building. From a point 
960 m from and on a level with the base of the building, the angles of eleva- 


tion of the base and top of the mast are 36? and 52? respectively. How tall 


is the mast ? 

An aeroplane flying horiz 
tion of 21°. One minute later it is seen due south at an elevation of 51°. Cal- 
culate (a) the speed of the aeroplane in km. p. h. and (b) the direction of aero- 


ontally at 3000 m is observed due west at an eleva- 


plane's flight. 
The angle of elevation of a tower from a point A due south of it is x and 
from a point due east of A is у. If AB = 1, show that the height h of the 


1 1 2 uu Ge жа 14. 
tower is given by h*(cot! y— cot жу =: 


Chapter 7 


Trigonometric 
Functions of 
A Real Variable 


7.1. Introduction 


We have defined a trigonometric function as a ma 
some) angles into the set of real numbers, ie, we have defined trigonometric func- 
tions of angles. We now propose to define trigonometric functions of real numbers, 
the domain in each case being a suitable subset of R. To this end, we shall first 
introduce the idea of the composite of two functions. 


PPing of the set of all (or 


7.2. Composite of Two Functions 


Let f be a function with domain X and range Y, and let g be a 


function with 
domain Y and range Z. 


Let us define a function h with domain X and range Z by 
Р h(x) = g (£(x)) for all x e X. 
The function h thus defined ‘is called the com 
is denoted by g° f. 


setting 


Posite of the functions f and g and 


To find the image of any element x of X under the function 8" £ we have to take 
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first its image under f, and then take the image of f(x) under g. Since f(x) is an 
element of the domain of g. it is meaningful to talk of g (f(x)). Also, g(f(x)) is 
obviously an element of Z, the range of g. 


э 
Fig. 7.1 


Let us note that we have defined g? f for the case when the domain of g is the 
same as the range of f. (More generally, one can define g^f when the range of f is 
contained in the domain of f.) 

Given two functions‘ and g, it may happen that : 

(i) None of g? f and f? g exists; 

(ii) g? f exists but f° g does not exists; 

(ii) f° g exists but g° f does not exist; 
(iv) f? g and g? f both exist but are not equal; 

(у) f° g and g^ f both exist and are equal. 
73. Trigonometric Functions of Real Numbers 


Let f be the function with domain R, the set of all real numbers and range a, 


the set of all angles, which maps cach real number x into an angle whose measure in 


dra 


Z = range of 
a Cosine 


R= demain of f 
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radians is х©. Also let р be the cosine function which maps each angle into its co- 
sine. We can then talk of the composite function g? f. The function g? f maps each 
real number x into the cosine of the angle whose measure in radians is xc. This 
function is the cosine function defined on R. We write 


COS X = cos x‘, for all x є К. 


Use of the same symbol cos for two different fünctions—the cosine function on Q 
defined in chapter 2, and the cosine function on R defined just now—is not likely 
to produce any confusion because we can always judge from the context whether 
we are talking of the cosine of an angle or that of the cosine of a number. 
We can similarly define the other trigonometric functions of real numbers. 


"The sine function on R is defined by setting 
sin X = sin хе for all x eR. 
Thus cos = { (x, cos xt): xe В}, 
sin = {(x, sin х): xe R}. 


The domain of each of the functions cos and sin is the set R of all real numbers 


Denoting by R* the set R ~ (2k + 1) 7/2 : kisan integar}, (so that R* is the 
set of all those real numbers that are not odd multiples ofz/2), we can define the 
tangent and the secant functions on R* corresponding to the tangent and secant 
functions defined on Q in chapter 2. 

The tangent function on R* is defined by setting 
tan x = tan xe, for all xe R*. 

The secant function on R* is defined by setting 
sec x = sec хс, for all x e R*. 

Thus tan = { (х, tan x9): x e R*} 
secat (CGysce хуа xe R* T; 


Denoting by R** the set R ~ {kr : k is an integar }, (so that R** is the set of 
all those real numbers that are not multiples of 7), we can define the cotangent and 
the cosecant functions on R corresponding to the cotangent and the cosecant func- 
tions defined on Q earlier. These functions are defined by setting 

cot x = cot хс, for all x e R**. 
csc X = csc XS, for all x e R**. 


Thus cot = { (х, cot x): x e R**}, 
csc = { (x, csc хс): x e R** ). 
It can be easily seen that all the properties established so far for trigonometric 


func- 
tions of angles hold for the corresponding functions of real numbers, Thus, for 
example т 


TRIGONOMETRIC FUNCTIONS OF A REAL VARIABLE 193 


cos ( 7/2 — x) = sin MILI WES 
cos (2 т + X) = COS x, ў 


cos (х + у) = cos x cosy — sinx sin у, 


for all x, ye R. 


7.4. Bounded and Unbounded Trigonometric Functions 


Let us recall that a real valued function f is said to be bounded if we can 


find a number M such that 


f(x) | < M, for all x in the domain of f. 


for all x, y e R. 


cosx + sin’x = 1, 


so that 0 < cosx <l and 0 < sinx < 1, 


or 


| соѕх |< 1 and | sin x | < 1, for all x eR 


therefore cos and sin are bounded functions. 


We shall see later that the functions tan, cot, sec and csc are not bounded. 


7.5. Intervals on which a Trigonometric Function has a Fixed Sign 


7.6. Periodicity of Trigonometric. Functi 


A real number p (Æ 0) is sai 


From Art. 2.3, we have the following : 

If the terminal side of an angle lies in the right-half plane, its cosine and secant 
are positive ; in terms of numbers this means that for each integer k, cos and 
sec are positive in the open interval ]—7/[2--2kr, 7/|2--2kz[. Similarly for each 
integer k, cos and sec are negative in the open interval]z/2--2kz, 37/2 --2kz[. 
of an angle lies in the upper half-plane then the sine and 
angle are positive and if it lies in the lower half-plane, the 
f the angle are negative. This means that for each 
integer k, sin and csc are positive in the open interval ] 2k, (2k + 1) т[ and 
negative in the open interval ] (2k +1) m, (2k + 2)т[. 

п angle lies in the first or the third quadrant, the 
tangent and the cotangent of the angle are positive, and if the terminal side 
lies in the second or the fourth quadrant, the tangent and the cotangent of 
the angle are negative. This means that for each integer k, ian and cot are 
positive in the interval ] Кт, kr+r|2 [; and negative in the interval ] kr — 7/2, 


kr [. . 
ons 


If the terminal side 
the cosecant of the 
sine and the cosecant O 


Uu 
If the terminal side of a 


Let f be a function whose domain D is a sub-set of R. 


d to be a period of f if 
Q xe De xi PIED 
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(ii) f(x + р) = f(x), ¥ x E D. 
For a constant function, every non-zero number is a period. 
A function f is said to be periodic if it has at least one period. 
It is obvious that if p is a period, then every positive integral multiple of it is 
also a period : 
ie, f(x + kp) = х). N ke 7+. 
From condition (i) in the definition of a period, it follows that if x is in the 
domain of a periodic function with p as a period, then so also is x — p, for 
x = (x — p) + p. so that 
xeD«(x-p єр. 
Also, by condition (ii), we then have 
f(x) = f(x — p + p) = f(x — р). 
Therefore —p is also a period. Since every positive integral multiple of a period 
is also a period, therefore —kp is also a period for each positive integer k. 
Thus, if p is a period, then kp (where k is any integer) is also a period. The 
least positive period of a periodic function is said to be the period of the function. 
Periodic functions are of great importance ip physics, mechanics and engineer- 


ing for the study of various periodic phenomena such as vibration, 
chines, alternating electric currents, etc. Asw 


functions are periodic and one of the most im 
nometric functions is their periodicity. 


motion of ma- 
е shall presently see, the trigonometric 
portant reasons for the study of trigo- 


Theorem. All trigonometric functions are periodic. Also, 
(a) the period of the functions cos, sin, sec, csc is 2r? 
(b) the period of the functions tan and cot ism. 
Proof. (i) Since cos x = cos(x +27) V x & R, 2z is a 
function. We shall next show that it is the period, 
period. If not, let a positive number p <2z be 


period of the cosine 


Le.,it is the least positive 


a period. Then cos (x + = cos 
X, for all хє В. Putting x = 0 in this relation we have cos р =.1 R 0< 
< 2m, the terminal side of the angle . having a measure р radians а 


d 4 D t cannot coin- 
cide with the positive x-axis and consequently cos p+]. 


tion. Hence 27 is the period of the cosine function. LE E P 

(i) Since sin x — sin (x + 27 
We shall now show that 27 is the least positive period. If not, 
number p <2abe a period. Then sin (х + р = 
=т[2 in this relation, we have Sin(z/2--p)— cos p = 
0< р <27. Hence 27 is the period of the. sine func 


JEM ER Om isa period of the sine function. 
let a positive 
sin X for all x. Putting x 


1; but this is impossible since 
tion. . 
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Gii) Since tan (x + m) = tan x for all x € R, 7 isa period of the tangent 
function. We shall now show that z is the period. If not, let a positive num- 
ber р < be a period. Then tan (x + р) = tan x for all х є R. Putting х = 0 
in this relation, we have tan p = 0 which is impossible since 0 <p <m. Hence 


is the period of the tangent function. 


The rest of the theorem can be proved in the same manner as above. 

The property of periodicity simplifies the study of a trigonometric function 
because by studying:the properties of such а function over an interval of length 
equal to the period, we can know its properties everywhere in the domain of the 


function. 


7.7. Intervals of Monotony of Trigonometric Functions 
A function f is said to be strictly increasing in an interval if for any two num- - 


berg x,, x, in the interval 
X > xı => f(x) > f(x). 
A function f is said to be strictly decreasing in an interval if for any two numbers 
X, X, in the interval, 
xg > xı = f(x») < f(x). 
A function f is said to be strictly monotonic if it is either strictly increasing or 
strictly  decreasin g. 
Note. If a function f has the property that for any numbers хь x, in an interval, 
x > xı > f(x) > f(x) then we say that f is increasing in the interval. Simi- 
larly we speak of decreasing and monotonic functions. ЕС 
Examples. (i) Let Е be the function defined by setting f(x) = x! ¥ x € R. Then 
f is strictly increasing in [0, 1] and strictly decreasing in ]— 1, O[. 
(ii) Let f be the function defined by setting 
0 ifx <0 

i er { ха if x 205 
Then f is increasing, but not strictly increasing, in [—1, 1]. 
However, f is strictly increasing in [ 0, 1]. 

(iii) Let f be the function defined by setting 

fx = 2 -LYxeR : 

Then f is neither increasing nor decreasing in [-L 1]. 


We now propose to determine the intervals in which a given trigonometric func- 


tion is monotonic. 


The function cos. Let x, X, be two real numbers such that x, > хі. 
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We have cos x, — cos ху = — 2 sin } (x, — ху) sin $ (x, + xj). 


If x, x, be both in the interval ] 0, я [, then } (x, + Xj) is also in the same inter- 
val and so also is $(x, — x,), and consequently sin 3(x, — x,) and sin (xs + xj) are 
both positive. "Therefore from (1) we find that cos X, — cos x; < 0, ie, cos x, << 


cos x, Since for all x, x, in ]19,7[ x; < xi > cos X, < cos X, therefore in the 


interval ]0, z [, cos is a strictly decreasing function. Also as x — 0, the cosine 


function has the value 1 which is the greatest value that cos x can have for any 
value of x, and at x — z, the cosine function has the value —1 which is the least 


value that cos x can have for any value of x. Thus on the closed intervals [0, тт], 
cos strictly decreases from 1 to —1. : 


As cos (7 + X) = — cos x, it follows that cos is a Strictly increasing function 
in [7,2 s]. 
Since the cosine function is periodic with period 2 z , therefore it will have the same 
behaviour in all intervals of the form [2 kr, (2k + 1) т], k being any integer, as 
in [0, т]. 

Similarly it will have the same behaviour in all intervals of the form [2k 4 1) т, 
(2k-- 2r], k being an integer, as in [ т, 27]. 

Thus for each integer k, cos x strictly decreases from +1 to —1 on the interval 
[2k m, (2+1) т), and’ strictly increases from —1 to +1 on the interval [(2k + 1yr, 
(2k +2)7]. ; 


Thus for the cosine function the inte: 


rvals of strict decrease are [2k т, (2k +1)r] and 
the intervals of strict increase ате [(2 


Е+1)т, (2k 4 2) т]. 


: : m the results obtained above in res- 
pect of the function cos, it follows that Sin X strictly decreases from 1 to —1 as 


x— 7/2 increases from 0 tor, 


and strictly increases from —1 to +1 as x —q/2 in- 
creases from m to 2 т; ie, sin x strictly decreases from ] to —1 as x increases from 
T/2 to 37/2, and strictly increases from 


Srl у —1 to 1 a sx increases from 57/2 to 5 т [2. 
By periodicity, the behaviour of the sine function in the interval [7[2, 37/2] is 
2, 2kr + 37/2], k being a 


ny integer. 
creases from 1 to 


Thus for each integer k, sin x strictly de 
[ 2Кт + 7/2, 2km + 37/2]. 


Similarly we can show that for each integer k, sin x strictly increases from —1 to 
1 on the interval [ 2kr — 7[2, 2kr + 37/2]. 


—1 on the interval 


Thus for the sine function the intervals of strict decrease are [ 2kr + 7/2, 2Кт + 
32[2],and the intervals Of strict increase are [ 2ka — 1/2, 2kr + 7/2] k bein, 
any integer. 4 3 
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The function tan. Let us consider two numbers x, and x, in R* such that x,>x,. 
We have 
sin (x; — xı) 


tan X, — tan X, = d 
ч COS X, COS X, 


If — z|2 < xi < xs < 7/2, then 0 < x, — xi < т, so that sin (x? — xi) > 0, cos xi 
> 0, cos x, > 0. Therefore tan x, > tan xi, ie, tan is strictly increasing in 
] — 7/2, 7/2 [. 
As tan is periodic with period z, therefore for each integer k, tan is strictly in- 
creasing in the interval ] Кт — 7/2, Кт + 7/2[. 
The functions cot, sec and csc. It can be easily proved that 
(1) for each integer k, cot is strictly decreasing on the interval ] k v, (k + 
Dal; 
` (i) for each integer k, sec is strictly decreasing on each of the intevals - 
] 2&т — «|2, 2Кт [ апа] 2Кт + т, 2Кт + 32/2 [ and is strictly increasing on each 
of the intervals ] 2k, 2Кт + 7/2[ and ] 2km + 7/2, 2kr +ar[3 
(iii) for each integer k, csc is strictly decreasing on each of the intervals 
l2km, 2kr + «[2 [ and] 2kr + 37/2, (2k + 2)т[, and is strictly increasing on 
each of the intervals ] 2ka + т 12, 2ka + т [ and ] 2ka + a, 2kr + 3т[2[. 


7.8. Ranges of Trigonometric Functions 
cos and sin. We have seen that for all x ЄВ, – 1 < cos x < 1, so that the 
erval [1—, +1]. We shall now show that the 


range of cos is contained in the int 
s end we must show that every number in this 


range is actually this interval. To thi: 


interval is a value of the function. 


Let p be any real number such that — 1 < p < l. Let us choose q > 0 such 


that p? + q? = 1. The point Р(р, д) lies on the unit circle. 


Let 0 be the measure of angle ХОР (having OX as the initial side and OP as the 


terminal side) in radians, Then cos 0 = а. 


Thus range of cos is [—1, 1]. 
Since sin x = cos (7/2 — x), cos X = sin ( 7/2 — x), therefore it follows that the 


range of sin is also [—1, 1]. 


З 1 1 
tan and cot. Let a number К > 0 be given. Then 0< (REED 12 


—], 1], therefore we choose a real number x 


1 
such that 0 < x < 7/2 and cos X = -V 4) ` 


Since the range of cos is the interval [ 
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Fig. 7.3 (a) 
Since sin? х + co? x = 1, and for all x in [ 


fore it follows that sin x = 


0, 7/2 [, sin x is non-negative, there- 
k 
VO FED ° 
Then tan x = k. 


Thus for every k > 0 we can find an x = 
every non-negative real number is in the range 


[0, 7/2 [ such that tan х = k. Thus 
of tan. Again, since tan (—x) =—tan 
x, therefore it follows that every negative number iš also in the range of tan. 
Hence the range of tan is the set R of all real numbers. 
Since tan x = cot (7/2 — x), 
and cot x = tan (7/2 — x), 
therefore cot has also the same range as tan, ie, 
real numbers. 


the range of cot, is the set R of all 
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Y 


Fig. 7.3 (b) 


Corollary. The functions tan and cot are not bounded. 
Proof.- Let M be any real number whatever,. Since the range of tan is R, therefore 


we can find a real number x such that tan x = IM| +1. 
Then |taax|=] IMI-c II, 

= |M| +1, 

> IM], 

> M. 


Thus there does not exist any real number М with the property that | tan x |< 


M for all x in the domain of tan. Hence tan is not bounded. 


Similarly we can show that cot is not bounded. 
sec: and csc. We can show in the same manner as above that the range of sec 


and csc is the зес{х:х&—1}Ш{х:х> 1}. 
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- EXERCISES 
Write four real numbers x for which tan x is not defined. 
Write four real numbers x for which cot x is not defined. 


Write four real numbers x for which sec x is not defined. 


eo D oc 


Write four real numbers x for which cscı x is not defined. 
5. Prove that each of the functions sec and csc is periodic, the period being 2 7. 
6. Prove directly that the function cot is periodic, the period being т. 
7. Use the fact that the function tan is periodic and has period 7 to prove that 
the function cot is periodic and has period 7. 
8. Give two examples of each of the following types of functions: 
(i) strictly increasing function ; 
(i) strictly decreasing function ; 
(iii) increasing function ; 
(iv) decreasing function. 
9. Show that sin x strictly increases from —1 to 1 on the interval [ — 7/2, 7/2]. 
10. Show that cot x strictly decreases on the interval ] 0, т [ . 
1l. Show that the range of sec is Rwy] -1, 1 [. 


79. Graphs of Trigonometric Functions 
The sine function. 

X being the independ 
X several values in the interval [0 


To draw the graph of sin we use the equation y = sin x, 


7/6 | «[3 7|2 | 2r/3 Sr/6| r 7z|6 | 47/3 


372 | 57/3 | 117/6 | 27 


N 


sin x А) “5 °87 1 E 5 01.5 ==) PARAT 


We choose a suitable unit of len 
(27,0). We then join these points b 
у a smooth i 
шаа CiU Sb nei 4 curve to on a part of the 
this part can be reproduced in the intervals [—27, 0], [22 hs m p Box ol 
> > tn |, etc. 


graph is a wave from x = 0 to x = о AM А А ч 
and to the right, 7 repeated infinitely many times to the left 
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Fig. 7.4 Graph of sin (incomplete graph) 


Remark. The graph of the sine function of angles can be drawn in a similar 
k. g 


manner. 


The cosine function. To draw the graph. of cos we begin, as in the case of sin, by 
preparing a table of values giving values of cos x as x varies from 0 to 27 in 


steps of 7/6. 


x 0 | r/6 | 7/3 | 7/2 | 27/3 52/6} т ДЕ 57/3 | 11=/6| 27 


О 15118711 wi =s] 0 | 5 ۰87 1 


a 


cosx| 1 “87 


By plotting the points (0, 1)..---- , (27, 1) and joining them by a gutem ше MS 
obtain a part of the graph (figure 7.5) Since the cosine function is periodic with 
period 27, therefore this part can be reproduced in the interval [—27, 0], [27, 47], 
etc. The complete graph is a wave from x = 0 to x = 2 т repeated infinitely many 


times to the left and to the right. 
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Y Fig. 7.5 Graph of cos (incomplete graph) 


The following figure shows the graphs of sin and cos drawn together for comparison. 


Y 


{(х,у): у = соѕ d 


(Gy): ys sin x} 


Fig. 7.6 Graphs of sin and cos (incomplete graphs) 


ت ی و ےکی n‏ یک 


TRIGONOMETRIC FUNCTIONS OF A REAL VARIABLE 203 


From the graphs we can see that a translation (sliding) of the graph of cos 
through a distance 7/2 units along the positive direction of the x-axis will make 
it coincide with the graph of sin. This is only to be expected in view of the 
identity sin (7/2+ x) = cos x. т 
The tangent and the cotangent functions. To draw the graph of tan, let us first 
observe that since the tangent function is periodic with period z, therefore it is 
enough to draw the graph over an interval of length z. The complete graph will 
then consist of infinitely many repetitions of the same to the left as well as to the right. 
Also, since tan (—x) =—tan x, therefore if (x, tan x) be any point on the graph 
then (—x, —tan x) will also be a point on the graph, i.e, the graph must be sym- 
metrical in opposite quadrants. 
The following table gives values of tan x corresponding to some typical values 


of x in ] — 7/2, 7/2 [ . 


| 8 —«[3 | —m«J6. | . 0 | 7/6 7/3 

Гоу ш ИУ 

| tanx | —1-73 | —58 | 0 | 9e | 178 
` Y 


1 


Fig. 7.7 Graph of tan (incomplete graph) 


204 PLANE TRIGONOMETRY 


Since tan x is not defined when x= +7 /2, therefore there will be no points on the 
graph corresponding to these values of x. (By periodicity, there will be no points 
on the graph corresponding to x = k r + 7/2, k being any integer). A part of the 
graph is as shown in figure 7.7. 


Throughout the entire domain the graph rises from the left to the right. This 
_ is just the graphical demonstration of the fact that tan x is strictly increasing on 
the interval ] k m — 7/2, kr + 7/2 [ ,k being any integer. 


The graph of the cotangent function is similar to that of tangent and can be 
drawn in the same manner. A part of the graph is as shown in figure 7.8. 


Y 


Fig. 7.8 Graph of cot (incomplete graph) 


The secant and the cosecant functions. Figure 7.9 show: 


the secant function. The graph of the cosine function has 
same set of axes for comparison. The tw 


5 a part of the graph of 
also been drawn on the 


i © graphs exhibit the relation sec x = 
l/cos x (whenever x is not an odd multi 


ple of 7/2). The ordinate of any poi 
the graph of the secant can be determi ү es 


ned by taking the reciprocal of the ordi 
; | е ordinate 
of the corresponding point on the graph of the cosine 
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Fig. 7.9 Graphs of sec and cos (incomplete graphs) (sec——— сов — — — —) 


Fig. 7.10 Graphs of cosecant and sine (incomplete graphs) 


Ye SINK — oe oe 


csc X 


EL 


206 PLANE TRIGONOMETRY 
Figure 7.10 shows a part of the graph of the cosecant function. The graph of the 
cosecant bears the same relation to that of the secant as the graph of the sine bears 
to that of the cosine because of the identity csc (7/2 + x) = sec x, ie, the graph 


of the cosecant can be obtained from that of the secant by a translation to the 
right through 7/2 units. 


Also, the graph of the cosecant bears the same relation to that of the sine as 
the graph of the secant bears to that of the cosine, i.e., the ordin 
the graph of the cosecaht is the reciprocal of the ordinate of 
point on the graph of the sine. For the sake of comparison, 
has also been drawn on the same set of co-ordinate axes. 
7.10. Graphs of y = a sin x and y = а cos x 

We have already drawn the graphs of the sine and the cosine functions. We 
now propose to consider graphs of more general functions. 

Example 1. Sketch the curve y — 


ate of any point on 
the corresponding 
the graph of the sine 


2 sin x. 


PIS Nem 


Solution. Since sin x varies between —] 


and 1, therefore 2 sin x will 
—2 and 2. The period of the function 


it vary between 
X y:y-22 


sin x | being the same as 
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that of the sine function, is 27. For any value of x, the value of y in y = 2 sin x 
is twice the value of y in y = sin x. The graph of y = 2 sin x may therefore be 
obtained from that of y = sin x by stretching the graph by a factor 2 in the direc- 
tion of the y-axis. The graph is as shown in figure 7.11. The graph of y = sin x 
has also been shown for comparison. 


Example 2. Sketch the curve у = 3 cos x. 


Solution. The function { (х, y) : у = 3 cos x} is periodic with 27 as the period. 
The range of the function is [—3, 3]. The graph is Obtained by stretching each 
ordinate of y — cos x by a multiple 3. A sketch is as shown in figure 7.12. 


Y T/2 т ame | eT 5T/2 


у = cos xX a oe z i 


у = 3 cos x 
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EXERCISE 
1. Sketch the graphs of each pair of equations in the interval [0, 25]: 
(i) y = sin x y = 1:5 sin x. 
(ii) y = sin x, y = 3 sin x. 
(ili) y = sin x, y = 2-5 sin x. 
(iv) y = sin x, y = — sin x. 
(у) y = sin x, y= —2sinx 
(vi) y.= cos x, y =/15 cos x 
(vii) y — cos x, у = 2 cos x 
(viii) y = cos x, у = 2.5 cos x 
(ix) y = cos x, у = — созх 
(x) y = cos x, у = — 2 cos x. 


7.11. Graphs of у = sin bx and y = cos bx. 


We can obtain another generalization of the Braphs of the sine and the cosine 
functions by considering the graphs of the functions defined by the equations 
y — sin bx, y — cos bx. The extreme values of the function y — sin bx are =й 
and 1. The period may be obtained by determining how much x changes in pro- 
ducing a change of 2 т in bx. As x changes from 0 to 2z/b, bx changes from 0 to 


2r b. Hence the period of sin bx is 2z/ | b |. Similarly, the period of cos bx is 
2m«[||b|. 


Example 3. Sketch the graph of the function y = sin 2x. 


m зл 2m © зп 


ia. 0 


е 
l 
. E 
5 
K 


TRIGONOMETRIC FUNCTIONS OF A REAL VARIABLE 209 


Solution. The extreme values are —1 and 1. The period is 27/2, ie, m. The 
graph is similar to that of sin x and is obtained from it by compressing it by a 
factor 1/2 along the x-axis. The graph is as shown in figure 7.13. 

Example 4. Sketch a graph of the curve y = cos } x. 


Solution. The extreme values are —1 and 1. The period is 27/3, i.e., 4m. The graph 
is similar to that of the cosine function and is obtained from it by stretching it 
along the x-axis by a factor 2. The graph is as shown in figure 7.14. 


yim COS XC S E 
урсо 
EXERCISE 4 


the following curves over one period. Along with 


J. Sketch the graph of each of : ( \ 
of the sine function or the cosine function, as the 


each graph, draw also the graph 
case may be. " | 
(i) y = sin 3x. (1) у= sin ix 
(iii) y = sin 2x. (iv) y = sin $x. 
(vi) у = cos 3x. 


pj (у = cos 2x. 
ку O (viii) у = cos 5 x. 


(vii) у = cos $x 


7.12. Graphs of y = a sin bx and y = a cos bx ; 
The graph of y=a sin bx can be obtained from that of y=sin x by first drawing 

the graph of y=sin bx (as in example 3)and then stretching the graph of y=sin bx 
by a factor a along the y-axis (as in example 1). The extreme values of y 
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=a sin bx are + a, and the period is 27/ |b |. The same is also true of the curve 
y=cos bx. 

The following example will illustrate the method. 
Example 5. Sketch the curve у = 2.5 sin 2x. 
Solution. We shall first draw the graph of y=sin 2x, and then stretch the graph 
dlong the y-axis by a factor 2.5. 


The graph is as shown in the figure 7:15 


we ЕШ 51/2 


а 
iA het had 
he 


Y = 
Fig. 7.15 
y = sin2x ——— ——— 
y = 25 sin 2x 
EXERCISE 
1. Sketch the graph of each of the following curves over one period : 
@ у = 2 sin 2x. (ii) y = L5 sin 9x. 
(i) у = 2 sin 3x. (iv) y = 25 sin 3x. 
(У) у = 15 sin іх. (vi) у = 3 sin dx. 
(vii) у = 2 cos 3x. (viii) y = 2 cos ix. 
(2%) у = 1.5 cos 9x. (x) у = 2-5 cos 2x, 
(xi) у = 2.5 cos 3x. (xii y — 3 cos 9x. 
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7.13. Graphs of y = sin(x + c) and y = cos (x + c) 

The graph of y = sin (x + C) is similar to that of y — sin x and is ob- 

tained by translating it through a distance c units to the left. The extreme 
values are + l, and the period is 2 m. The graph of y = cos (x + с) is similar 
to that of y — cos x and can be obtained from it by translating to the left through 
a distance c units. The extreme values are again + 1 and the period is 2 7. 
Example 6. Sketch the graph of y = sin (x + 7/6). 
Solution. The graph of y = sin (x + 7/6) is obtained by translating the graph 
of y = sin x to the left through a distance т/6 units. This is equivalent to shifting 
the origin (and therefore the y-axis also) to the right through a distance 7[6 units. 
Therefore we shall first draw the graph of y — sin x and then shift the origin to the 
right through a distance 7/6 units. The graph is as shown in figure 7.16. 


Fig. 7.16 
Graph of y = sin (x + 7/6) 


7.14. Graph of y = a sin (bx + c) 

The graph of y = a sin (bx + c) is similar to that of y = a sin bx and is ob- 
tained from it by translating it through adistance c/b units to the left (or equiva- 
lently, shifting the origin and the y-axis through a distance c/b units to the right). 
The following example will illustrate the method. 

Example 7. Sketch the curve y = 3 sin (2x 7/3). 


Solution. Since 3 sin (2x.+ 7/3 ) = 3 sin { 2 (x + 7/6) }, therefore the graph 
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is the same as that of y = $ sin 2x with the origin shifted to the right through a 
distance 7/6 units. The graph is as shown in the figure 7.17. 


* 2 eal n Jm 7n ол 

Т ай а 
ү TEE ES 
СД етк 


Fig. 7.17 
Graph of y = 3 sin (2x + 7/3) 


Example 8. Sketch the curve y= 2 sin 2x 4- 3v3 cos 2x. 


Solution. Let us put 3/2 = a cos c, 34/3/2 = a sin с. 
We then have (3/2? + (84/3/29 = a, or а? = 9, 


If we choose the positive value for a, then a = 3, cos c = $ sin c = 4/3/2 


so that we may take с = 7/3. With this choice the given equation cap be 
as 


written 


у = a sin 2x cos с + a cos 2x sin c, 
= asin (2x + c), 
= 3 sin (2x + 7/3). 
This equatiqn being the same as in exam 
in figure 7.17. 


ple 7, the desired graph is as shown 


EXERCISES 
l. Sketch the graph of each of the following curves : 


(i) y = sin (x + 7/4). (ii) y = sin (x ~ 7/6). 
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(iii) у = cos (x + 2/3). (iv) y = cos (x — 2/4). 
(v) y = sin (2x + 7/4). (vi) у = sin (2x — 7/3). 
(vii) у = cos (2x + 7/3). (viii) у = cos (3x — 7/2). 
(ix) у = 1-5 cos (2x + 7/3). (х) у = 2-5 sin (2x + 7/3). 


(xi) у = 3 cos (2x — 2/3). (xii у = 2 sin (3х — 3я/4). 
(xiii) y = cos x + уЗ зіп 2x. (xiv) y = 4 cos 2x — 3 sin 2x. 


(xv) y = 4/2 (cos x + sin x). 


7.15. Sketching of Curves by Composition of Ordinates 

If we draw the graphs of two functions defined by the equations y 
y=g(x-) on the same set of axes (and to the same scale), then the graph of the 
function defined by the equation y = f(x) + g(x) can be obtained by composition of 
ordinates. Corresponding to the points on the curves у = f(x), y = g(x) having 
the same abscissa x, we can find graphically the algebraic sum of f(x) and g(x) 


and thus get a point on the curve у = f(x) + g(x). After plotting a few points 
т we can join them by a smooth curve to get a sketch of y = f(x) 


= f(x) and 


in this manne 
+ р(х). 


Example 9. Sketch the curve y = } X + sin x by composition of ordinates. 


Solution. Sketch the curves y = 3% and y — sin x on the same set of axes. 


Y 
Үз Х+5М X —, 


D 


Y: 
Fig. 7.18 
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Since the function given by у = јх + sin x is the sum of the functions given by 
y =}x and y = sin x, therefore the ordinate of its graph corresponding to any value 
xı of x is the algebraic sum of the ordinates of the graphs of y = 1x and y=sin x 
corresponding to the value x = xı. The graph is as shown in figure 7.18. 


EXERCISE 
Sketch the graph of each of the following curves 
(Dy = x + sin x. (ii) y 
(ili) y = 1 + 2 cos 9x. 
(v) у= sinx + 2 sin 2x. 
(vii) y = 2 cos x + cos 2x. 


by composition of ordinates : 
= jx + sin x. 

(iv) y = sin x + sin 9x. 

(vi) у = cos x + cos 2x. 

(viii) y = cos x + sin 9x. 


ASSORTED EXERCISES ON CHAPTER 7 


l. Show, by means of examples, that given two functions f 


Я апа g, it may happen 
that 


(i) neither gof exists nor fog exists; 
(ii) gof exists but fog does not exist ; 
(iii) fog exists but gof does not exist; 
(iv) fog and gof both exist but are not equal ; 
(v) fog and gof both exist and are equal. 
2. Show that for each integer К, sin x strictly 
val [2k m — 7/2, 2k m + 7/2]. 
Show that for each integer k, cot is strictly decreasing on ]k z, (k + 1а. 
4. Show that the range of csc is-R ч ] -L IE 
9. Sketch the graph of each of the following curves : 


increases from —1 to ] on the inter- 


من 


(i) y = 15 cos x. (ii) y = 2.5 sin x. 
(at) у = sin. Dx: ° (iv) у = 2.5 sin 3x. 
(V) y = 2 cos 2x. (vi) y = sin (x + 2/3). 


(vii) y = 1.5 sin (2x + 7/3). (viii) y = 3 sin x + 4 cos x. 
Sketch the graph of the curve у = 2x + 3 sin x by composition of ordinates, 


Chapter 8 


Inverse Trigonometric 
Functions 


8.1. Inverse Functions 
Let f be a function with domain X and range Ү. If we can find a function 
g with domain Y and range X such that the composite function g of is the identity 
function on X, then we say that the function g is an inverse of f. 
Now, by saying that gof is the identity function on х ме mean that (go f) 
(x) = x, for all x є X, ic. gf{f(x)] = х for all x є X. Therefore we may also 
state the idea expressed in the preceding paragraph as follows : „ы , 
A function g with domain Y and range X is said to be an inverse of a function 
f with domain X and range Y if g [f(x)] = х for all x e X. 
Example 1. Let f be the function with domain R and range R defined by the 
equation 
f(x) = 3 x + 2 for all x e R. 
Also, let g be the function with domain 
g(x) = 4 (x-2) for all x є R. 
Then for each x є R, 


R and range R defined by the equation 


g (х) = в (x + 2), 
=} [Gx 2-2 
= х. 


216 < PLANE TRIGONOMETRY 


The function g is, therefore, an inverse of f. 
Example 2. Let f be the function with domain R ~ {0} and range R ~ {0} 
defined by the equation 
f(x) = 1/x, for all x e R ~ {0}. 
For each x eR ~ { 0}, 
f£) = £ (1/x), 
1 


showing that the function f is an inverse of itself. 


Example 3. Let £ be the function with domain R+ U {0} and range К+ U {0} 
defined by the equation 
f(x) = /x, for all x e RF Uf{0}, 
where 4/ x denotes the positive square root of x. 
Also, let g be the function with domain R+ U {0} and range К+ U { 0j de- 
fined by the equation 
g(x) = x’, for all x e R+ U {0}. 
For each x e R* U{0}, 
BEX) = g(Vx) 
= (Мх), 
= X, 
showing that the function g is an inverse of f. 
The following theorem shows that a function cannot have more than one 
inverse. 
Theorem 1. Let f be a function with domain X and range Y, and let g and h 
be inverses of f. Then g = h. 


Proof. Since р and h are inverses of f, therefore each of them is a function with 

domain Y and range X. To prove that g = h, it is enough to show that 
8(y) = h(y) for all y e Y. 
Let y be any element of Y. Since f is a function with domain X and range Y, 
therefore for some x in X, we must have 
f(x) = y. 

DENG 80) = g(f(x)) = x, since g is an inverse of f. 

Similarly Һу) = h(f(x) = x. 

The above equation shows that Б(у)= h(y. Thus we find that for cach ye Y, 


Hence g = h. E» "M 
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Remark. In view of theorem 1 we can talk of the inverse of a function rather 


than an inverse. 
We shall now show that if a function g be the inverse of a function f, then f 


is the inverse of g. 
Theorem 2. Let f be a function with domain X and range Y and let g be the 


inverse of f. Then f is the inverse of g. ; 
Proof. Since g is the inverse of f, therefore g is a function with domain Y and 
range X. 4 
Now g is a function with domain Y and range X, and f is a function with 


domain X and range Y. To prove that f is the inverse of g, it is enough to show 


that 
f(g(y)) = y for all y e Y. 

Let y be any element of Y. Since f is a function with domain X and range 
Y, therefore we can choose an x e X, such that f(x) =чу. 

Then — f(g(y) = f(g(fGo), 

= f(x), since g(f(x)) = х for all x e X, 
Hence f is the inverse of g. 
In view of theorem 2, we can talk of a pair of functions as inverse functions 


rather than talking of one of them as being the inverse of the other. The functions f 
above are inverse functions. 


and g in each of the examples 1-3 
As the following examples will show, it is not necessary for a function to have 

an inverse, 

Let f and р be inverse functions such that the domain of f 


Theorem 3. 
(domain of g) is Y. Then f and g are both one- 


(range of g) is X and the range of f 
to-one. 
one-to-one amounts to showing that for each pair 


Proof. 'To prove that f is 
ху) are distinct elements of Y. 


Xp х, of distinct elements of X, f(x) and f( 
be elements of X such that x; = Xs Since g is a function with 
erefore we can choose у; and y, in Y such that g(y:)=x,, 
therefore, by the definition of a function, y, == ys 


Let x, and x, 
domain Y and range X, th 
gy) = x. Since X + X»: 

Now f(x) = f(g(y) = Y» 

f(x) = (у) = Y» 
since f and р are inverse functions. 


From the above equalities we find that f(x) + f(x). Hence f is one-to-one. 


Similarly g is also one-to-one. 
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The above theorem shows that every function need not have an inverse. A 
function which possesses an inverse is said to be invertible (or inversible). If a 
function is invertible, by theorem 3, it must be one-to-one. This necessary con- 
dition for invertibility gives us a method of finding examples of functions which 
do not possess inverses. If a function is not one-to-one, then it cannot have an 
inverse. None of the following functions has an inverse : 


l. Let f be a function with domain R and range К+ U {0} defined by the 
equation 


f(x) = |x], for all x e В: 
f is not one-to-one because 
f(-2) =: £(2) = 2. 
2. Let Ё be a function with domain В and range R* U {0} defined by the 
equation 
f(x) = x? for all x e R. 
f is not one-to-one because 
0-2) = Қ) = 4. 
A very-natural question now arises—Given a function f, when can we be 


sure 
that it is invertible ? ш 


The following theorem gives an answer to the question posed above. 
Theorem 4. Every one-to-one function is invertible. 


Proof. Let f be a one-to-one function with domain X and range Y. We shall 
construct a function g with domain Y and range X such that g (£(x)) = x for all x eX. 


Let y be any member of Y. Since y belongs to the range of f, therefore there 


is an element x in domain of f such that f(x) = у. Also since f is one-to-one, 
therefore for each ye Y there is exactly one x eX such that f(x) = y. Let us set 


8() = x. Then g is a function with domain Y. 

Let now x be any member of X. 
tion of g, we have g(y) = x, ie, g(f(x) = 
and that g is the inverse of f. 


If we denote f(x) by y, then, by the defini- 
X. This shows that the range of gisX 


This completes the proof of the theorem. 
We shall now obtain another criterion for a function to be invertible. 


Theorem 5. A function f with domain X is invertible if and 


only if the relation 
E, x) : xe X | is a function. Also, the inverse of f is then f 


5 (fx) x) :xeX) 
Proof. f is invertible «= f is one-to-one, 
E> X, FX f(x) + (xa), « 


=> ((fx) x) : xe X} isa function, 
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Let us now assume that f is invertible and let g = { (f(x), x) : хех}. 
Then domain of g = ff(x) : x eX], ғ 
= range of Ё. 
Range of g = {x : хех}, 
= ¥ 
s — domain of f. 
Also, if x be any member of X, then (f(x), x) € 8, ie, g(f(x)) = x. 
Therefore g is a function whose domain is the range of f, whose range is the 
domain of f, and which is such that g(f(x)) = x for all x e X. 


Hence g is the inverse of f. 
The above theorem gives a convenient method of finding whether a given 


function is invertible, as also of finding the inverse of an invertible function. 
For any function f with domain X, let us call f(f(x), x) : x e X | the inverse 
of f. The above theorem can then be stated in the following form : 


relation 
invertible if and only if its inverse relation is a function. Also, 


A function f is 
if this be the case, then this function is the inverse of f. 


8.. Inverse Trigonometric Functions 
We shall now consider the inverse relations of the trigonometric functions. 
We shall see that while the trigonometric functions are not invertible, it is possible 
to define certain functions, to be called inverse circular functions, which are sub- 
sets of the inverse relations of the trigonometric functions. 
Let us first of all consider the sine function. We know that 
sin = f(xy):'y-— sin x, xe R}. ‹ 
The inverse relation of the sine is the relation 
{ (ух) : y= sin x, x eR}, 
ie.,{ (ху) : x = эй у, ye R}. 
This relation is called the inverse sine relation or arcsine relation and is written 
as sin —! or arcsin. 


Thus , 


arain = { (у): x = siny y eR] 0) 

The arcsin relation is not a function because for a given value of x there may 
exist distinct numbers y; y; such that (x, yı) and (x, y) both belong to arcsin. For 
example, if we consider x = 0, we find that . .'. . (0, — т), (0,0), (0,7), (0, 27), 
(0 07), е all belong to arcsin, ie, (0, n т) є arcsin for each п є 2. We can 
however obtain a function from the arcsin relation by placing a suitable restriction 
on the range of the relation (1) so that for each x in the domain of the relation there 


exists only one member of the range. Let us see how it. сап be done. 
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Fig. 8.2 Graph of the arcsine relation (incomplete graph) 
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Let us look at the graph of the sine function (Fig. 8.) { (xy) : у = sin x, 
xeR}. For each real number a such that —1 < a < 1, there is one and only опе 
real number x such that sin x = a and — 7/2 < x < 7/2. We denote this real 
number by arcsin a ог sin —! a. Thus x = sin —! a if and only if sin x = a, 
and — 7/2 < x < т/2. For example, sin —! 3 —7/6, sin —1 (— ,/3/2) = — 7/3. The 
set of allordered pairs (x, arcsiri x) where —1 < x <1 is called the arcsine func- 
Lion or inverse sine function and is written as arcsin or sin —1. 

‘Thus s 
arcsin = ((x arcsin x): — 1 < x< 1, 
= {(х, у): у = aain x, —1 схе 1}. 

It can be easily seen that arcsin is in fact a function. (To see this amounts to 
verifying that arcsin X, =F arcsip X => X, + х,; and this is true because the sine 
function is strictly increasing in [ — 7/2, 7/2], so that if we write у, = arcsin x, y, 
= arcsin x, then x, = sin y, X, = sin y, and y, == y, = sin y, + sin у, > x, 
=F х.) 


Figure 8.3 shows the graph of the arcsine function. 
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Y 


Fig. 8.3 Graph of the arcsine function 
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Fig. 8.4 Graphs of the sine and arcsine functions 


Figure 8.4 shows the graphs of the sine function (only that part for which 
—n/2 <x<7/2) and arcsine function. It can beseen that each of them is the reflec- 
tion of the other in the line y=x, ie, if we fold the paper along the line y=x, 
then the two graphs will coincide. In other words, if (x, y) is a point on one of 
them, then (y, x) is a point on the other. 

Let us once again consider figure 8.3. It shows the graph of the arcsine rela- 
tion. The undotted part of the graph is the graph of the arcsine function. This 
shows that the arcsine function is a subset of the arcsin relation. 

The arccosine function. The inverse relation of the function 
cos = {(х,у): y = COs x, xe R} 
is the relation 1 
{фх) : у = cos x, x eR}, 
ie, [(Xy) : x =cos y, yeR}. 
This relation is called the inverse cosine relation 
as cos —1 or arccos. 
Thus 


or arccosine relation and is written 


arccos = {(x,y) : x = cos y ye R}. 
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Fig. 8.5 Graph of the cosine function (incomplete graph) 
3n 
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Fig. 8.6 Graph of the arccosine relation (incomplete graph) 
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Let us look at the graph of the cosine function (Fig. 8.5) ((xy) : y= cos x, 


xe Rj}. For each real number a such that —1<а < 1 there is one and only one 


real number x such that cos x = a and 0 < х < т. We denote this real number: 


by arccos a or cos —! a. Thus x = cos-la if and only if cos x = a and 0 < x <7 
For example, cos —1 (1/ J2) = 7/4, cos -1 (—1) = т. The set of all ordered pairs 


(x, arccos x), where +1 < x < l is called the arccosine function or inverse cosine 
function and is written as arccos or cos —1. j 


Thus 


arccos = {(x, arccos х): —1 <x < Lh. 
It can be easily verified that arccosine is in fact a function. (How ?) 


Figure 8.7 shows the graph of the arccsine function. 


e 


y 


Fig. 8.7 Graph of the arccosine function 


Figure 8.8 shows the graph of that part of the cosine function which corres- 
ponds to 0 < x < т and that of the ‘inverse cosine’ function. It can be easily 
seen that each of them is the reflection of the other in the line y = x, ie, if (х,у) 
is a piont on one of them, then (у, 


2 x) is a point оп the other. 
Figure 8.6 shows the graph of the arccosine relation. 
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8 Graph of the cosine and arccosine functions (incomplete graph) 


Fig. 8. 
he graph is the graph of the arccosine function. The 


The undotted part of ti 
ws that the arccosine function is a subset of the arccosine relation. 


graph shov 
The inverse relation of the function 


The arctangent function. 
tane (00у) У (апе в", 


where R*, the domain of the tangent function, is the set 


R ~ {(2n+1) 7/2 ine Z }, is the relation 
f(y, x) гу = tan х, X € R+*}, 
ie, {(х,у):х = tan y, Ye R*}. 


This relation is called the inverse tangent relation or arctangent relation and is 
written as tan — or arctan. 


Thus 
arctan = f(x, y) : x = tany, y e Rs үз er RU, (3) 


‘The arctan relation is not a function (why ?), but we can obtain a function 
from the arctangent relation by placing a suitable restriction on the range of the 
relation (3) so that for each x in the domain of the relation there exists only one 
member of the range. Let us see how this can be done. 

Let us look at the graph of the tangent function (Fig. 8.9) {(@y) : y = tan 


x, x eR}. The graph indicates that for each real number a, there is a unique 


real number X such that tan X = à — 12 <х < т[2. We denote this number by 
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arctan a or tan —1 а. Thus x = tan -la ifand only if tan x = a and x. For 
example, tan —1 ( /3) = 7/3, tan -1 (-1/ 43) = ~ af6. 


Fig. 8.9 Graph of the tangent function (incomplete graph) 


The set of all ordered pairs (x, arctan X) where —т/2<х<т/2 is called the 
arctangent function or inverse tangent function and is written as arctan or tan —1, 
Thus 

arctan = {(x, arctan x) : x e R}. 

It can be easily verified that arctan is in fact a function. 

(How ?) 


Figure 8.10 shows the graph of the arctangent relation. 


The undotted part 
of the graph is the graph of the arctangent function. 


The arccotangent, arcsecant and атссоѕесапі functions. 
X; let the real number y be such that cot У = х, 0<y<mbe denoted by arccot x. 


Then {(х, arccot x): xeR} is a function, called the arccolangent or inverse co- 
tangent function and is denoted by arccot, cot —1, 


Thus arccot = f(x, arccot x): x eR 6 


For each real number 


For each real number X.such that 
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|x | = 1, we define arcsec x (also written as sec —! x) and arccsc x (also written 
as csc —! x) by setting 


arcsec X = arccos 1/x, 
arccsc x = arcsin 1/x. 


Fig. 8.10 Graph of the arctangent relation (incomplete graph) 


The relations 
{ (x, arcsec x) : xe R,|x|2 1), 
{(x, arccsc x) : xeR,|x|> 1}, 


are both functions. They are called the arcsecant (or inverse secant) and arccosecant 


(or inverse cosecant) functions respectively. 
Thus, 
arcsec = { (х, arcsec x) : x e R, ЇЕ 1} 
arccsc = {(х, arccsc x) : xeR,|x|2 1}. 
The six functions sin csc — defined above are called the inverse 


—1 
trigonometric functions (or inverse circular functions). Of these, only the first three 


228 PLANE TRIGONOMETRY 


are more important (because the last three can be defined in the terms of the first 
three ; in fact sec ~1, csc —1 have already been defined in terms of cos-! and sin-! 
respectively and cot-! can be expressed interms of tan-! because of the identity 
tan lox а cot Fx = т[2, which can be easily verified). 


For the sake of uniformity, let us agree that we shall henceforth use sin-!x, 
- » esc—x for arcsin х,... » arcesc x respectively. 


8.3. Operations Involving Inverse Trigonometric Functions 
Theorem 6. 


(a) MO < x < 1, then 0 < sin =! x < 7/2, 0 < cos 21 x < т), 
(8) Ifx> 0, then 0 < tan -! x < 4/2, 0 < cot -1 x < 7/2. 
(у) Ifx> 1, then 0 < sec“! x < 7/2, 0 < ese“! x < qp. 
Proof. 
(a) Letsin^!x =u, Then x = sin u and — z/2 < u < 7/2, 
Since x < 0, therefore u cannot lie in [ — 7/2, 0 [s 
Hence u lies in [ 0, 7/2], i.e., 0 < sin ¬1 x $ 7/2. 


Again, let cos “I x = v, Then x = cos v and 0 < v < v. Since x <0 


therefore v cannot lie in ] 7/2,7 ]. Hence v lies in [0, 7/2] ie, 0 < cos -!x x 
1/2. 

(8) Lettan-x— u Thenx = tan u and — 7/2 < u < 42, Sincex 
> 0, therefore u cannot lie in ] — 7/2, 0[ . Hence u lies in [ 0, 7/2 [ , i.e, 0 < tan`! 


х < 7/2. 


Agnin, let cot “1 x = v, Then x = cot у and и lies either in [—7/2, 0 [or in] 0, 
7/2]. Since x < 0, therefore v cannot liein [ — 7/2,0 [. Therefore v lies in ] 0, 
7/2]. 


(у) The proof is left as an exercise for the reader, 


Remark. The above theorem shows that if 0 — x < 1 then both sin -! x and cos -1 x 
lie in ] 0, 7/2[. 

If we recall that for any real number у, the above value of sin у (resp. cos у, 
fan y etc.) is the sine (resp. cosine, tangent etc.) of the angle whose measure in 
radians is y, then in view of the above theor 


| 4 em we can compute sin (cos —1х), cos 
(tan —!x), etc. with the aid of right-angled triangles whenever X is positive. The 
following example will illustrate the point. 


Example 1. Evaluate cos (sin —1 3/5). 


Solution. Let sip —1 (8/5) = у, so that sin У = 3/5 and 0 < y < 7/2 
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Construct a right-angled triangle OAB in which 
AB = 3 units, OB = 5 units. 
Then sin / АОВ = 3/5, so that the B 
measure of / АОВ in radians is 3/5. 
In the right-angled triangle OAB, 
OA! = OB! - АВ? = 5° = 3 = 16 
so that OA = 4 units. 2, J 
Then cos (sin ~? 3/5) = cos y 
= cos / АОВ = OA/OB = 4/5. 


Example 2. Show that cos —! (12/13) 
— tan — (5/12). 0 4 
5 Fig. 8.11 
Solution. Let cos-! (12/18) = у. Then we have to show that tan y = 5/12 and 


— 7/2 < y < 7|2. Since 12/13 lies between 0 and 1, therefore y lies between 0 and 
7/2. The second condition is thus satisfied and we have only to prove that tan у= 
5/12. Construct a right-angled triangle ОАВ in which OA = 12 units, ОВ = 13 


units. 

Now AB? = OB? - OA? B 
= (13у — (12)? 
= 53 


so that AB = 5 units. 


^L 


0 fod A 


Then cos ZAOB = 12/13, so that the measure of ZAOB in radians is y. 
tan у = tan ZAOB = AB/OA = 5/12. 
Hence cos-! (12/18) = у = tan-! (5/12). 
Theorem 7. 
(1) sinc! (—x) = —5їп-!х provided — 1 < x <1; 
(ii) соѕ-1 (—x) = т —cos-!ix provided -1 < x <1; 
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(ii) tan-! (—x) = —їап-—1х. 
(iv) cot?! (-x) = m -—cot-! x. 
Proof. 


(i) If —1 < x < 1, then sin-1 (— x) and —sin-!x are both meaningful. 
Let us first consider the case when x > 0. 
If ѕіп-1х = y, then 0 < у < 7|2 апа х = sin y. These relations imply that 
— 1/2 < -y < 0 and —х = sin (—y). 
` Therefore ѕіп-1 (-x) = —y = —sin-lx. 
Let us now consider the case when x < 0. Writing E = u, we find that 
— u> 0, so that by the result proved above А 
3 р sin-! (û) = ~Sin-lu,ie., ѕіп-1х = —зїп-1 (—x), 
whence we again have sin-! (—x) = —sin-lx, 


(ii) If —1 < x < 1, then соѕ-1 (—x) and —cos-lx are both meaningful. 
Let us first consider the case when x > 0. 
If COs Ix = y, then 0 < y < т/2 and x = cos y; These relations imply that 
т|2 < т — y < wand -x = —cos у = cos (m —y). 
Therefore cos-! (—x) = m —y = m —cos-!x. 


r 
Let us now. consider the case when x < 0. . 
Writing —х = и we find that и < 0, so that by the result proved above 
cos! (—u) = т — cos-! u, 
Or cos7Ix = m — cos-! (—x), 
or cos! (—x) = m — cos-! x, 
as before. 
(iii) Let us first consider the case when x > 0, 
If tan-! x=y, then 0 <y < 4/2 and x = tan у. These relations imply that 
— 7|2 < — y < 0and —x = —tan y «tan (—y). 
Therefore tan-! (=x) = -y = —tan-lx, 
Let us now consider the case when X« 0. Writing —x = u we find that п 
> 0, so that by the result proved above 
tan-! (u) = —tan-ly, 
Or tan-!ix = —{ап-1 (=x), 


whence we again have ќап-1 (—х) = —ап-1х. 


(iv) Let us first consider the case when x > 0. If COL-!x = y, then 0 «y 


<m/2 and x = cot y. These relations imply that —x = cot (7 — y). 
Therefore cot-! (-X)97—yj- m —cot-lx, 
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Let us now consider the case when x < 0. Writting — x =u we find that u 
> 0, ѕо that by the result proved above Е 
cot-! (—u) =л— cot-lu, 
or cot-!x =m— cot-! (—х), 
or сої-1 (—x) =т— cot^x. 
Remark. 'The above theorem enables us to express sin-lx in terms of sin-! 
(| x |), cos-ix in terms of cos-i( | x |  tan-! x in terms of tan-!( | x |), etc. Also, 
for any given real number x, the values of expressions of the form cos (tan-! x), 
etc, can be computed by the use of right-angled triangles. Thus we can now compute 
cos (tan-!x), etc, whenever such an expression has a meaning. 
* , 
Example 3. Evaluate cos (sin! (—3/5)). 
Solution. Since sin-! (—х) = -—sin-!x, therefore 
sin-1 (—8/5) = —sin-! (3/5). 
Now cos (sin-1 (—3/5) = cos*(—sin-! 3/5), 
cos (sin-1 (3/5)), since cos (—x) = cos x, 
= 4/5, as in example 1. 9 
cos-! (—12/18) =т+ tan-! (—5/12). 


Example 4. Show that 
5-1 (—x) =т— cos-!x, therefore 
cos-! (—12/13) = т — cos-! (12/13), 
А =m — tan-! (5/12), as in example 2, 
=7+ (—tan-! (5/12), 
=m+ tan-! (—5/12), since tan-! (—x) 


Solution. Since co 


= —tan-lx. 
EXERCISES 
Fill up the blanks in cach of the following : 

1:0). ‘sins? (—1) = , 2. (i) cos! (—1) = Я 
(i) sinc! (- 73/2) = , (ii) cosi (—4/3/2) а= 5 
(iii) sin-l (—1/42) = , (ii) cos“? (—1/ 1/2) = ; 
(iv) sinc! (—1/2) = , (iv) cos-! (—1/2) = 5 
(v) sin-! 0 - AR Q) cos-! 0 E х 
(vi) sin-! (1/2) = : Cosa U) = : 
(vii) sin! (142) - ads A) cos-! 1/۷9 = 3 
(vii) sin (/3/2) = Aa iR cos"? (8/2) = 
(ix) sin-! 1 E P (i) sm = 
3. (i) tan-! (— М3) = EO (—¥3) = ; 

= 5 (ii) cot-! (—1) = 3 


(ii) tan-! (—1) 
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(iii) 
(iv) 
(у) 
(vi) 
(vii) 
5. (i) 
(i) 
(iii) 
(iv) 
(у) 
(vi) 
(vii) 


(viii) 


tan-1 (—14/3) 
tan-! 0 

tan-! (1/7/3) 
tan-! ] 

tan-! y3 
sec—! (—1) 
sec! (-2/ ¥3) 
зес—1 (— у?) 
с (—2) 
sec-1 2 

sec-l y2 
sec-! (2/ 4/3) 


БЕСЕ lul 


Evaluate : 

7. cos (sin-! (5/13). 
9. tan (sin-! (5/6)). 
11. cos (sin-! (—4/5)). 
13. tan (cos! (—5/11)). 1 

15. Show that sin-! (4/5) = tan-! (4/3) = cos-! (3/5). 


16. Show than sin-! (—4/5) = 


tan-! ( E 


17. Show that ѕіп-1х = 


18. Show that cos-lx = 


19. Show that tan-Ix — 


Fill in the blanks 


20, ‘cos—1 i=} 
vx + 16 


ГАК sin-i {=>} 
Vx +9 


22) tan-l E 
; J4—x 


93. cot-i {== = 2) 


3 


cot—2 Ss 
V1 — x? 


cot—!(1/x), if x>0, 


ll 


"S 
; (iv) 
, (v) 
» (M) 
, (vii) 
, 6. (i) 
f (ii) 
- (iii) 

1 (iii) 
, (у) 
е (vi) 
‚ (wii) 
(viii) 


cot-! (—1/4/3) 
cot-! 0 


cot-! (1/3) 


cot-! ] 
cot-14/3 

csc-! (—1) 
csc-! (—2/ 4/3) 
csc^! (— 2) 
sec! (— J2) 
csc=? 2 
csc-12 

csc-! (2/4/83) 
Gic 1 
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Il Il 


8. sin (tan-! (24/7)). 

10. cos (cos-! (4/9)). 

12. sin (tan-1 (-5/7)). 
cot (sin-! (—24/25)). 


=a COILS), if х<0. 


in problems 20—23. Assume x>0. 


tan-! (—4/3) = cos-! (—3/5) =r. 


lx ж! 
x2 


tls] #1. 


SOT, eii Stan yale sacs 
COSI, у... Ex fanc ie. suos 
Suis eios == СОБ 0..9, аа. y 39590. 
Si v vs. Cc NN px; 
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Draw the graph of the functions defined by the following equations : 
94 y = FEOF 25. y — 1 sin-! x. 
26. y = $ їап-! х. > 97- y ASR X, 
Find from the tables the values of each of the following : 
98. sin-! (-6825). 29. cos-! (.5960). 
30. tan-! (— 1:298). А 31. cot-! (—-7155). 
Example 5. Evaluate the expression 


sin (cos-! (3/5) + tan-! (—2)). 


Solution. Let cos-! (3/5) = x, tan-! (—2) = y. 
Then cos x = 3/5, 0 < x < 7/2 and tan y = — 2, — 7/2 < y < 0: Since sin? x 
= ] — cosx = 1 — (8/5? = (4/5), thereforesin x = + 4/5. Since0 < x < 7/2, 
sin x must be non-negative. Consequently sin x — 4/5. fy = оь NM 
8 quently Е ee TD 
1 
Tigri 


Since — 7/2 < y < 0, therefore cos y must be non-negative. 
Consequently cos y = 1/\/5. 
Also, sin y = tan y. cos y = (—2). 1/5 = — 2J v5. 
Now sin {cos™! (3/5) + tan“! (-2)] = sin (х + y), 
= sin x cos y + cos x sin y, 
= 4/5. 1/V5 + 3/5. (- 2|/5) , 
= — 2/5/5. 


Example 6. Evaluate the expression 
tan (зїп^! (—3/5) + cot"! 3). 
Solution. Let sin =1 (—3/5) = x, cot -13 = y 
Then sin x = —3/5, —m/2 < x < 0, and cot y = 3,0 < y < 7/2. 
Since — 7/2 < x < 0, therefore tan x < 0. Also, 
Н > 2 
sin ?х (— 3/5) = 9/16, 


tan ?х = ] — sin ?x vj 1-(- 3/5)? 


so that tan x = — 3/4. 
Since cot y — 3, therefore tan y — 1/3. 
Now tan [sin-! (— 3/5) + cot-3] = tan (x + y), 
tan x + tan y 

1-tanxtany ° 

— 3/4 4- 13 
mm = 1/3, 
1- (3/4). 1/8 | 


1 
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Example 7. Verify that 
tan-! (1/2) + tan-! (1/3) = т/4. 
Solution. Let tan-! (1/2) = x, tan-! (1/3)— y. 
Since 0 < 1/2 < 1, therefore 0 < tan-! (1/2) < «4, i.e., 
0 < x < 7|4. Similarly 0 < y < 7/4. Therefore 0 < x SY O Tans (i) 
Also, tan x = 1/2, tan y = 1/8. 
Now tan { tan~! (1/2) + tan~! (1/3) | = tan (x + y), 
tan x + tan y 
` l- tanxtany ° 
1/2 + 1/3 
1— 1/2. 1/3 ° 
=1 
Since tan”! 1/2 + tan-1 1/3 lies between 
from (ii), 
tan-! (1/2) + tan-! (1/3) = tan-11 = т/4. 
8.4. Sum Theorems 
Theorem 8. If — 1 < x < 1, then 
(I) соѕ-1х + зіп-1х = 7/2 
(II) сап-1х + cot-Ix = 7/2. 


0 and 7/2, therefore we have 


Proof. (I) Since —1 < x < 1, therefore each term in the left hand side is meaningful 
Let x > 0 and let cos”! x = y, Then 0 < y < 7/2 and cos y = x. 
Therefore sin ( 7/2 — y) =xand0 < 7/2 —y < 7/2. 
Therefore sin! x = 7/2 —y = 7/2 — cos”! x, 
so that cos-! x + sin=l x — 7/2. E Lt кали (i) 
If x < 0, then — x > 0, and (i) gives 

cos“! ( —x ) + sin-! ( x) = 7/2. 


But cos“! ( — x) = 7 —Соз-!х, and sin“! ( — х) = — sin-! x, 
Therefore ( m — cos“! x )+(— sin^! x ) = 7/2, 
so that cos"! x +4 sins! x = т[9. 0) 


From (i) and (ii) we find that 


ИСЗ] «ол Í then 
С087 1х + sin" 1x = 42. 


(II) Let us first consider the case when x > 0. 
If tan-! x — y, then x — tan yand 0 <y —4/9 Lex 


0c 7/2 = y < 7/2. = tan y = cot (7/2— y), 
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Therefore cot-1 x = 7/2 — y = 7/2 — tan“! x, 
so that cot-! x + їап-1х = 7/2, provided х20 — 1 e (i) 
Let us now consider the case when x < 0. Writing x = —u, we find that u 
> 0, ѕо that by the result proved above we have 
tanclu + cot-lu = 7/2, 
or tanc! (—x) + cot-? (—x) = 7/2. 
But tan-! (—x) = -tan-ix, coti (—x) = m — cot-!x. 
Therefore (—tan-!x) + (т — cot-}x) = w/2, 
во: that ELE = сох Am AP ML т. ЫМ (ii) 
From (i) and (ii) we find that for all x e R, 
tan-ix + со{—1х = 7/2. \ 


Theorem 9. 
(«) If 0 < xy « I, then 
х+у 


tanx + tan-ly = tan-1—-— ——. 
1- xy 


(в) Ifxy = 1, then 
tan^! х + tan"! y = еи 
— n/2, ifx < 0, y < 0. 


- (у) If xy 1, then 


т + а (TZ) m 0y >0: 


tan”! x + tan“! y = 


- т + tan" (TE its соу <0. 


(8) Hx 20, y 20, then 
un xc Baci ean d s 
1 + xy 


Proof. 
(a) Let uctan-! x and v = (апт! y. 
Let us therefore consider the case 0 < xy < 1. 


Ifxy — 0, the proof is trivial. 
x and y are both positive or both negative. 


Two different cases arise according as 
Let us first assume that x > 0 and y > 0. 

Then 0 <u O AVA 25 DY ш 

Since xy < 1, therefore x < Шу ic, tan u < I/tan у, :1.е., tan u < tan 


(z[2 — у). 
Since tan is strictly incr 
7/2, therefore we have from (i) 
ucs[2—v, 


easing in ] 0, 7/2 [ and u, 7/2 — v both lie between 0 and 
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so that 2 
©) Se О rt MM (ii) 
Therefore tan (и + v) is defined. 


tan u + tan v 
NET ру e 1 — tanu tan v? 


= Ve — ШШ) 
From (ii) and (iii) we have 


x 
u+v=tan-1 * * Y 


1— xy 
x+y J 
Thus їап—1х + tan-ly = tan— == provided x > 0, y > 0 and xy < 1. 
— xy 
siae seg rs (iv) 
Let now x < 0, y < 0. Then —x > 0, — y 250, (= x) (—y) «L 
From (iv) we have 
tanl (—x) + tan-! (~y) = tan-i foal (у) А 
i 1—(—x) (—y) 
or tan (—x) + tan-! (—y) = tant Ji (* ty Р ТЕЗЕК (у) 
1 — ху 


Since tan-! (—x) = 


—tan—lx, therefore we may write (у) 
as 


(= ѓап—1х) + (-tan-ly = —tan-1 (E. 
1 — xy 


or tan-ix + tan-ly = tan-1iX EY. 5 
: 1—ху 
(B Letxy =1,x> 0, y > 0 and tan"! x = u. 
Then 0 < u < 7/2 and tan u = X. Therefore 
I/x = cot u. Since 0 <u < 7/2, therefore 
cot"! I/x = u = tan “Чу, 
Thus tan”! х + tan“! y = cot! I/x + tani 
= cot”! y + tan-1 у, 
= 7/2, by theorem 8. 


E (i) 
Кху=1,х < 0, У < 0, then —x > 0,—y > 0, (—x) (—y)=1 
so that we have from (i) 


y; 


tan^!(—x) + tan”! (—y)=7/2. 
brads tard (— 2) 2 fan"! x, therefore (ii) may be written as 
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(—tan7! x) + (— tan! y) = 7/2, 

or tan”! x + tan“! y = — 2/2. 
(v) Let us first consider the case when x > 0, y > 0. 
Let tan"! x = u and tan"! y = v. 
Then x = tan u, y = tan v, 0 < u < 7/2, 0 < v < 7/2. 
Since xy > l and y > 0, therefore x > l/y ie. tan и > cot v, ie, tan u > tan 
(т/2 — v). Since 0 < u < 7/2, 0 < 7|2 —v < 7|2, and since ‘tan’ is strictly increasing 
in [ 0, 7/2] , therefore u > 7/2 — v or u + у> m[2. Also from 0 < u < 7/2, 0 < v 
< 7/2, we have 0 < u + v < m. Thus 

a[2<ut+v<7, 


RN Ei С аф 
Nowtan(u+v—7) = Sen Ge = Di ЖОЙ ТЕРНИИ ОИ 
= tan ( u+y), 


tan u + tan v 
mulu "Peu dE 


]—tan u tan v 


х+у 
Tony Sty ae i STRE (ii) 


From (i) and (ii) it follows that 


By Say. и T 
ош um p ve C ET 


3 £ a Sey 
or (апт! x + tanc! y = т + tan"! Tay OD 


Let us now consider the case x <0,у<0. 
Since x < 0, y < 0, xy > 1, therefore — x > 0, — y > 0, ( х) (= у) > 1. 
From (iii) we then have 
- =; Cx) Xy) 
- c = у) = [XS Y). E 
tan”! (— x) + tan"! (= у) = r + tan 1 La ae (iv) 


— (an^! x, we may rewrite (iv) as 
x+y 
1 — xy 
py хем 
i.e. , tanî! x 4 tan! y = — т + tan"! EMI 
=1 x = uand tan? y = у. Since x > 0, 


(6) Let tan 
y > 0, therefore 0 < u < 7|2 and 0 < v < 7/2 so that x 
— «f «w— v < 02. qnc G) 


Also x = tan u, y = tan v, 50 that 
LA e ue Ro ee Ж Ж AA ИЛ te Page аас (ii) 


х 
tan (u—v) = Ie 


Since tan"! (— x) = 


— tan!’ x P ап”! y) 


= т — tan! А 
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From (i) and (ii) it follows that 
u — v = tan”! ee 
tan^!x — tan^ly = tan”! Nus 
Hence 
0 < xy < 12 tan”! x + tan“! y = tan"! r2 IDE We A са (a) 
m2 iS yy анаи (8) 
=1 > tan"! x+ tan “ly = 
25 E y —7/2,ifx < 0,у <0, 
a+ tant uL ifx>0,y>0, 
xy> l > tan^!x + tan"! y= 
7 а tuii ETY ity (у, 3-309 M e (т) 
1—ху 
= ы XY 
x 2 0, y 220-2 tan"! x — tan ty = tan?! Грху o n (8) 
Corollary. If —1 < x < 1, then 


2x 
2 tan-lx = tan-1 


b=" 
Proof. Put y = x in (a). 


Example 8. Prove that 


(i) tan-! 1/2 + tan-1 1/3 = «[4 ; 
(ii) tan-! 1/2 + tan-1 2 = т[2 ; 
(ii) tan] + tan-19 + tan-i 8-3. 
Solution. (i) Let x — 


= 1/2, у = 


1/3. Then ху < 1, so that by (a), 
tan-! 1/2 + tan-1 1/3 = 


їап-1х + tan-ly, ^ 
= Lom У. 
— tan cg 
1/21/83 
= tant (L = tan-1 (1) — 
P (кт IL seis 
1/2, y = 2. Then x> 0, 


tan} 1/2 + tan-19 = 1/2. 
(iii) Let x 


(ii) Letx = 


Y > 0, xy = 1, so that by (в), 
= 2, y = 3. Then x> 0, y 7 0, xy > 1, so that by (ү), 
243 
tan 712 + tan 71 8 =a + tan~ (“ТЗ Y 
ап 512 -- tan fub ten (3) 
=т-Мапт! (—1), 
= te fang. 
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whence tan-} l--tan-! 2 + tan! 3 =r 
Example 9. Prove that 
4 tan-! (1/5) — tan! (1/239)=7/4. 
Solution. By corollary to theorem 9, ` 
ate 8. 2.1/5 Š 
2 nmi 1/5 = tan-l r= (1/5ў —tan-! (5/12). 


Again by the same corollary, 


2 tan”! (5/12) = tan= ( aa ) —tan-! (120/119). 
Now 4 tan-! 1/5 — tan-! 1/239 = 2 (2 tan! 1/5) — tan-! 1/239, 
= 2 tan-l 5/19 — tan-! 1/239, 
= tan-! 120/119 — tan! 1/239. 0) 


Since 120/119 > 0, 1/239 > 0, therefore’ by theorem 9 (6), the right-hand 
members of (i) becomes 


120/119 — 1/239 4 
-1 = Ма 1 = J 
tan“? 477 19071194288 ^ ^. т/# 


Hence 4 tan-1 1/5 — tan-! 1/239 = mjt. 


8.5. Inverse Trigonometric Equations 
The following examples will illustrate the method of solving equations involving 


inverse trigonometric functions. 


Example 10. Determine the solution set of the equation 


2 эйй-1 x = co! (| — 2X) 
provided —1zx«l. 

1—2x*« 1, 

'Thus both sides of the given 


Solution. sin-! x is meaningful 

cos-! (1—2x’) is meaningful provided — 1< 

ie, provided 0 < x? < 1, ie., provided [куке 1 

equation are meaningful when x belongs to the set 
А={а:—1<а<©1}. 

Also, IL Xe A, then cos! (1 — 2x?) lies between 0 and r. Therefore if the 


equality has to hold, then we must have 


Qz2sin!x&T,; 
Lé, 0 < sin“! x < v[2, 
i.e., бїк = 
ie, x belongs to the set 

B—í(a:0«a«li- 
ES x ME 1], then the given equation is satisfied. 
x = : © < , 
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Let sin-!1 x = y and let x € A NB. Then x = sin y, and 0 € y < 7/2. (у 
must always lie between — 7/2 and 7|[2, and since x is non- 
cannot be negative). 

Therefore cos 2y = 1 — 2 sin? y = 1 — 2x2 and 0 = 2y «m. 

Thus 2y = cos-! (I — 2x}, 

or 2 sin-! x = cos l (1—2x5). 

Hence the solution-set of the given equation is [ 


negative, therefore y 


a:0 <5 aã < i ie 
Example 11. Determine the solution set of the equation 
sin-! (2/x) = соѕ-1 x. 
Solution. Since 4/x occurs in the left-hand side of the given equation, therefore 
X > 0. Also, if x > 0, then cos-! x lies between 0 and 1/2. 
Writing sin-1 (2/x) = cos-l x = y, we have 
2 Vx = sin y, x = cos y- 
Since соз? y + sin? у = 1, therefore we must have 
х + 4x = ]. 


Te NR (i) 
Solving the equation (i), we have 
x= - 2 + V5. 
Since x > 0, therefore we must have X = y5 — 2. We shall now verify that 


X = 4/5 — 2 is actually a solution of the given equation. 
Now x = y5 — 2 ә (x + 2) = 5, 

> 4х =1 - x3 

7 2 үх = V1 — x, since x is positive, 


= > sin"! (2 Vx) = sin -1 f VU HR ыны (ii) 
Also sin-! (V 1—x) = 


= c0s-! x, wherever 0 < x Sena (iii) 
From (ii) and (iii) we have 
sin-! (2 Vx) = cos-i X, when x = /5—9. 
"Therefore x — V5 =? is the solution. 
Example 12. Solve : COS”! x + cog-1i y = mj2; 
tan”! x — tan-1 у= 0. 
Solution. From the second of the given equations we have x = Ys © + oe (i) 
Substituting x = y in the first of the given equations, we have 
2 соѕ-1х = 7/2, 
or cos^!x = 7/4, 
or ao “ы o €». (ii) 
From (i) and (ii) we have x = 1//2, у = 1/42. We can easily see that 


these values actually satisfy t 


equations is { (1/42, 1/2) } 


he given equations. 


E 


Hence the solution set of the given 
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EXERCISES 


1. Evaluate each of the following expressions : 
(i) sin (cos-! 4/5 + tan-! 12/5). 
(ii) cos (sin! 8/15 + cot-! 4/3). 
(ii) sin (cos-! (—1/2) + tan (143)). 
(iv) cos [ sin! (—24/25) + tan-! (5/12)]. 
(v) tan (sinc! 8/17 + cot-! 8/15). 
(vi) tan (cos-! (—1/2) + sinc! (—4/ 3/2)). 
2. Verify each of the following statements : 
(i) tan-! (2/3) + tan-! (1/5) = m[4. 
(ii) tan-! (4/3) + tan-! 7—37/4. 
(iii) соз-1 (11/14) + sinc (843/14) = 7/3. 
(iv) sin-! (1/482) + sin-! (4/441) =т/4. 
(v) sin-! (59/91) + sin! (1/7) = cos-! 11/13. 
(vi) sin-! (5/13) + cos-! (15/17) —tan-! (171/140). 
(vii) sin-! (5/18) + sin-! (33/65) = sin! (4/5). 
(viii) sin-! (3/5) + tan”! (63/16) = m — cos-! (5/13). 
(ix) tan-! (1/3) + tan-! (1/5) + tan~! (1/7) + tan-! (1/8) = 7/4. 


= 


3. Prove. 
(i) sin (cos! x) = ¥ (1 — x) if ea 
1 


(ii) соз (tan! x) = JO + ` 


x 
ili) si 1 x = Я 
(ii) sin (tan х) = Jd жу + ah 
(iv) sinc! x + sinc /(1 — 
1 — х 
(м) sin ((1/2) cos! х) = /( 2 i, 
solution set of each of the following equa 


— +? 
(i) tan (cos! x) JO. 


3 = п}. proved x > 0. 


3 tions : 
4. Determine the 


(ii) cos (sinc! х) = 


x 
(iii tan (sinc! x) = Ja -A 
(iv) 2 tan-! x = cos? TT x 
(v) 2tan-1x = їп 7 4 x? 


(vi) 2 tan-1 x = tan у= 
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(vii) 2 cos-! x = cos-! (2х2—1).` 

(viii) 3 sin-! x = sin-! (3х—4х3). 

(ix) tan-! 2x + tan-! 3x = 7/4. Я | 
(x) sin-! x + sin-! (2x) = 7/3. 


ASSORTED EXERCISES ON CHAPTER 8 
1. Evaluate each of the following : | 
(i) соз (tan-1 3/4). 
(i) tan {зїп-1 (—1/4/5)}. | 
(ii) sin(tan-! (—4/3) + sec-i (13/5)}. 
(v) tan (sin-! (—5/13) + соз-1 (8/17)}. | 
2. Express in terms of x : 
(i) cos (3 sin-1 2x). (ii) sin? (tan-1 x), 
(iil) tan? {sec /(1 + x3}. (iv) cos ( (1/2) cos-! х) }. 
Prove each of the following identities: ` 
(i) tan-! 1/7 + 2 tan-! 1/3 =т/4. 
(ii) sin-! 3/5 + sin-! 5/13 = tan-1 56/33. 
(iii) tan-! 1/8 + tan-! 1/5 = tan-i 1/8. 
(iv) sin-! 4/5 + sin-! 5/13 + sin- 16/65 = m2 
4. Solve each of the following equations: 
(i) cos-! x + sin-1 (1 — з= 0 
(i) cos-! x + sinc! (1 — х) = т/2. 
(i) tan-! x + tan-! 3x = coti 1/2 
(iv) 2 cos-! x = sin-1 (1 = 25; 


Ба 


5. Sketch the graph of the following functions : 
Ö {(х,у): y= cot- x }, G) {(х,у): у = 2 со5-1 x}, 
(Оу): y= sec у }. Чу) {(х,у): y = cci x }. 

6. Is the following statement true : 

tan-! 2 + tan-13 = —т/4°? 


7. Is it meaningful to talk of cos-1 3 ? 


Does it make sense to talk of sin-i (74)? 
9. Discuss whether the equation 


2tan-!x = gg-1. — 2X > 
H H t y = 
1s an identity for all x ip [1,1], 

Does it hold for any value of x such that |x] >1 


A А 1—x? 
10. Solve the inequality | cosi x)! «JB, 


Chapter 9 


Trigonometric 
Equations 


9.1. Introduction 
In the preceding chapter we were primarily concerned with problem of the 


following type : 
To determine x such that —q«[2 «x < v[2 and sin x = k, k being a given real 


number : or equivalently, to find that solution of sin x — k which lies nthe nemal 


[—7/2, 7/2 1. 

In the present chapter we shall devote ourselves to the more general problem 
of finding all solutions of the equation sin x = k (and other similar equations of 
course !), k being a given real number. We shall, however, first- take up some 


special cases. 
While we shall be dealing with trigonometric func 
will apply equally well to trigonometric functions of angles. 


tions of numbers, the results 


9.2. To Solve the Equation sin x=0 

sin x increases strictly from —1 to +l and 
x=0. In the interval | [=/2, 37/2], 
assumes the value 0 only once at x —7. 


In the interval [—7/2; 7/2), 


assumes the value 0 only once, viz. at 


sin x decreases strictly from 41 to —1 and 
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By periodicity all the valine of x, for which sin x = 0, are given by 2рт and 
i i hat 
2 + s,Where p is any integer, so t 
EC ix:snx-0] —(2pm:peZ]U((2pt)m:peZ], 
—Íns:neZ]. 


Hence Íx:snx =0} = Ínz:neZ] 


Remark. Z will stand throughout for the set of all integers. 


93. To Solve the Equation cos x =0 


In the interval [0 , т ], cos x decreases strictly from 
the value 0 exactly once, viz. at x = (1/2) я. Similarly in the interval [7 , 27l ^ 
it assumes the value 0 only once at x = (3/2)z. By periodicity all the values of 
the variable x, for which COS X = 0, are given by 2k z--7/2, kr + 3r/2, where К 
is any integer, so that 


+1 to —1 and assumes 


(x rex = 0} = (2k En] ik eZ] U {kr + Sr : кед), 
= ((2n4-1) (7/2) ine Z}, 
ION оу يي‎ ссзееаеинре 
{x:cosx=O} = {(2n-+1) 7/2 : n e Z} 


Hence 


EXERCISES 


l. Solve the equation tan S es 

2. Solve the equation cot x = 0. 

3. Imitate the method of Sec. 9.1 and 92 to solve the following equations: 
(i) sin x = 1/2. (ii) sin x -— 
DOR 1 "CT 

Ш) sn x = ——- (iv) sin x = -1, 

(iii) JE i 


(V) cos x 


ll 
_ 


(iv) cos x = m 


: 


vii) cos x 13879 (viii) cos x — PEN 
) E ) f 


9.4. To Solve the Equation sin x = k, k bein 
Let < = sin-! К. In the interval 

—1 to 1 and assumes the value k only oj 

sin x decreases strictly from 1 to —1 and 


5 a fixed real number i; 


[ — 7/2, 7/2], sin x increa 
nce, viz, at x. 


n [-1, 1]. 
Ses strictly from 


In the interval [ 7/2, 37/2], 
assumes the value only once. In parti- 
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cular, it assumes the value k only once, namely at X = п—< In fa = 
= sin « = k; also, si ce —7/2 « < 7/2, therefore 7/2 à d Lis 
; also, sin | < 12, retori | ^ sl ^ у, 
< « « 37/2. 


By periodicity of sin x, all the values of x vhi i 
2pz + «, 2pr + (т — а), where p is апу Rd Ew ш усш 
{x : sin x = k} = f2pr+« : p eZ} U {2p7 + (п — <) : pe Z 
= {пт + (—l)"« ine Z}, | | 
= (nz + (—1)^ sin?! k : n e Z}. 


Hence | (x : sinx = k} = (nz + (—1)" sin! k : n e Z} 


Alternatively, we may proceed as follows : 
ese ; E 
Let « = sin-! k. Then the given equation can be written as 
sin x = sing, 
or sin x — sin « = 0. 


Now sin x — sin « = 0 = 2 cos (1/2) (х + «)} sin {(1/2) (x — x) = 0 
> cn (OP) + 4) = 0 V sin {(1/2) (к — 4) =0 
> x+«) e ((2n--1) 7/2 : neZ = E 
=> xe ((2n + 1) т sia AN 3 DAI ie 
xe {2n m + « :neZj, 
=> xe fms + (7D" « : m eZ} V eese) 
—1)™«: meZ} 2 sin erg AES E 
> sin x = ("sin (чр 
> sin x = sin <. (ii) 
m 1 


Also, x e (mz + ( 


From (i) and (ii) we find that 
snx—sin«c0emxeimm-t (= 1)™a:meZ}. 


Hence [x : sin x =k} = сеи tem ez E 

Remark. From the above working (and even otherwise) it can be easily seen th 

if « be any solution of the equation sin x = k (ie. if is not deed sin-1 d 

but any number such that sin а= К), even then the solution-set of the equation si х 
| х = piam (= "<: me Z}. This observation would Бе found E 


| tremely useful in problems later on. 

9.5. To Solve the Equation cos x = k, k being a fixed real number in [ — 1, 1] 

H ^ ” 
In the interval [0,7], cos x decreases strictly from +1 to 
alue between 1 and —1 exactly once. In particular, it as- 
In the interval [ 7, 27], cos x increases strictly from 
between —1 and 1 exactly once. In particular, it assumes 


Let < = cos! k. 

—] and assumes each v 

| sumes the value k only ata. 
—] to 1 and assumes each 
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the value k only once, namely at x = 2z—«. In fact, cos (27 — <) = cosx = ki 
also, since 0 < « < r, therefore m < 27 — x < 9л. 
By periodicity of cos x, all the values of x for which cos x = k are given by 
2рт + 4, 2p 7 + (27 — «), where p is any integer, so that 
{x : cosx = k} = {2pm + x : peZ} U (2pz + (27 — «) : peZ}, 
= {2n 7 + < : neZ}, 
= {2n т + cos! k : neZ}. 


Hence | {x : cosx =k} = {2n т + cos?! К: neZ | 


Alternatively, we may proceed as follows : 
Let« = cos-! К. Then the given equation can be written as 
соз X = cosx, 
Or cos X — cos « = 0. 
Now cos x—cos «—0—» —2 sin (1/2) (x-.-«)] sin 10/2) (x—«)] «0, 
= sin (1/2) (x--4)] —0 V sin {(1/2)(x—4)}=0, 
> (1/2) (x+4) e {nr :n eZ) V(1/2)(x—a)e ( nz ine z, 
= xe {2n z—« : n e Z} V хє{2пт-+«:пє7}, 


SKE NT ECR  .,... (i) 
Also, xe { 2n 7 + <: пе Z} 3 соз x = cos (2n т + « ), wheren e Z, 
› = cos x = cos, aaa (ii) 


From (i) and (ii) we find that 
cosx — cos 4 = 0 < xef 20 п х: neZ}. 
Hence {x : cosx = К} = { 2n т + cos-!k:neZ}. 


Remark. If 4 be any solution (whatsoever) of the equation cos x = k, even then the 


solution-set of the equation can be easily seen to Бе { 2а т -- « :neZ i 


9.6. To Solve the Equation tan x — k, k being any fixed real number 


Let« — tan-!k. In the interval [— 7/2, 7/2], tan 
assumes each value exactly once. 


In particular, it assumes the value k only at« . 
By periodicity of tan x, all the values of X for w 
+ « where n is any integer, so that 
ix:tanx —kj— {ат 4:neZyj, 
—Ínz-tantik:neZ|. 


X increases strictly and 


hich tan x = k are given by nz 


Henee ixttanx = К} = (nz tantk:neZ} 


247 


TRIGONOMETRIG EQUATIONS 


Alternatively, we may proceed as follows : 
Let « = tan-! К. Then the given equation can be written as 


tan x = tan «. 
sin x sin 
Now tan x = tan« 5 = x = 
cos X COS X 
sin (x —4) _ 0 
COS X COS < ` 


-—sn(x-«)-29 (Why?) 
—2(x—«)eínms:neZ]y, 
Sxe inm пей үз, 7 ЕС ЕТЕ (i) 


Also, xe[nm p 4zneZ]»tanx = tan (п т +4), 
> tan x = tan х. 


From (i) and (ii) we find that 
tan x = tan«exeíns t «ineZI. 


Hence (x:tanx = Е} = [ne + tan"! k:neZ]- 


It can be easily seen that if abe any solution whatsover of the equation 


Remark. 
set of the equation can be written asínz + «:neZ] 


tan x = k, then the solution- 


L0, then the solution-set of the equation cot x — k isíng + cot-? 


Corollary. If k 4 
k: neZ}. 
Proof. cot x = k etan x = l/k (Е # 0) 
эх е{ пя + tan"! lk:neZ] 


e—xe(nm- cot!k:neZj, since tan^! ы = cot”! k. 


ion-sets of the following equations : 

(i) sin x = 1/2. (ii) cos x = 1/3. 

(iii) tan x = — 4,3. (iv) cot x = —4. 

(у) sec x = N2 (iv) csc x = 7. 

-1 (1/2) 27/6, therefore the solution-sct of the equation 


Example 1. Find the solut 


Solution. (i) Since sin 
sin x = 1/2 is 
{пт + (— 1)" sin“? 12:12}, 


its {nr + (= 1)"7/6:neZ}. 


(ii) The solution-set of the equation cos X = 1/3is (2n + cos-! (1/3): 
neZ}. 
(ii) Since tan-! (4/3) = — 7/3, therefore the solution-set of the equa- 


tion tan x = — V3 is 


fuera Ма E Wl 
{na—7/3:ne Zh 


:neZhie, {na + (— 733 ine Z}, 


jé 


PLANE TRIGONOMETRY 
248 


(iv) cot x = —4 e tan x = = 1t3 xe fn r + tan- (-2: ne Z}. 
Hence the solution-set of the given equation is {na + tan- (— 1/4): 
neZ Iz 

1 Al 
(v) sec x = — /2 &> cos x = ae E ope + cos (С neZ}, 
Saxe [2n s + anne Bi, 


4 
Hence the solution-set of the given equation is 
{ 2пт + 37/4 ne Z} 
(vi) csc x = 7 €> sin x= 1/7, " 
—xeínz--(—1) sini} inez}. 
Hence the solution-set of the given equation is 
{n7+(—1) sin 71 (3) ine Zh. 


EXERCISES 


1. Determine without using any formula, the solution-set of e 


ach of the following 


equations : 
iE 
(i) sin x = > (ii) cos x = —1/9. 
(ii) tan x = 1. (iv) cot x = = fd, 
(у) sec x = 2. (vi) csc x = —2, 


(vii) cos x = 1/4. (viii) tan x — 5. 
9 


2. Write down the solution-set of each of the following equations ; 


(i) sin x = — E: (ii) cos x — 3. 
(iii) tan 2x = 1/ /3. (iv) cot 8x = 22. 
(у) sec x = J2. (V1) 056.36 ex —ф@ 


3. Determine all angles whose cosine is — vs. " 


4. Determine all angles 0 such that tang = — T. 


5. Solve the following equations: 
(Due Cox = = 0: 
(iii) М3 tan 2 x + 1—0. 


6. Verify that if 4 be any solution of the equation sinx = k, then the solution- 
set of the equation can be expressed as { n т + (— DE dne Zi 
7. Verify that if « be 4^y solution of the equation cos x = k 


{ = k, then the solution- 
set of the equation can be expresed as { 2n т it«:neZ Ь 


(ii) V2 sin x + 1. 0. 
(iv) 5 cot 4 x + 2 = 0. 
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8. 


9.7. Equations Involving onl 


Exampl 


Solution. sin x = 


Verify that if be any solutio; 
of the equation can be expresse 
Show that{x: cot X = k} = {nr + cot! k: neZ}, 
k being an arbitrary (but fixed) non-zero real number. 


das {пт +a:neZ}. 


Show that if |k| > 
{2пт + secl k: neZ}. 


Show that if | k | > L 
ne Z}. 


Let k > 1 and let S denote 
of the following statements is true : 
A. 5=ф. * 

B. S2ínz + (— 1)" sin 
С. в {а т + (—1)" sin 7! (1/k) 
D. None of the statements A, B 


the solution-set of the equation sin x 


-1k:neZ}. 

neZ}. 

and C is true. 
Let k > 1 and let S denote the solution-set of the equation cos x 
of the following statements is true : 

A. 5=ф. 

B. g={2 n m + cos! k neZ} 

с. 5={2 nr + cos -1 (1/k) :ne Zi 

D. None of the statements A, B and C is true. 


e solution-set of the following equations : 


Find th 
(1) cos x=1/2 ^ xe [—2 т, 27 ]. 
(i) tan x—l A xe[0 4r]. 
(iii) 2 sin x =— 4/3 Л x e [ —3 я, 37 ]. 


(iv) seex +2=0 ^ xe[ —47, 0]. 


y one Circular Function 


e 2. Solve the equation sin? x = 1/4. 

= 1/4 کے‎ (1/2) (1 — cos 2x) = 1/4, 
«= 2(1—cos 2x) =1, 

«=> cos 2x=1/2, 

«э 2x e 2n т + 7/3 :ne Zj, 
e— x e fn s + т]6 inez} 


Hence the solution-set of the giyen equation 15 
{nr 4 r6: n e Z} 
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n of the equation tan x = k, then the solution-set 


1, then the solution-set of the equation sec x = k is 


then csc x = k & xef пт + (—1)? esc-l К: 


k. Which 


k. Which 
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Aliter : 
sin? x = 1 => sin x = 1/2 V sin x = — 1/2, 
E хет + (—1)" 7/6 : neZ} ү x efn m + (—1)” (7/6) inez}, 
== xe fnm + (—1)" 7/6 :пе2 V хет + (—1)"*1 2/6 : ne Zi, 
баша бй 0 00 5 7 07. (i) 
Also, x eín a + 7/6 ine Z}>sin?x = sin? (nr + т[6 ), 
> sin? x = | (—1)^ sin (-+7/6)}2, 
е П О (1) 
From (i) and (ii) we find that the solution set of the given 


equation is {n7w74+7/6:neZ } 
Example 3. Solve the equation 
2 cos x — 5 cos x — 3 = 0. 
Solution. Factorizing the left hand member of the 
(2 cos x + 1) (cos x — 8) = 0. 
By setting each factor to zero, we have 
2 cos x + 1 = 0, or cos x — 3 =0 


given equation we have 


ie, cos x = —1/2, or cos x = 3. 
The second of these equations has no solution because the cosine of a number can- 
not exceed unity. Also cos x = —1/2 >xe Qn т + w3 ene Z } Hence the 


required solution set is { 2n 7 + 27/3 : n e Z} 
Check. xe { 2пт + 27/3 : n e Z} 


= 2 cosx — 5 cos x — 3 = 2 cos? 
— 5 cos (2nz + 27/3) — 3, 

= 2 cos? 27/3 — 5 cos 27/3 — 3, 
=2(—40#—5(—у—3—0. 


(2 nz + 27/3) 


Example 4. Solve the equation : 
se? x — 4 tan x + 9 = 0. 
Solution. sec x —4 tan x + 2 = 0 


<= tan? x — 4 tan x + 3 == 0), 
=} (tan x — |) (tan x — 3) = 0, 
S> nx = Гү tan x = 3, 

© xe {nz + 7/4 : neZ} V xef 


Р => хе Шт -- 7/4 4 neZ}] U { 
Hence the solution-set of the given equation is 


{n7+7/4 : ne 7} 


nz + tan^13 : neZ}, 
nz + tan73 : neZj]. 


U {nz + tan! 3 ine Zt 
EXERCISES 
Solve the following equations. Check the solution in each case 
l. сох = 42 | 


2. 4 sin?x — 3 = 0 
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8 tan? x = 1. 
tan? x = 3 cse x — 1. 


7. 4sin x + 4 sin x + 1 


л бо 
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7 sin? x + 3 cos? х = 4, 
2 CORK CSG = 
2 sin x — 3 sin x + 1 = 0. 


tan! x + tan x — 2 = 0. 
0. 


= 0. 
9. 2 cos x + 3 соѕх + 1 = 0. 
= 0. 12. ccx-ccx-6- 


11. co? x + 2 cot x — 8 


13. seč x + 3 ѕесх — 4 = 0. 14. 4 cos x —4sinx = 1. 
715. sin x — 2cosx + } = 0. 16. 2 (cos x + sec x) = 5. 
17. 8tonx + cot x = 5 csc x. 18. cos 3x + 8 cos x = 0. 
19. csc} 2x = 4 csc 2x. 20. 2 sin? xi = 1 — cos x. 


| 9.8. Equations Involving Trigonometric Functions of two or more Multiples of the 
| Variable 


Example 4. Solve the equation 
cos p X = cos q x, (p # 9). 

Solution. cos p x = cos q X . 

«== соз p x — cos q x = 0, 

<> 2 sin |} (p + q) x sin {4 (q — p) x} = 0, 

«= sin (3 (p + q) xj = 0 V sin {} (p + q) x} = 0, 

«=> 3 (p + q) xe {n7 : neZ} V 4 (q — p) xe {nr : neZ}, 


«== xe les ‘nez }у "eiie neZ 
p+q L q—-P 

«=> xe { 2an : neZ it 
qcP J 


et of the given equation is 


[ше : neZ } 
а+р 


Hence the solution-s 


Example 5. Solve the equation : 

соз x + cos 3 х + cos 5 x + cos 7 x = 0. 

s 5x + cos 7x = 2 cos 9x cos x + 2 cos 6 x cos x, 
= 9 cos x (cos 2x + cos 6x), 


= 2 cos x cos 4 x cos 2x. 


Solulion. cos X + COS 3x + co 


efore the given equation is equivalent to the equation 


Ther 
9 cos x cos 4 X cos 2 X = 0, 


which in turn is equivalent to 
cos: x = 0V cos4x = 0V cos 2 x = 0. 
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Now { х : cos x =0} = {(2n+1) 7/2 : neZ}, 
{x : cos 4x —0 | = {x : 4x = (2n + 1) 7/2, neZ} = {(2n + 1)z/8 : neZ}, 
{x : cos 2x =0} = fx :2x = (2n + 1) z[2, neZ} = {(2n + 1) 2/4 : neZ}. 
Therefore the solution-set is 


(Qn + 1) 7/2 : neZ} U {(2n + 1) 7/4 : neZ} U ((2n + 1) 7/8 neZ}. 


EXERCISES 


Solve the following equations : 
l. cos 4x — cos 6x. 2. sin 3x = sin 5x. 
cos 8x + cos 10x = 0. 4. sin 2x — 6x = 0. 
tan 4x — tan 9x. 6 

8 


5 tan 2x = cot 4x. 
7. cos 2x + sin 3x = 0. 
9 


cos px + cosq x = 0. 


. sin px + sin qx = 0. 10. tan m x = cot n x. 
ll. cos x + cos 3x = cos 9x. 12. cos 4x — cos 7x — cos x. 
13. sin 7x = sin x + sin 3x. 14. sin 4x — sin 2x = cos 3x. 


15. cos x + cos 2x + cos 3x = 0. 
16. sin x + sin 3x + sin 5x = 0. 
17. sin x + sin 2x + sin 8x + sin 4x = Û. 
18. cos 3x = cos 5x A xe [—27, 2т]. 
19. cos x + cos 8x + cos 5x = 0 Л xe ]—7, af. 
20. sin 4x + sin 2x = sin 3x ^ xe [0, 27]. 
9.9. To Solve the Equation 
а COS X + bsin x = c. 


Let us determine a positive real number rand a real number ¢ in [0, 27] such that 


a=res$,b=rsin $j. — ,... (i) 
Squaring both sides of each of the above equations and adding we have, 
а? + b? = r? cos? $ +r? sin? ф =r} 
Since we wish r to be positive, therefore we have 
Мен (ii) 
Substituting the above value of r in (i) we have 
a : DR л a oot (iii) 
О: == = See Е 
oo P= ass sn Ф = а? 59) 


Equations (iii) determine a unique number ф between 0 and 27, 
Having determined r and $, let us put a — 
The given equation then reduces to 

T COS ф. cos X + r sin ф. 


T cos $ and b =r sin $ in (i) 


sin х= c, 
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ог г cos (x -ф) = с, 


ог соз (х — ф)= -—— СӘ Чит ынс (у) 


VEY 
Two different cases arise according as T 
gas | (a+b?) рр 


| sappy! e 
N 


If c 3 e 
| JeF | > 1, then the solution-set of (iv) is empty. Since the 
given equation is equivalent to (iv), therefore the soluti 

1 | , solution- i 

tion is also empty. is wget ru 


c 
if | Jere) | < 1, then the solution-set of (iv) is 
= x: = Y e 
S {х:х ф =2пт + cos 1 (Еу neZ}, 
ie, S= kix = S^ OEE 
i.e., {x ix = 2nr + cos (7am) O eZ}. ar ee (м) 


Since the given equation is equivalent to (iv), therefore the solution-set of the 


given equation is also S. 
Example 7. Solve the equation 
cos x + V3 sin x —.l. 


Solution. Let us determine a positive real number r and a real number $ in 


[0, 27 ] such that 
1—r cos ф, J3—r sin $. (i) 
m l 
By squaring both sides of each of the equations (i) and adding, we have 


124- (4/3)? —1? cos? -+r зіп? ф, 


ог 4 = г. 
Since we wish r to be positive, therefore we have 
plIl$ SEE. Sue coy ee eoo. ne (ii) 


Substituting the above value of r in (i) we have 
cos ф —1/2, sin SEPA I КО Е (ii) 
The first of these equations has solutions 7/3, 27—7/3 in [ 0, 2r 1 
while the second equation has solutions 7/3, 7—7/3 in [ 0, 27 ]. 
he equations (11) have a unique common solution ф =n/3 in [0, 27]. 


Therefore t 
given equation as 


We can now write the 
г соз ф cos x + r sin ф sin x=], 


ог rcos(x—$ )=1, 
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or 2 cos (x—7/[3) =1, р 
onaco est EE P | (iv 
The solution-set of equation (iv) and therefore of the given equation (which is 
“equivalent to (iv) is, ) 
{x : x—7/3—2n т + cos! 1/2, п є 7), 
1.е,{х:х = 2пт + 7/3 + 7/3, ne 2). 
і. е., f2n7 ine ZU {2n 7427/3 : n e Z}. 
Check. 
X = 2n 700s x +4/3 sin x=cos 2n т + 43 sin 2n 7 =1+ ./3. 0—1. 
X = 2n 7+27/3>cos x + 4/3 sin x = cos (2nz --27/3)4-4/3 sin (2n 7 --22[3), 
=cos 27/3+- ,/3 sin 27/3, 
=—1/2+ J3 (/3/2)=1. 
Aliter: We may rewrite the given equation in the form 
4/3 sin x = 1—cos x. 
Squaring both sides of (i) we have 
3 sin? x=(1—cos x)?, 
or 3 (1—cos?x) = 1—2 cos x + cos? x, 
or 4 cos? x—2 cos x —2—0, 
or (2 cos x + (cox —1)20. |. 2 5 5 2... (ii) 
Equating each factor of the left hand member to zero, we have 
2соѕх + 1 =0 V cos x —1=0, 
ie, cos x = — Vcosx = 1. , 
The solution-set of (ii) is therefore 
5={2п 7 +27/3 :ne ZU 2пт:пеє Bo (iii) 
S is the solution-set of the equation (ii) which is obtained by squaring the 
members of (i). Since squaring is an irreversible process, we must check up as to 
which members of S are roots of the given equation. 


When x=2n т-Е2т[3, cos x+ 4/3 sin x =cos (2nz 4-27/3) 4- 4/3 sin (2n т +27/3)=1. 
When x =2n т —2m[3, cos x+ 4/3 sin x=cos (2n п—2я/[3)-- 4/3 sin (2n 7—27/3), 
=cos ( —22/3) + J3sin( —2n/3 ), 
=—1/2+ J3 (— /3/2), 
2. 


Whenx — 2n л, cos x +4/3 sin x = cos ( 2n « ) +4/3 sin ( 2n т), 
= 1, 


Непсе ү see that while every member of { 2n = +27/3 : ne Z] U {2n7:neZ} 
15 a solution of the given equation, no member of 20 7—27/3 :neZ } is a solution. 


[2j 
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Thus the solution-set of the given equation is 

(2n 727/38 : ne Z} U { 20 s : n eZ J. 
Remark 1. Each member of (2n 7—27/3: n e Z} is а solution of the equation 
—4/3 sin x =1—cos x. In fact, the solution-set of this equation can be shown to be 
(2nz:neZ]U { 2n п—27[3 : n eZ J. 
Remark 2. While we have worked out the problem in the above example in a 
rather detailed manner, the solution can generally be written in a more compact 
form as in the following example. 
Example 8. Solve the equation 2 cos x — 3 sin x = — 2. 


Solution. Dividing both sides of the given equation by 4/(224-(—3)?), we have 


2 cos X 3 sin x= ы , 
ails A/13 jig ^ tot MEER (i) 


Let cos"! -/is =ф. Then0 <¢ a ‚ and cos ф = 75 ^ 


We may, therefore, re-write (i) as 


n 3 2 
cos x COS ф — sin x sin ф= — 73 y А 


so that sin ¢ е 5 
TALIS 


i.e., cos (x+%)= -i 


and therefore of the given equation is 
2 
fx: х-Ьф==2п т X cos?! (71 neZ}, 


The solution set of (ii) 


2 
j. e, {x :x=2n r + со (— vai )-ó,neZ j, 


ie, {2n т zEeosz* (= Zu )—cos Visi 
1 the solution-set of the equation 

= 10. 

f the given equation by +/ (3° + 4), 


Example 9. Find 
3 cosx + 4 sin X 
Solution. Dividing both sides О 
we have j i "d » 
JG + 4) cos x + JO + 4?) N/(2 + 42) Й 
ie, 3/5 соѕх + 4 
ф. Then 0 < Ф < т] 
re-write (i) as 
+ sin x sin $22 


) = 2. 


|5 sin x = 2. ы 
Let cos“! 3/5 2 and cos ф = 3/5, so that sin û = 4/5. 

et cos = 
We may, therefore, 
cos x cos ф 


ie, cos (х — $ 


DER) 
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SERI Cat ^A Lan iet" Et, dice the solution-set of (ii) is empty. Also, 


since the given equation is equivalent to (3), therefore the solution-set the given 
equation is empty. 
EXERCISES 


1. Solve, by the method of Art. 9.9, the equations in the following problems. 
Check the solution in each case. 


(i) 4/3cosx + sin x = 4/2, (ii) cosx — A/3 sin x = 1. 
(iii) cosx + sinx = 1. ' (iv) sinx — cosx = V2. 
(v) J3sin x — cos x = 4/2, (vi) cosx +/3sinx = — 1. 


2. Solve, by the method of squaring, the equations in the following probelms. 
Check the solution in each case. 


(i) 4/3 co x — sin x = у 2. (ii) cosx = sinx = N2. 
(iii) sin x + 1 = У 3 cos x. (iv) cos x — sin х= 4/9, 
3. Solve the following equations : 
(i) cosx + sinx = м 2. (ii) 2 cosx — sin х = 2. 
(ii) cos x + 2 sin x = 3. (iv) 4/3 cos x + sinx = kh 
(v) tan x + sec x = V3. (vi) 4/2 sec x + tan x = ]. 
(vii) csc x = 1 + cot x. (viii) csc x = cot x + V3. 


9.10. Solutions of pairs of equations 
Example 10. Find the solution-set of the pair of equations cos x = 1/2 and 
sin x = — 8/2. 
Solution. We shall first find all those x in (0, 27] that Satisfy both the given 
equations and then determine the solution-set_by using the fact that the sine and 
cosine functions are periodic and have a common period 27, 
Now {x:cosx = 1/2 A 0<х< 27} = {т/3, 5а [3 |, ` 
Íx:sinx = = У3/2 А 0c x x 27} = { 47/3, 57/3}, 
Therefore 
{z 3 cosx = 1/2 A sin x = — 4/3/9 A 0 <х< 27} 
е SIR AD. оед {x :si 
sin x= 4/3/2 A 0 
={ 7/3, 57/3} N {47/3 , 57/3}, ЗА пиа 
=5n/3. 
By Periodicity of the sine and cosine functions, 
{x : cosx = 1/2 A siñ x = — V3/2 | = [2n s + 54/3 ine Z}. 
Hence the desired solution set is { 2пл + 57/3 ine Z} 
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Check. :x = 2n т + 57/3 (ne Z) = соз x = cos ( 2n т + 57/3 ) = cos 57/3 =}, 
and sin x = sin (2n m + 57/3 ) = sin 57/3 = — 4/3[2. 
Alternatively, we could proceed as follows also : 
{x:cosx = 1/2} = (2nz 47/3: neZ}, 
Ííx:sinx = — 43/2} = (nz + (—1)"(— 7/3) ne Z}. 
Now {x:cosx = 1/2 A sinx = — 43/2 } 
= Íx : cosx = 1/2} N {x : sinx = — 73/2}, 
= (x:x—2nz r3, neZ} {хіх = nz + (— 1)?*!2/3,neZ ], 
xix = 2n т d 7/3, n eZ] N fx :x = 2m s — 7/3 Vx = 2m r + 57/3, m e Z}. 
xix = 207 — п[3, neZ}, 
nr — 7/3 : n eZ ). 


Remark. By the first method we had obtained the solution-set as (2n 7 + 57/3: 
neZ], whereas we have now obtained the solution-set as {2n7 — 7/3:neZ} 
It appears as if we have obtained two distinct solution-sets for the same pair of - 
equations. (This, we know, cannot happen). However, we can easily verify that 
{2n m + 57/3: ne Z} = {20 т — z|[3: ne Z}. Such a situation might arise (in 
fact, it might have already arisen !) in many places. In such cases we should 
always try to examine whether two apparently distinct sets are in fact distinct or 
are simply two different ways of expressing the same set. ч 
Example 11. Find the solution-set of the pair of equations cos (2x + 3y) = 1/2, 
“cos (3x + 2y) = 43m. 


Solution. cos (9x + Зу) = 1/2 == 2х + Зу = 2pm taf, peZ ......... (i) 
cos ( 3х + 2y) = V/3/2 ==> 3x + 2y = 2q m + 7/6 qeZ ......... (ii) 
From (i) and (ii) we find that we have to solve the equations 
3x + By = Ip rt ape, OW O20 а NE os (iii) 
9x ++ Sy Sq Ea Gg Zea a жш ШЫГ eee ЕЕН (iv) 


Solving the above equations we have 

x = $ ( 2q r + 7/6 ) — $ ( 2p 7 + 7/3 ), p, q € Z, 

у= $ (2pr + 7/3) — # (2q 7 + 7/6 ), p, q e Z. 
Hence the required solution-set is z 
(х, y) : x = 2 (2qr + 7/6) — # (2p т + 7/3) i y = $ (2рт + 7/3) — $ (2q7 + 7/6) ; 
p. q e Z}. 

EXERCISES 

1. Find the solution-set of each of the following pairs of equations in the follow- 
ing problems : 
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(i) cosx = — 1/2, sin x = +/3/2. 
(ii) cos x = — 4/3[2, sin x = 1/2. 
(ii) cos x = 1/4/2, sin x = — 1/4/2. 
(iv) cosx = 1/2, sin x = — 1/2. А 
(у) sin х = +/3/2, tan x = — ‚/3. 
(vi) sinx = — 1/2, tan x = — 1/43. 
(Уй) cos x = 1/2, tan x = — 4/3. 


2. Find the set of all those x in [ — 2л, 27] for which cosx = —1/2 and sin x ' 
= — 3/2. 


3. Find the solution-set of each of the followin 
ing problems : 

G) cos (x + y )— 1/42, cos (x — y) = 1/2. 

(i) cos (2x + y) = 1/2, cos (x + 2y) = 7/3/2. 

Gii) sin (x + y) = 1/4/2, cos (2x — y) = — 4/3/2. 

(iv) cos (x + Зу) = 1/2, tan (3x — y) = 1/473. 

(у) Find the set of all those (x, y) for which 

= 10 <х < т|2,—т|2 < у < 7|2, cos (х—у) = 403/2, sin (x+y) = 1/4/2. 


g pairs of equations in the follow- 


9.11. Trigonometric Inequations 


So far we have been dealing with trigonometric equations. We shall now con- 
sider trigonometric inequations. The method of determining solution-sets of tri, 
gonometric inequations will become clear from the following examples. 


Example 12. Find the solution-set of the inequation sin x «1/472. 


Solution. In the interval [ —7/2, 7/2 ] x increases strictly from —1 to 1 and 
assumes each value only once. In particular, it assumes the value 1/4/2 at x=a/4 


Therefore the solution-set of sin x < 1/42 in [—7/2, 7/2] is {x : —"[2 < x < a/4}. 


sin x decreases strictly from 1 to —1 and assumes 
In particular, it assumes the value 1/42 at х= 32/4. 
set of sin x < 1/4/2 in [=/2, 37/2] is { y : 3r/4|< у < 3n/2}. 
Therefore the solution-set of the given inequation in 

[-7/ 321i S = (у: s cy < mjt} U [y :3п]4 < y < 39/2). 

By periodicity of sin x, the solution-set is 

[2nz + y:yeS, neZ}, 
i.e, {2n7 +y: = 7/2 < y < 7|4, neZ} U 
Example 13. Find the solution-set 
Solution. COS x < 1/4 جڪ‎ 


In the interval [ 7/2, 37/2 ], 
each value only once. 
Therefore the solution 


{ 2пх + y : 37/4 X y < SAF 
of the inequation cos? x < 1/4. 
— 1/2 < cosx < 1/2, 
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In the interval [ 0, 7], cos x decreases strictly from 1 to —1 and assumes each 
value only once. In particular, it assumes the value 1/2 at x = 7/3 and — 1/2 atx 
=27/3. 

"Therefore the solution-set of —1/2 < cos x < 1/2 in [ 0, r ] is { y : 7/3 < y < 27/3}. 


In the interval [ 7, 27] cos x increases strictly from —1 and 1 and assumes 
each value only once. In particular, її assumes the value —1/2 at x = 47/3 and 
1/2 at x = 57/3. : 


Therefore the solution-set of the given inequation іп [0,27] is S = {y : 7/3 
< у < 2/3} U {y: 47/3 <у < 59|[3] . 

By periodicity of cos x, the solution-set is 

{2n7 +y:yeS,neZ} 

i.e, nz + y : 7/3 < y «22|3,ne Z} U {20т + y : 47/3 < y < 57/3}. 
Example 14. Find the solution-set of the inequation tan? x > 2. 
Solution. tan? x > 9 < tan x > y2 V tanx < — v2. 

Let 4 = їап^1 4/2 so that — < = tan^! (—4/2). In the interval j — 7/2, 7/2 [ tan 
increases strictly and assumes each value exactly once. In particular, it assumes the 
value — 4/2 only at « and the value 4/2 only at x. Therefore the solution set of the 
given inequation is] — 7/2, 7/2 [is S = fy: — 7/2 < y < — at U fy: < y < 2/2} 

By periodicity of tan x, the solution-set is : 

{от + y : y eS, neZ}, 

i. е. {nr + у: — 7|2 < y < — ta! №, n e Z} U {nr + y : tan? y2 < y < 7/2, 
neZ}. 


EXERCISES 


1., For each of the inequations in problems (i) to (iv), find the set of all those x in 
[ — 7/2, 3/72] that satisfy it : 
(1) sinx < 1/2. (ii) sin? x < 3/4. 


(i) своіх < V2. (iv) csc?x < 2. 


2. For each of the inequations in the following problems, find the set of all those 
х in [0, 27] that satisfy it : 
(i) cosx < 1/2. (ii) cos? x > 1/4. 
(ii) cos x + 4/3 sin x < V2. (iv) cosx — y3sin x 2 1. 
3. For each of the inequations in the following problems, find the set of all 
those x in] 7/2, 7/2 that satisfy it : 
GQ —1< tanx <1. (ш) |еһх|<1 EES 
(ii) сох < 16. (iv) sec?x > 10. ; 
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4. Find the solution-set of each of the inequations in the following problems : 


(D sinx > 1/4/2. G) [сох | «1. 
(iii) cos? x < 1/4, Gv) sin? х > 3/4. 
(у) | tanx | < 1/3. (vi) cos x + sin x < l. 
(vii) 4 cos x + 3 sin x < 2. (viii) 1/3 < sinx < 1/2. 


ASSORTED EXERCISES ON CHAPTER 9 
1. Solve the following equations : 


() 2 (cos x + sin*x) = 1. (i) tan x + tan (7/4 + x) = 2: 

(ii) tan 3x = tan 2x + tan x. (v) 2 sin 2x — sin x = 0, 

(У) cot x + tan x = 2 csc x. (vi) cot x — tanx — 9. 

(vii) 5 tan x — 1 = tan? x. (viii) cos x + sin x = cos 2x + sin 2x. 
(ix) 1 + cos x = 2 sin? x. (х) 2 tan x + sec x = 1. 

(xi) 2 sin! x — cos x = 0. (xii) sin x + csc x = 1. 


(xiii) tan x — (1 + v3) tan x + 1/3 = 0. 
(xiv) sin x + sin 2x + sin 3x + sin 4x = 0. 


2. Find the solution-set of the pair of equations 


sin x = 4/3/2, cos x = — 1/2. 
3. Find the solution-set of -the pair of equations 
cos (3x — 4y) = 1/2, sin (9x + ESA туд. 
4. Find the set of all those (x, y) for which 
cos (2x + y) = —1/2, cos (х + 2y) =1//2,0<х=< 32/2,0 < y <, 37/2. 
5. Find the set of all those x in [= я 
< 73/2. 
б. Find the solution-set of thé inequation tan? x < 1/3. 


/2, 37/2] that satisfy the inequation sin x 


7. Find the solution-set of the inequation cos 2x + 9 sin 9x = 5/2. 


ANSWERS 


(Page 23) 
(i) 12° 15' 36" (п) 37*'37' 12" (iii) 42? 9' 0”. 
(1) 19°-29 (ii) 3.26 (iii) 2°-88. 
4th, 2nd, 2nd, Ist, 4th. 
75°. 
60°, 30°, 45°, 9°. 
114°-58, 171°-86, 286°-44, 17°.19, 572°-88 (correct to two places of decimals). 
4:19, 1:05, +79, -52, -31, 1:83 (correct to two places of decimals). 
10-47 cm (correct to two place of decimals). 
Oz or 18.85 radians correct to two places of decimals. 
опе. 
8-4. 
1131428:57 cm. 
5:4. 
1°-44 ог -025° per second. 
30 radius per second. 
37775 km. 


(Page 31) 
tan 50°, sin 57°, cos 99°, cot 275°, sec 298°, csc 182°. 
No. 
Yes for a = 1 and fora = ~ 1. 
No 


- (Page 33) 
(i) Ist (ii) 4th (iii) Ist (iv) 2nd (v) 2nd (vi) 3rd (vii) 4th (viii) 3rd 
(i) True (ii) False (iii) True 
(i) 3rd A 4th (ii) Ist A 4th (iii) Ist A 3rd (iv) 2nd A 4th (v) 2nd A 3rd 
(vi) Ist A 2nd. 


(Page 37) 
1, 0, 0, —1, —1, —1, 1 respectively. 
(i) 1 (ii) 1 (т (iv) 0. 
tangent and secant. 
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(Page 42) 
1. (i) Sin0 = 12/13, cos 0 = 5/13, Хап 0 = 12/5, 
sin ф = 5/13, cos ф = 12/13, tan ф = 5/12. 
(ii) Sin 0 = 24/25, cos 0 = 7/25, tan 0 = 24/7, 
sin ф = 7/25, cos ф = 24/25, tan ф = 7/24. 
(1) “Sin@ = 4/5, cos 0 = 3/5, tan 0 = 4/3, 
sng = 3/5, cos = 4/5, tang = 3/4. 
(iv) Ammo b cos 0 = = E 
a+b" vab? a 
a b a 
sin ф = - = —== = 
EET om NO EDO “ЛЬ 


Tan | Cot Sec | Сзс 


- 
7/6 E [sp | 1/3 | «8 
| 
т[& Ом 121 1 | V2 | «2 
| | 
! | | 
"18 v3 | 12 уз из 2 | Qa/3 


IVS | 2 


| 

Т 6 ^ — 
s ن‎ VEY a VE cu » eys 
6. sin 300° = — 4/3/2, cos 300° = 1, tan 300° = — 4/3, 

esc 300° = — 2/4/3, sec 300° = 2, cot 300° = — Vt. 
7. sin 57/6 = +, cos 57/6 = — 4/3/2, 

tan 57/6 = 4/3, cot 57/6 = — 4/3, 

csc 5т/6 = 2, sec 57/6 = — 9/4/3, 


(Page 49) 
2(i) Identity (ii) Conditional equation. 
(iii) Identity. 
(iv) Identity. 
(v) Identity. 
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= 7/2, 0 = —т/2. 


= 7/3, 7/6. 


(iv) 
(v) 
(vi) 
(vii) 
(viii) 
(ix) 
(x) 
(хї) 
(xii) 


(xiii) 


4. 0 
5. 0= 7,0 = 0. 
6. 6 
7. 0 


22/3, 0 = 5т]4%. [ Read ‘exercise 2 (iii)’ instead of ‘exercise 2 (ii) ] 


(Page 55) 
cos 0 = + 12/13, tan 0 = + 5/12, cot @ = + 12/5, sec 0 = + 13/12, 
csc 0 = 13/5. 
sin 0 = + 3/5, tan 0 = F 3/4, cot 0 = F 4/3, sec 0 = — 5/4, 
csc 0 = + 5/3. i 
sin 0 = + 24/25, cos 0 = + 7/25, cot 0 = 7/24, csc 8 — + 25/24, 
sec 0 = + 25/7. 
sin 0 = + 1, cos 0 = 0, tan 8 is not defined, csc 0 = + 1, sec ĝis not 
defined. 
sin 6 = + 4/8/3, cos 0 = 1/3, tan @ = + V8, cot 0 = + M48, 
csc Ө = + 3/48. 
sin 0 = — 1/4, cos 0 = + 4/15/4, tan 0 = F 17 /15, cot 0 = F 4/15, 
sec 0 = + 4/4/15. 


` sin 0 = 3/5, tan 0 = 3/4, cot 8 = 4/3, sec 0 == 5/4, csc 0 = 5/3. 


cos @ = — 12/13, тап ба 5/19 сок = = 12/5, sec 0 = — 13/1278 
csc 0 = 13/5. - 

sin @ = — 15/17, cos 0 = 8/17, cot 0 = — 8/15, sec @ = — 15/8, 

csc 0 = — 17/15. 

sin 0 = 3/5, cos 0 = — 4/5, tan 0 = — 3/4, csc 0 = 5/3, sec Ө = — 5/4. 

sin 6 = —12/13, cos 0 = —5/13, tan @ =12/5, cot @ = 5/12, sec 0 = —13/5. 
sin 0 = — 24/25, cos 0 = 7/25, tan 8 = — 24/7, cot = —7 /24, 

csc 0 == — 25/24. 

sin 0 = — 4/3/2, tan 0 = — А3, cot 0 = — 1/+/3, sce 0 = 2, 

csc 0 = — 24/3. ^ 


cos Ө = 4/7[4, tan 8 = 3[4/7, cot 8 = 4/713, sec 0 = 4/47, csc 0 = 4/3. 
sin 0 = 3[4/13, cos 0 = 2/4/13, cot @ = 2/3, sec = 4/13/2, csc 0 = 4/13/3. 


sin 0 = 6/4/61, cos 0 = — 5/4/61, tan 0 = — 6/5, sec @ = — 4/61/5, 
csc 0 = 4/61/6. 

sin 0 = 1/3, cos 0 = — 4/8/3, tan 0 = — 1/4/8, cot 0 = — 4/8, 
sec à = — 4/3[8. 

sin 0 = 4/21/5, cos 0 = — 2/5, tan 0 = — 4/21/2, cot 0 = — 2/4/21, 
csc Ө = 5/4/21. 

sin 0 = 12/13, tan 8 = — 12/5, cot # = — 5/12, sec @ = — 13/5, 


cs 0:2x-13/12; 
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(xiv) cos = — 43/2, tan 0 = 1[4/3, cot 0 = 4/3, sec 0 = — 2/4/3, csc 0 = — 2. 
(xv) sin = — 2/4/5, cos 0 = — 1]4/5, cot 0 = 1/2, sec 0 = — м 5, 
csc = — 5/2. 
(xvi) sin 0 = — 4/5, cos 0 = 3/5, tan 0 = — 4/3, sec 0 = 5/3, csc 0 = — 5/4. 
(xvii) sin = — 7/25, cos 0 = — 24/25, tan 0 = 7/24, cot 0 = 24/7, 
sec 0 = — 25/24, 
(xviii) sin 0 = — 5/13, cos 0 = 12/13, tan 0 = — 5/12, cot 0 = — 12/5, 
esc @ = — 13/5. 
3. — 5. 3 
4. (i) lstor2nd (ii) 2nd or 3rd (їй) Ist or 3rd (iv) 2nd or 4th (v) Ist or 2nd 


ою mc 


18. 


(vi) 2nd or 4th. 


(i) True (ii) False, 


(Page 58) 
(i) True (ii) False (iii) True (iv) True (v) True (vi) False. 
(i) True (ii) False (iii) True (iv) True. 
tan —90° A sec —90? are not defined, all others are defined. 
(i) —-79 (approx) (ii) —-75 (iii) 0. 


(Page 59) 
sin 0 = —7/25, cos 0 = 24/25, tan 0 = —7/24, 
csc 0 = —25/7, sec 0 = 25/24, cot 0 = — 24/7, 
(i) 4th (ii) 4th (iii) 2nd and 4th (iv) Ist and 2nd. 
Cotangent, cosecant. 


Sin 330° = —1, cos 330° = V3/2, tan 330° = — 1/478, 

csc 330° = —2, sec 330° = 2 //3, cot 330° = = м 3. 

The statement is true. 

=5: 

sin (270 + 0) = — cos@ 5 cos (270 + 0) = sin 0 ; tan (270 + 0) = — cot 0; 
csc (270 + 0) = — seca 3 sec (270 + 8)= csc 0 ; cot (270 + 0) = — tan 0; 
sin (270 — 8) = — cos 8 5 cos (270 — 8) = 


= — sin 0 ; tan (270 — 0) = cot 4; 
ese (270 — 0) = — sec 8 ; sec (270 — 9) = — esc @ ; cot (270 = 6) — tana: 
sin (90 — 0) = cos 6; cos (90 ~ 0) = sin 0 ; tan (90 — 0) = cot 0; 


cot (90 — 0) = tan 0; sec (90 — 8) = csc 0 3 esc (90 — 0) = sec 0. 
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(Page 71) 


Sin (A+B) = 56/62. d 
Cos (A+B) = 63/65. [Read sin B = 5/18.] 
G) 1/2 (i) 4/3/2 (iii) 1/7/2 (iv) 1/2 
10. when qs — pr then A and B are complementary. 
15. For Q.5 (v) : True for all values of 0 and $ except when 
0 and, or, ф are odd multiples of 2/2. 
For О 5(vi) : -do- 


e 


(Page 75) 
1. (i) sin 26° (ii) cos 50° (iii) tan Qn/5 (iv) cos 27/9 (v) sin 62° (vi) cos 46° 
(vii) cos 34° (viii) sin 45° (ix) cos 37/10 (х) cot 37/7 [ Read 1 — 3 tan? 7/7 
in the numerator ]. i 
2. 2 cos 65° — 1. 
3. 4 cos? 18° —3 cos 18°. 


cot? 24° —3 cot 24° 


ue r 7 1 
5. (i) sin 20 = FF cos 2 0 = — ahs tan 20 = 25 
(ii) ай 2 = 5 VIS cs 20 =ч, tan = ып 
(iii) sin 2 8 = 35, cos 2 0 = 50. tan 20 = 2 
(iv) sin 2 0 ==, cos 20 = i. tan 20 = = 
8. For all values of 0 between 0° and 360° except for 30°, 150°, 210° and 330°. 
* 


(Page 80) 
Lo —.32 (i) 1/2 Gi) —19 (1 (0) —2 (vi) — 2 (io 


(di ax. 


2 


2. (i) — cos 0, (ii) — sin 8 (iii) tan @ (iv) cot 0 (у) — sec @ (vi) sec 0 
(vii) — tant 6. 

3. (i) cos 19° 3(ii) — cos 27° 3(ii) cot 25° (iv) — cot 42° (у) — esc 13°, (vi) sec 
24°. 

4. 80°, 880°. 


5. 240°. 
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(Page 83) 
EY 
sin 15 22 `> 
УЗЕ. 
соз 15 293 * 
T S 
tan 15° — 301 
sin 9/2 = 1/45; 
cos 0/2 = 2/45; 
tan 0/2 = 1/2. 
sin 0/2 = 4/5, cos 6/2 = — 3/5, tan 6/2 = — 4/3. 


sin 6/2 = 5/4/26, cos 9/2 = 1/4/26, tan 6/2 = 5. 
sin 0/2 = 1/4/5, cos 6/2 = — 2/5, = tan 6/2 = — 1/2. 


(i) True (ii) True (ii) False; L.H.S. < 0 while R.H.S. > 0 (iv) True 
(v) True. 


(Page 87) 
(i) sin 90° + sin 30° (i) sin 100° — sin 40° (iii) cos 60° + cos 30° 
(iv) cos 20° — cos 100° (V) sin 60 + sin 4 0 (vi) } cos 2A + } cos ов 
(vii) 2 sin 2 0 — 2 sin 120° (viii) 4 cos 2 (A — B) — 4 cos2 (A + B). 
(i) 2 sin 36° cos 12° (ii) 2 cos 42° sin 30° (iii) 2 cos 4 0 cos 0 
(iv) —2 sin 47/9 sin 27/9 (v) 2 cos 2 0 sin Ф Г Read the question as sin (2 0 + 
— sin (20 — ¢ )] (vi) 2 sin 3 « sin 5 f. 


(iv) Read sin ( 1209 +4) + sin (240° +. 0) instead of sin (120° 4. 9) 
(240° + 0). 


(Page 91) 


$) 


sin 


() 4953 (ii) 6648 (iii) 6168 (v) 6371 (V) 1241 (vi) 1-167 (vii) -9644 


(vii) 9605 (ix) 2-299 (x) 1:520. 
(0 7° 10° (ii) 14° 5 (iii) 58° 30^ (iv) 55° 10° (v) 67° 20 (vi) 54° 
(vii) 67° 50 (viii) 69° 99° (їх) 26° 30° (x) 59° 40, 

(Page 93) 
(i) 4754 (ii) 6187 (iii) -8371 (iv) -8806 
(ix) 1-517 (x) 1.181 (xi) 1.037 (xii) 1.712. 
$200. GU e qi) эзе ak (v) 31° 26' (v) 66° 47 (yi) 45° 

E e " tee ^6 B^ X 0) ні 

(уй) 71? 95 (viii) 66° 6 (ix) 29° 367 (x) 67° 94 (xi) 56° 44 (xii) 27° 15’, 


30 


(0 25 (vi) 1.020 (vii) -7300 (viii -8313 


48" 
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(Page 108) 
Т. (i) 80 sq. cm. (ii) 336 sq. cm. (iii) 9430 sq. cm. (iv) 1(3 + 4/3) sq. m. 
(v) 30 sq. cm. 
2. 5 cm. 
(Page 115) 


1. (i) 753/9 (ii) 50 cot 224° (iii) (125/2) cot 18°. 
2. 5 cot 18°, 5 csc 18°. 

5. (9/2) cot 224° — 6/3 sq. dm. 

7 п=3 8&n=6. 


(Page 119) 
1. (i) log, 64 = 6 (ii) log, 81 = 4 (iii) log, (1/49) = —2 (iv) log, 1 = 0 
(v) log; 9 = 2/3 (vi) logs 4 = 2/5. 
2. (i) 16 (ii) 4 (iii) 1 (iv) 27 (v) 1/49 (vi) } (уй) 2 (viii) 3 (іх) 10 (x) 2 
(xi) ae R,a +0, a= 1 (xiii) 4 (xiv) 5 (xv) 3 (xvi) —4 (xvii) $ (xviii) 4. 


(Page 121) 
1. (i) log 3 + 2 log 2 + 2 log 7 + log 11 + log 17. 
(ii) 10 log 2 + 4 log 7 —3 log 9. 
(iii) 2 log x + 3 log y + 4 log z — log p — log q – log r. 
(iv) 4 [log(s- b) + log(s—c) — log s — log (s—a)]. 
2. (i) logs = — log 2 + log g + 2 log t. 
(ii) log V = 2 log 2 — log 3 + logz + 3 log r. 
(iii) log t = log 2 + logz + àlogl — } log g. 
(iv) log F = log k + log m, + log m, — 2 logr. 
3. (i) 18060 (ii) —5-2481 (iii) 13801 (iv) -4034 (v) 1.59305 (vi) .31225. 


on 


G) x = 8 (ii) x = 8 (iii) x = 0 (iv) x = 16 (уух = 1 (vi) x = 190/53 
(vii) x = —5 or —7/5. 
(Page 129) 

1. i) 2 (т (ii) 4 (iv) —1 ( —5 (Wi) 4 (vii) 2 (viii) 3 (ix) 1 (x) 0 
(xi) —3 (xii) —2. 

2. (i) 2 (ii) —4 (Шу—1 (iv) 3 (у—5 (vi) -7. 

З. (i) 673-1 (ii) 6731 (iii) 67:31 (iv) 6731-10" (v) -6731 (vi) «06791. 

4. 16. 

D. 19) 
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(Page 133) 
1. (i) 36407 (i) 44581 (iii) 59720 (iv) 0.6664 (v) 1.8955 (vi) 2.0924 (vii) 8.7882-" 
(viii) 5-5051—" (ix) 7-6885—1. 
2. (i) 2596 (i) 4888 (iii) 6.551 (iv) 4403 (v) .02674 (vi) -3448 (vii) -002101 
(viii) -0007472 (ix) -00009934. 


(Page 135) 
1. 25.17 2. 8035 3. 7:30 4. 35.14 5. 005748 6. 01813 7. 1.327 8. 76.70 9. .09198 
10. 21.09 11. 5117 12. -2705 13. 1.611 14. 89-93 15. 6-176 16. 19-16 17. —7-067 
18. —14-07 19. 1.022 90. .433. 


(Page 136) 

1. (i) 1641 (ii) 7157 (iii) 7097 (iv) 1-946 (V) :074 (vi) 1.4753 (vii) 3.83 (viii) -9778 
(ix) 1-845 (x) 1:098 (xi) 1.585, 9.399 (xii) 1-465, -631 (xiii) .6895, -4306 
(xiv) .3562. 

2. (i) x > 2808 (ii) x < +7372 (їй) x > -03523 (iv) x 2 2۰181 (v) x > 2:322 
(vi) x < — .3449. 

3. (i) 5-996 (ii) 3-402. 


(Page 138) 
1. Rs 8147. 2. Rs 7247. 3. Rs 5099. 4. Rs 657. 5. 3.6 x 10° ergs. 6. 1.195.109 k.w.h. 
[Read 105 instead of 16°] 7. 1421. 8. 12 hrs, 2 min. 24 sec. 9. К. = .0000969 
10. 2536 years 11. (i) positive (ii) negative (iii) k = -1003 —.001505. 12. T = 1-269 
(m = 3-1416). 13. 1244 cubic cm. 14. P = 606.6 15. No, rails should be spaced 
at least -8868 cm. apart. 


(Page 141) 
І. (i) 97201—10 (ii) 9-5704—10 (iii) 0-0986 (iv) 0-3586 (v) 011810 (vi) 0-1082 (vii) 
9.6558—10 (viii) 9.9770—10 (ix). 0.1438 (x) 0-0834. 
(i) 15° 30' (ii) 24° 10’ Gii) 11° 40' (iv) 99° 4 
(vii) 41° 127 (viii) 43° 94^ (ix) 28° » (x) 42° 14. 


о 


(у) 15° 38’ (vi) 25° 23 


(Page 141) 


4. 2305 5. (i) 9.6786 — 10 (ii) -3868 (iii) -2873 
(iv) 1086, 6. 142 Jenn Veo E E IYf8, = 13/9 8. 11.58 hours 9. —15.59 13. 04844 
14. -6183 15. 19 digits 16. 19th from the left 17. .9762 18. 1651. 20. (i) x = 3.162, .01 
(ii) x = 10! 21. 9 years 22. —.009199. 93. No. 95 1847 metres 


1. 3148. 2. 6159. 3. x < 9.096. 
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@) 
(ii) 
(iii) 
(iv) 
х > 
(i) 
(ii) 
(iii) 
(i) 
(ii) 
(iii) 
(iv) 


(i) 
(i) 
(iii) 
(iv) 
(i) 
(ii) 
(iii) 
(iv) 


(i) 
(ii) 
(iii) 
(iv) 

(i) 
(ii) 
(iii) 
(iv) 


(i) 
Gi) 


py gg” Бр р > 


Dm 


co 
Ш 


2 


M 


> с о 


rParaawas 


w 


1 


[ 


1, 

м6, 

13, 

15, 

436, 
97-29, 
199?1, 
226.9, 
94° 40', 


106°, 
47°, 
97° 50', 
82° 30’, 
72°, 
78° 10’, 
65° 45’, 
33° 49’, 


35°, 
БӘР, 


тшшш 


Wg Ww ш 


ш>> >Ш Pree 


э و دوس‎ ow 


ang 


=5 


(Раре 151) 
dns 
45°, 
59°, 
25° 50', 


84°, 
61°, 
$^, 

60°, 


=43° 20’, 


48° 17’, 
57° 58’, 


(Page 156) 


80°, 
105°, 
91°, 
28°, 
78° 15’, 
91? 54’, 
83° Т, 


= 39° 45’, 


25° 20’. 


(Page 158) 
15, 

187, 

169, 

103, 


85, 
144, 
22:66, 
16:18, 


(Page 169) 
37*, 


= 129°, 


aa Oo 


Oooo QOQA 


wPmaoawrmnawand 


ll 


75°. 
15°. 
19°. 
139° 85' 


62°. 
76°. 
95°. 
64°. 
76° 40°. 
fOr 84% 
83° 6": 


120°. 
15°; 
112°. 
1175. 
49° 35'. 
37° 18'. 
49° 17. 


= 73° 35’. 
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п. 
18. 
15. 


SO бо м 


S о со N ос o n 


Gii) А, = 58°, 
and A, = 122°, 
(iv) No solution. 
(v) No solution. 
(vi) В, = 59°, 
апа В, = 121°, 
(vii) В = 5° 50’, 


(viii) B = 37° 23, 
(ix) В, = 67° 20, 
and B, = 119° дү, 
(x) В = 50° 10, 
(xi) В, = 66° 40’, 
and B,— 113° 20, 


(xii) No solution. 
(xiii) No solution. 
(xiv) B = 43° 51”, 


2:12 metres. 
29 metres. 
444 metres. 
height — 
80 m. 
height — 


pole is 21.7 metres, 
12 metres. 

33-3 metres, 

65°. 


45 metres, 


7-53 km from P and 9-69 


43 km. 
54 metres, 


60 m, distance = 


C, = 21°, % 
C, = 89°, q 
С, = 27°, G 
C = 108° 40’, с 
С 3191 ay ü 
С, = 60° 10, G 
C, = 28° 50’, Ca 
С = 28° 30, с 
C, = 79° 40’, с 
C, = 38°, с 
С = 88° 57’, с 
(Раве 176) 


2; Т4, 
4. 87-1 metres. 
6. 430 metres. 


35 metres, distance = 20 metres. 


35 m. 
The point is at a distance of 1 


12. 15 minutes. 
14. 4.2 metres. 
16. 261 metres. 


(Page 179) 


km from Q. 


7. 88 m. 
9. 11 metres. 
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29. 


36-95. 


205 m from one pole and the height of the 
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10. 
11. 


12 


13. 


840 metres. 

Elevation of the Sun = 37° and angle made by hillside with the horizontal 
LE 

13^. 

l sin (x — y) sin (в — «) csc (8 + y) sec <, if the points are on the same side 
of the tree; 1 sin (x — y) sin (8 — «) csc (B — y) sec x, if the points are on 
opposite sides of the tree, [Read ‘a point 1 metres . . .' instead of ‘a point 1 
metre a 4... 

R can be cither 290 km away or 140 km away from Q. 


60 metres. 


(Page 186) 
20 metres. 2. 244 metres. 8, 23953 
the distance = 58 metres and the angle of elevation = 14°. 
330 metres. 
The height of the metre or = 100 metres and its distance from A is 110 
metres. 
asin Y sin = 
Sy feet. 
(Page 187) 
(iy. A= 405; В. = 465; G = 94°. 
(пу А = 378, B = 97", С = 46°. 
(1) A = 116°, B= 40°; © = 1521 
(iv) А = 79°, b = 55, c = 61 
(уу B = 22°, G = 107 єз Bl. 
(vi) В, = 78°, С, = 40°, c = 33. 
B, = 1022; G= 16°, GE 15; 
(vii) С = 36°, Anis, 445; a = 98. 
(viii) А, = 46°, В; = 1055. b, = 45. 
А, = 134°, В, = 17°, b, = 15 
w A = 70° 17, В = 59° 36, (ta 50" дә 
(1) А = 84° 50, B = (542 БО, с = 366. 
(iii) A = 70° 50, b = 65-14, c = 7741 
(iv) C = 26° 46’, А = I5? 995 a — 1470 
(у) A, = 59° 34’, B, = 84° 56’, b, = 66-01. 
Ay = 120°. 267, B, = 245045 b, = 27-02. 
(vi) С, = 61° 24, Bios 85° 497, b, — 6044. 


C, = 118° 36’, By 202 76 by = 20239. 
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TY 


PLANE TRIGONOMETRY 


(vii) С, = 24° 34, A, = 134° 17’, a, = 8410. 
C= 155°: 26% А, = 3° 25’, a, = 7:00. 

30°. 

120°. 

height of the hill above AB = 239 metres. 

13030 metres. 9. 3.8 metres. 

112-3 metres. 

h d sin x sin (т + в) 

m cy uc. а 

144 metres. 

Speed of the aeroplane — 490 km. per hour (correct to two significant 
figures). 

Direction of Flight is S73°E, to the nearest degree. 

(Page 200) 

—n[2, 7/2, 37/2, 52/2. 

0, 7, 2r, Зл. 

—3n/2, —n[2, 7/2, 37/2. 

0, 7, 2m, 3r. 

(i) (x, tanx) : 0 <x < 7/2} ; {( x, sin x ) : 0< x < 7/4}. 

(ii) {(x, cotx) : 0 <x < 7/2}; f(x, соѕх) : Seid, d 

(ii) (x3) :0 < x < 1}; (xx): 0 < x — 21. 
(iv) (x, x): 0<х<1}; (f(x а" 

(Раве 231) 

(i) sinc! (—1) = =? 2. (i) соз-1 (=1) =r; 
(i) sin-1 (—43[2 = — v[3; у eei (~1/3/2) = Эп. 
(ii) sin (—1/y2) = A 6 


(iv) sin- (—1/2) = Ti 


5 


Gii) cost (1/2) = E ; 


› 


(у) sinc! 0=0; (v) cos-!(— 1/2) = i 
(0 зар т, () cos} фе = 
(vii) sin-1 (1/42) = +: (vi) соз-1 i- + ; 
(viii) sin-1 (73/2) = A (vii) cos-1( Цу?) = Ai 


ix) nex mcm 
(ix) 2 


(viii) cos- ! ( 8/2) = M H- 


6° 


(ix) соз-1 1-0. 


ANSWERS 


E 


20. 


#1. 


(i) tanc! (C 3) = FS: 


(i) tanc! (-1) = 7; 


(i) tan-! (—1//8) = Ê ; 
(iv) tan-! 0-0; 
(у) tan-!(—1/4/3)— —— 


(vi) tan-!(—1) =: 
(vii) tan-! y3 =з 


(i) зес-1 (—1) =a; 

(ii) sec (—2/4/3)— A 

(ii) sec-!(—4/2) = Lor 
2r 


(iv) sec-! (—2) = “ait 


(v) sec) 2= = ; 
(vi). 5ес-1 y2 = > 
(vii) sec-! (2/43) = -7 ; 


(viii) sec-! 1=0. 


12 24 
13 8 5 9. 5/4/11 
3 5 FE 4/6 
5° 12. —54/74. 13. тән 
4 
Р ЗЕ: уе dae 
_ sin клат" {ап wat 
соз” 3 tan" = 


6. (i) 


(vi) 
(vii) 
(viii) 


cot-1 (— y3) = == 
cot; (—1) = =; 
cot-1(—1/4/3) = = 


cot! 0= кл 


5°? 


cot-! (1/4/3) = Ai 


0011 = Z; 

cot 1 4 

ot-1 4/3 = 7. 

со n € 

csc-! ED = -5 

Got =. 

S BUR 

(—/92y 2 2".‏ یی 

CSC (S 2) 4 

csc-! (—2) = TES 
1 9 = 7, 

csc-! 2 65 

sc /2 = =; 

CSC /9 73 

ese“ (2/3) = 3 
sci] =". 

csc 1 2" 


273 


, 


6. . No, it is false. 
7. No, it is meaningless. 
8. No, it is does not make sense. 


9. Yes; no. 


I0: x ebrei) 


"274 à PLANE TRIGONOMETRY 
= 4— x? ке 
22. simi. cosi = 2) = = 
а= 
23. sin^t =, cos”! V(x = 9) 
(Page 241) 
1-8) 2, (ii) we = (i) 4; 
(iv) m (v) not defined ; (vi) 4/8. 
4 X є {а:а? < 1 апаа +0}; 
(ИП) ЗУУ е да: аз <; 
ше даза р; 
üv) x e В; 
(у) x е Е; т 
M) ex є {а:а? > 0а з 1); 
No) x € fa: си; 
(0) е “fara ст}. 
Gy x= b 
(x) x 438. 
1 (Page 249) 
Eu » dao MORES 
lc) 3 di) —1; (ii) 55 - (iv) SUE 
; 1+ EKORA yx. x? - s 14+ х} 
2. (i) { E | ; (i) ү ча (iii) x*; (iv) { 5 =} Я 
E x — Ts (ü) x — 1} (iii) x= 3i s (iv) x=4(2 + JH) * 


- —À— € 
—— 


ANSWERS 


N 


(i) 
(ii 
(iii) 
(iv) 
(у) 
(vi) 
(vii) 


(viii) 


(Page 244) 
eínm: neZ} 


e { (Qn + 1) ine Z}. 


xe{na+(— I)" pineZ}. 
xeínm- (-1» y neZ}. 
xe [n — t- D: nez}; 
xe fie = (— Ia CA 


xe{2nm: neZ}; 

xe [nrg z nez}; 
xe {фат 5a] :n eZ}; 
xef{2n7t/6:neZ}; 


(Page 248) 


ii) (mra cuiu ne z}; 


(vii) {nr + tant 5 : nez} 
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о bs ЕЕ 


(iv) 


т 


ru 


Y»: nez}; 
RR 
yg su nez]. 
su T 5 
cautes | 
97 13 т 
зе, 
Ай, =2+ zT 47 Би 
3 20 ig M. cer a я]? 
—8т —4т 


PLANE TRIGONOMETRY 


ANSWERS 


(Page 250) 


2 Xe {ra +5 inez}, 
3 xe [na р inez}. 


[51] 
я 
m 


5 
3 
H- 
oo! 
5 
^ 
№, 


[onm Fin ez) U br (—1)" T ie 
{en + Ti nez} U (na + SETO 
{n= + i : nez} U rmi] 


пт ineZ} U {n7 лапти se] 


т 
idi cde 3 


En 

p: 
10. xe [ 

gi 

xe [f кее p ginez} u [ан Consi sn eZ} | 
18. Xe o IA же!» (—4): neZ]. 


14 xe fan + (—1)” 6:14). 


inez} - 


16%, эк fnrt спе 2. 


15. Xe fen т + 


wa 


а атъ ne z}. 
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Ed GESI 


feats 
23 [es ns 


xe E sn e2}. 


xe ILLI 
| 
хе ЦЕ": ne 2} 


xe fnm: ne Zt. 


xe { @ + DA 


12 


xe Це 1) z: 


«mH 
« [fm 

aS ee 2 
м E 
E 25 
хе IE ne z} 


т . 
т: 


PLANE TRIGONOMETRY 


: ne2} U [n r + 3 nez] 


n eZ] 


inez} U far inez}] 


(Page 252) 


U fen + 1) Б B nez} | 


inez}. 


(2n + 1)z 
U PC OM 2 noe z} |. [ Read sin 6 x instead of 


6x.] 
ne2}. 


d oen ua] 


d ne Zh. 


: ZI U EH ا‎ | 
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ERE Жу аон JE 


LP бы, SD Коза" з). 


| 
| | 
XE maz (E327 anez} u [ов + Dr: nez} | 
| 
| 
l 
| 


5 
Ш 
о 


,2, 3, 4,5, в). 


(Раре 257) 
(1) хе {2а + nez}; 
(ii) xe {287+ nez}; 


\ 3 
: Mad 
xe ат 3 1 


ч) (x y):xe(msds8)-- (nr 4 7/6), у = (ms + v8) — 


(nm + 7/6), meZ, neZ}; 
1 А 
(її) {(®у):х = (mr 718) — з (2n7t п[6), 


ye TAL 


2 š 
E + т/3) + (nr + 706) mn eZ}; 
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(iii) 


PLANE TRIGONOMETRY 
(sy): x= p (mat CL 1)" aft) + + (2n 7 56), 
= (пе CC)" se) - 3 (nr 506), meZ nez); 
1 
{ (sy) x= 45 (2mm a3) + Ty (nm + 7/6), 


y= û mss) — dy (nr + z[6),OmeZ,neZ T 
{( 7/24, 52/24), (57/24, 7/24), (7224, 117/24), (112/24, 77/24 )}. 


(Page 259) 
{xi — 7/2 <x < 76} U {x : 50/6 < x < 322]; 
{x : — 7/3 < x < 7/3} U {x : 2r|3 < x < 42/3] ; 
Ёк: 7/2 <x <O} U {x : п < x < 3rf4 } U {хіт < x < 37/2} 
fx: — 7/2 < x < — «|4 } U fz: 7|4 < x < 324] U (x: 
57/4 < x < 37/2}. 
{x : 7/3 < x <}5л/3}; 
{x:0 < x < a3] U [x:22/3 < x< 47/3} U {x : 573 < x < 2r}; 
{x:0 <x < 7/12} U {x : 77/12 < x < 2r]; 
{х:41/3 < x < 2n]. 
{x:— я < x < |4}; 
{x: — 7/6 < x < 7/6}; 
{xia х < «р {x:« < x < n2) where x = cot =1 4, 
ЕО KUK Sx 0], where вес —! 4/10. 
i2nz +4: neZand 7/4 < 4 < 32/4] 
{na + «:neZandz/A < < < 37/4}; 
{пя + x:ne Zand 7/3 < « < 2n/3}; 
(na + 4ine Z and either 7/3 << < 5/2 or 7/2 < 4 < 2143) 
{пт +4:neZand — (ап -! (1/3 ) < « < tan “(1/3 )}; 
{2na + 74 +4: ne Zand |4 < 4 < 77/4 |; 
{2 nrm + cos =1 (4/5) + ө: n e Zand cos 1 (2/5) < 0 < 2r — cos -14/5)] ; 
[nr + (— 170: neZandsin-1 (1/3) < 0 < 7/6} 


, 


3 


(Page 260) 
xe{(2n+1)a/4:neZ}; 
xe{na + 7/4 + т[6}: neZ}; 
xe [{nm/2ineZ} U {na ineZ 4; 


ANSWERS * 4 Р 981 


(іу) хе Кат = пе} 0 {2а т + cost (1/4) :пе2 |]; 
(у) xe{2na747/3:neZ}; 
(vi) neínz[2 + 7/8: ne Z}; 
(vii) хе{пя 1 «:пе2  мћеех = tan? [S 


(viii) xe[j2nz:neZjU {(4n4+1) z/6:neZy 
(ix) xe[j2n41)7:neZjUi(2nz t 7/3) ine Zh]; 


(x) хе [{ 2 пт: 062} 00 {2 пя - 2 cos (Tz) im € ZM; 


(xi) хє{(2п—1)я/4:п«2}; 
(xii) хєф; 
(xiii) xé (nr + 7/4: ne Z} U (ns +73: ne ZH); А 
(xiv) xe[{2na/5:neZ}U{(2n +1)a/2:neZ}U{(2Qn +1) a:ne ZH. 
2. xe {nr + 27/3: neZ]. 
f (x, y): x = $ (2m7 + 7/6) +% (nz + (—1) 7/4), y = & (mr + (—1)" 
z|4) — 4 (2m7 + 7/6), me Z, ne Z}. 
4. { (112/36, 137/18), (57/36, 197/18), (537/36, 77/18), (357/36, 257/18), (292/36, 
317/18), (437/36, 57/18), (377/36, 117/18)}. 
[fx —ma2«x«s5]Uíx: 23[|3 < x < 3n/2 |]. 


6. {nr 44:0 < < < 2/6}. 
7. {nw en (Te) e o neto e ЕШ 
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TABLE 1 


VALUES OF TRIGONOMETRIC FUNCTIONS 


PLANE TRIGONOMETRY 


ec e 
88885 EE 


1 
I 
1" 
r 
1 
1 
1 


© 
e 
= 


89°00' 


20' 
10' 


88°00 
50 
40! 
30° 
20° 
10° 


87°00" 
50° 
40° 
30 
20 
10 


86°00" 
50 
40^ 
30’ 
20’ 
10’ 


85°00" 


50’ 


TABLES 
283 


VAL 
UES or T! 
RIGON! 
OMETRIC FUNCTIONS (Ci 
‘ontinued ) 


Angle 
sin 
5 cos t: 
x +1392 2 
7 = mes cot sec 
30 -1449 2004 189 : 
40’ ۰1478 ۰9894 46 £o : т 
50 +1507 +9890 "1465 6:968 7019 d т 
i. an Eye 6:827 1:010 "185 ^ 
р 38 E Cof 1011 7040 82°00” 
10! +1564 +1554 6:561 roin C200 ru 
20' +1593 +9877 d js as ; 
Y т m кл 1:012 6:636 30° 
| ү a dM 6:314 6:512 20* 
50' *1679 *9863 1673 san = : 
+1708 +9858 +1673 5:976 ran = | 
E ES 1673 5:976 1:013 6:277 81*00' 
10” 1736 +1733 5:871 1014 us Е, 
20! 11765 *9848 5:769 1-014 uum » 
Y н зна Ps ; 1015 5:955 30" 
| i En 2s 5:671 5:855 20' 
" 1822 -9833 +1823 5°576 1°015 10’ 
T ans 1823 5:485 1:016 5:759 ^ 
L E diss e 1:016 5:665 80°00' 
: й duis 300 1:017 5:575 50! 
7 = = 1209 1:018 5:487 40! 
30" ۰1965 *9811 *1944 1:018 Ee 2] 
40' +1994 +9805 +1974 5.066 va : 
50! +2022 +9799 +2004 5:066 TIS y 
= E a 4:989 1:019 5:241 79% 
12°00 *9787 *2065 4:915 1:020 Eye ad 
5 ам 105 1:020 5:089 50' 
: = ы 1s 1-021 5:016 40! 
: x a zi 1:022 4:945 30' 
40' +2164 9769 2186 тоз M : 
50' +2193 +9763 +2186 4:638 IU У 
+2221 +9757 +2217 4:574 nen i | 
13?00* *9750 :2247 4511 04 зан 1 
: = E he 1-024 4:682 50^ 
20' *2278 +9744 4:390 1026 18 | 
: zs ys din 1:026 4:560 30' 
40' +2334 +9730 +2339 1275 а : 
| 2 E 2229 4275 1°026 10’ 
+2391 +9717 +2401 4219 eet 1390 
14°00' +9710 +2432 4:165 1:028 Hp US 
: = 2492 185 1-028 4:336 50' 
20' +2447 +9703 4-061 1:029 14 20 
30 2476 9696 2493 1-030 PETS n 
40! +2504 +9689 2524 4011 е d 
; = эй aon 3:962 1:035 10' 
+2560 +9674 +2586 3867 1092 Е 
i m dons p 1:032 4:086 76°00 
10 +2588 +2648 3:821 1054 ET 
20 +2616 9659 3:776 10M 3330 
30! 2644 9652 21 n ә " 
- æ a 7 3:906 20' 
50' +2700 9636 203 ru = : 
+2728 9628 2773 Pd 125 T 
Angle +9621 2805 ine гозо pe E 
cos +2836 3:566 1:038 32 Dy 
= 1:039 $005 20 
z 3-665 2 
csc = 
вес 
Angle 


PLANE TRIGONOMETRY 


VALUES oF TRIGONOMETRIC FUNCTIONS (Continued ) 


tan cot sec csc Angle 
16°00’ 2756 9613 +2867 3-487 1-040 3:628 74°00 
10 2784 9605 -2099 3:450 1-041 3:592 50! 
20, 2812 “9596 2931 3:412 1041 3:556 40! 
30 2840 9588 +2962 3:376 1:043 3:521 30’ 
40) “2868 9580 2994 3.340 1-044 3:487 20' 
50 -2896 9572 13026 3:305 1:045 3-453 10! 
17°00! 2924 9563 “3057 3-271 1-046 : ^Q0' 
10! 2952 9555 -3089 3-237 1-047 3520 m 
20! 2979 9546 3121 3-204 1-048 3:356 10' 
30! 3007 9537 3153 3172 1:049 3:326 30' 
40! 3035 9528 3185 3:140 1-049 3.295 20' 
50 -3062 9520 3217 3-108 1-050 3:265 10 
18°00’ +3090 “9511 3249 3.078 . 2°00! 
10, 3118 “9502 3281 3:047 105 $207 70, 
20 3145 9492 3314 3-018 1-053 3:179 10' 
30 13173 9483 13346 2-989 1-054 3:152 30' 
30! -3201 9474 3378 2-960 1-056 3:124 20° 
50 -3228 9465 3411 2-932 1:057 3.098 10! 
19°00! 3256 9455 3443 2:904 Ў , 
10" “3283 9446 3476 2-877 1:059 $4046 i Ё: 
20 “3311 9436 “3508 2-850 1-060 3:021 m 
30! “3338 9426 3541 2:824 1-061 2-996 30! 
40! “3365 “9417 3574 2-798 1:062 2:971 20 
50 3393 :9407 3607 2773 1-063 2-947 10 
20°00’ +3420 9397 “3640 274 : 
П ш NE зш ан аы юн 
20 :3475 9377 ۰3706 2-699 1-066 . 107 
30 3502 9367 3739 2:675 1:068 2005 3 
40) 3529 9356 3772 2-651 1-069 2033 20 
Р 3805 2-628 1-070 2-812 10 
21°00/ 3584 9336 3839 : 
20' -3638 9315 3906 2-560 1-074 2259 a 
30! “3665 9304 3939 2-539 1:075 а aa 
40) "3692 9293 3973 2:517 1:076 1 20 
9283 4006 2:496 1:077 2.689 10, 
22°00! “3746 +9272 +4040 . ? 
10' “3773 “9261 “4074 2m 1 ге 2-669 68°00" 
20! 3800 9250 “4108 2:434 1-081 20 50, 
30 3827 9239 “4142 2-414 1-082 cho d 
dv "3054 3228 4176 2394 1-004 2:593 20" 
ie 4210 2:375 1-085 2.577 107 
23°00 3907 9205 4245 , 
10/ “3934 “9194 4279 2356 гов 2239 67°00" 
20! 3961 9182 4314 2318 1-000 M 20, 
30" 3987 9171 4348 2-300 Ded 2225 40 
AE R B m ш OP p 
B : 9147 E н à 20' 
4417 2 264 1:093 2:475 10’ 
Angle cos sin cot tan 


TABLES 285 


VALUES OF TRIGONOMETRIC FUNCTIONS (Continued) 


Ln - 


Angle sin cos tan cot sec ese Angle 
\ 
24°00 +4067 *9135 4452 2:246: = 1:095 2:459 66°00' 
10’ +4094 19124 4487 2:229 1:096 2:443 50’ 
20' 4120 `9112 *4522 2:211 1:097 2:427 40" 
30' *4147 *9100 "4557 2:194 1:099 2:411 30/ 
40' *4173 *9038 *4592 2:177 1:100 2:396 20' 
50’ *4200 *9075 4628 2:161 1-102 2:381 10° 
25°00 *4226 *9063 "4663 2:145 1:103 2:366 65°00 
10’ *4253 *9051 *4699 2:128 1:105 2:352 50* 
20' 4279 9038 4734 2:112 1:106 2:337 40! 
30° 4305 9026 4770 2:097 1-108 2:323 30 
40^ 4331 9013 4806 2:081 1-109 2:309 20' 
50' 4358 9001 4841 2:066 111 2:295 10' 
26°00’ 4384 8988 4877 2:050 1113 2:281 64°00" 
10’ 4410 8975 4913 2:035 1114 2:268 50’ 
20 4436 8962 4950 2-020 1116 2:254 40’ 
30° 4462 8949 4986 2:006 1117 2:241 30’ 
10’ 4488 8936 5022 1:991 1119 2:228 20' 
50! 4514 8923 5059 1:977 12121 2:215 10^ 
27°00' 4540 8910 5095 1°963 1122 2-203 63°00 
10’ 4566 8897 5132 1:949 1-124 2-190 50° 
20 4592 ‘8884 5169 1:935 1126 2-178 0° 
30' 4617 8870 ۰5206 1:921 1:127 2:166 30' 
10^ 4643 8857 5243 1:907 1:129 2:154 20 
50 4669 *8843 *5280 1:894 13131 2-142 10" 
28^00' 4695 8829 5317 1:881 1:133 2-130 62°00" 
10’ "4720 "8816 5354 1:868 1:134 2-118 50° 
20' 4746 8802 5392 1°855 1-136 2:107 40" 
30^ 4772 *8788 ‘5430 1:842 1:138 2:096 30! 
40! 4797 8774 5467 1:829 1:140 2-085 20° 
50" 4823 8760 5505 1:816 1-142 2:074 10* 
29^00' 4848 8746 5543 1:804 1-143 2-063 61°00" 
10’ 4874 8732 5581 1:792 1:145 2:052 50^ 
20° 4899 8718 *5619 1:780 1-147 2:041 40' 
30’ 4924 8704 5658 1:767 1:149 2:031 30° 
40° 4950 8689 5696 1:756 17151 2:020 20' 
50! 4975 *8675 5735 1744 1:153 2:010 10! 
30°00’ +5000 "8660 5774 17732 1:155 2:000 60°00" 
10 ۰5025 8646 "5812 1-720 1:357 1:990 50 
20* *5050 *8631 5851 1:709 1:159 1:980 40' 
30° +5075 "8616 ‘5890 1:698 1161 1:970 30 
40! +5100 *8601 *5930 1:686 1:163 1:961 20° 
50! 5125 *8587 5969 1:675 1:165 1:851 10’ 
31°00! 5150 8572 ۰6009 1:664 1167 1:942 59°00’ 
10 5175 *8557 *6048 1:653 +169 1:932 50’ 
20° 5200 "8542 6088 1:643 1171 1:923 40' 
30’ *5225 *8526 *6128 1:632 1173 1:914 30' 
40' 5250 *8511 6168 1:621 1175 1:905 20' 
50' 5275 *8496 6208 1-611 1:177 1:896 10’ 
Angle cos sin cot tan esc sec Angle 


VALUE: M TRIC {ст 
sor T 
RIGONO 
ME’ 
FUNCTIONS (€ li 
оп inued) 


РІА! 
NE TRIGONOMETRY 


Angle 
sin со: 
32°00/ х = 
oo *5299 = 
20! 5324 es F 
30^ *5348 emm sano г : 
40! 5373 "8450 6289 200 d = 
3 3813 ин =e 1220 nu 1:887 
| : opp 
33°00! 5422 e "em гэ и E | : 
10' +5446 6453 1:560 Hirn 1901 4 
20' *5471 *8387 1:550 I Lass _ 
30/ * +5495 ‘8371 Hee d = . 
40^ *5519 8355 Бб 1330 p 
50^ *5544 *8339 EE 1320 ix 
*5568 *8323 6619 n 1197 rs ч 
34°00/ *8307 6661 1511 1197 1550 " a 
: 2 а rn 1459 1:820 50^ 
' = D DM 1:202 ren 40 
30^ *5640 *8274 Шы ча P i 
40! +5664 *8258 6787 183 ч | : 
50! +5688 ‘8241 pend тай хав 
m ma 30 1:464 1:209 1:788 269 
E 325 eua 1:455 1211 1°781 56°00’ 
- a боб рз 1:213 1773 50’ 
20' 5760 *8192 d in Um : 
30^ *5783 "8175 "7002 218 1 731 àv 
| = as 7002 1:428 *751 20* 
50/ *5831 *8141 е тап : 
*5854 *8124 Hs Т ee r | 
36°00’ *8107 7177 1:402 1:226 d ч 
00, :5878 7221 1:393 12d 1722 i 
з = Nr 185 1231 rs 40, 
30" -5925 8073 1265 233 1708 a 
40^ *5948 been fuss = : Y 
50' 5972 *8039 *7355 120 1239 y 
a E 1355 1:360 1:239 1:701 549, 
37°00! +8004 +7445 1:351 En 1608 UE 
10' *6018 7490 11949 1247 ш : 
20' *6041 *7986 wo m s | 
30/ +6065 *7969 7536 ка i | 
40! +6088 “7951 *7581 1327 " S 
50' ‘6111 "7934 “7627 1:319 1:252 10° 
*6134 *7916 UI 133 tee i : 
E “716 2720 1:303 1:258 1:655 53°00’ 
‘ ui 2720 тз 1:260 1:649 50 
20! "6180 “7880 1:288 1-263 1636 з) 
| 5 zm i 1:266 11946 30° 
| E “7362 2860 1:280 *630 20^ 
50! 5 que Jo —rm 1272 м 
*6271 *7808 7954 265 1:275 г i 
d. се -8002 1:257 1:275 1'618 52°00’ 
1 = 2002 1257 1-278 1612 50 
20^ *6316 ‘7771 J ies om E : 
30^ *6338 *7753 -8098 1:284 *601 30' 
40’ "6361 *7735 8146 1:235 1:595 20’ 
50’ 6383 "7716 8195 1:228 i м 
+6406 "7698 d 1:213 ras T. 
Angl “7679 8292 1-213 1:293 1508 UM 
gle Я 8342 1-206 1:296 is io 
s sin 1-199 1:299 ru 3 
cot 1:302 1207 20 
> 1:561 1 
csc м 


TABLES > 287 


VALUES oF TRIGONOMETRIC FUNCTIONS (Concluded) 


эээ —————————=————‏ س 


Angle sin cos tan cot sec csc Angle 
40°00" 6428 7660 8391 1192 1:305 1:556 50°00" 
10’ 6450 *7642 *8441 1185 1:309 1:550 50’ 
20° 6472 *7623 8491 1178 1:312 1:545 40° 
30^ 6494 7604 *8541 1171 1315 1:540 30 
40^ 6517 7585 *8591 1164 1:318 1:535 20° 
50^ 6539 7566 8642 1157 1:322 1:529 ыд 
41°00" 6561 7547 8693 1150 1:325 1:524 49°00” 
10 -6583 -7528 “8744 1144 1:328 1:519 50, 
20, 6604 7509 8796 1137 1:332 1:514 40, 
30! -6626 7490 8847 1:130 1:335 1:509 30° 
40! -6648 +7470 -8899 1124 1:339 1:504 20 
50! +6670 77451 *8952 1117 1:342 1:499 10’ 
42°00! *6691 7431 9004 Lill 1:346 1:494 48°00 
10! *6713 77412 *9057 1104 1:349 1:490 50’ 
20° 6734 ۰1392 ۰9110 1:098 1:353 1:485 40, 
30° 6756 *7373 *9163 1:091 1:356 1:480 30° 
40^ 6777 7353 9217 1:085 1:360 1:476 20 
50! "6799 "7333 "9271 1:079 1:364 1:471 10° 
43°00! "6820 "7314 "9325 1:072 1.367 1:466 47°00" 
10 "6041 -7294 +9380 1-066 1-371 1:462 50! 
20 +6862 7274 *9435 1:060 1:375 1:457 40, 
30° +6884 *7254 ۰9490 1:054 1:379 1:453 30^ 
40' *6905 "7234 *9545 1:048 1:382 1:448 920* 
50' ۰6926 ۰7214 "9601 1:042 1:386 1:444 10/ 
44°00/ 6947 *7193 *9657 1:036 1:390 1:440 46°00/ 
10’ 6967 7173 9713 > 1:030 1:394 1:435 50/ 
20' 6988 77153 *9770 1:024 1:398 1:431 " 40’ 
30’ 7009 +7133 *9827 1:018 1:402 1:427 30' 
40! +7030 “7112 -9884 1:012 1:406 1:423 20' 
50! -7050 ۰7092 ۰9942 1:006 1:410 1:418 10' 
15°00/ 7071 7071 1.000 1°000 1-414 1414 45°00! 
Angle cos sin cot tan esc sec Angle 


О. i л = сыны س‎ а) 
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TABLE 2 


Common LocanrrHMs 


N 0 1 2 3 4 5 6 7 8 9 
10 *0000 *0043 70086 — 0128 +0170 -0212 -0253 -0294  .0334  -0374 
11 0414 +0453 10492 — -0531 —-0569 0607 -0645 -0682  .0719 0755 
12 +0792 “0828 10865 0899 -0934 0969  -1004  -1038  -1072 -1106 
“13 +1139 1173 2206 +1239 41271 1303 -1335 -1367 -1399 -1430 
14 11461 1492 1525 1553 1584 1614 -1644 -1673 41703 1732 
15 1761 -1790 1818 1817  -1875 1903  -1931 -1959 -1987 2014 
16 12041 +2068 12095 2122 -2148  -2175 +2201 2297 -2253 15079 
17 2304 `2330 12355 2380 205 -2430 2455  .2480 -2504 *2529 
18 +2553 2577 12601 ‘2625 2648 2672 0695 -2718 :2742 +2765 
19 +2788 "2810 72833 2856 2878 0900 -2923 .2945 2967 9 
20 +3010 +3032 3054 +3075 3096 3118 31359 -3160 -3181 +3201 
21 13222 3243 19263 +3284 3304  :3324 +3345 +3365 -3305 3404 
22 3424 3444 3164 :3483 +3502 +352209 3541 -3560 -3579 +3598 
23 13617 "3636 3655 +3674 >3692 -3711 3729  .3747 -3766 *3784 
24 +3802 +3820 38388 +3856 3874 -3892 3909 3927  -3945 “3962. 
25 +3979 13997 10414 — 4031 — 4048 — 4065 — -4082. 4099 -4116 *4133 
26 +4150 "4166 14183 4200 4216 -4232 -4249 +4965 "4081 — «4298 
27 *4314 *4330 14346 — 41362 — 4378 -4393 4409 +4405 "4440 «4456 
28 4472 4487 3502 ‘4518 4533 4548 4564 "4579 +4594 -4609 
29 4624 "4639 74654 +4669 4683 4698 -4713 4728 — +4740 44757 
30 4771 4786 4800 ‘4814 +4899  .4943  .4g57; < E E 
31 *4914 4928 4942 +4955 -4969 -4983 4097 ‘Soul ‘502 ‘5038 
32 +5051 -5065 1079 +5092 5105 -5119 -5132 ‘5145 +5159 — «5172 
33 *5185 *5198 19211 — 5224 — 5237 -5250 5063 :5276 “5289 “5302 
34 *5315 *5328 13340 5353 +5366 -5378 -5391 "5403 5416 ‘5428 
35 5441 5453 19465 5078 5490  .5502 -5514 "5527 -5539 +5551 
36 “5563 “5575 19587 +5599 -5611 -5623 -5635 :5647 +5658 +5670 
37 "5682 "5694 13705 5717 5729 — 5749 75752 5763 -5775 5786 
38 5798 "5809 "5821 5832 5843 5855 . . E s. 
й 855 5866 5877 -5888 5899 
39 591 5922 35933 +5944 5955 5966 75977 5988 -5999 6010 
40 16021 36031 "6042 ‘6053 -6064 -6075 "6085 6096 ‘6107 -6117 
41 6128 6138 6149 ‘6160 "6170 ‘6180 ‘6191 
E E а "6201 +6210 +6222 
42 6232 6243 6253 6263 +6974 -6284 "6294 +6304 +6314 +6325 
43 "6335 "6345 16355 6365  .6375 . ў E 
A 6435 6444 "MM н Qo 6385 ‘6395 6405 -6415 6425 
45 "6532 “6542 «6551 6561 — (6374 = a 6503 +6513 +6522 
E в "6590 -6599 -6609 6618 
46 6628 6637 6646 6655 +6665 -6675 
А Е x "6684 6693 +6702 6712 
47 6721 6730 6739 “6749 6758 буу ` 
ae “6812-6821 6830 -6839 быз 6857 бб “6073 16801 0893 
49 6802 6911 6920 +6928 6937 6946 "6955 +6964 -6972 +6891 
50 *6990 6998 77007 ۰7 5 j р 
51 7076 7084 7093 Tus E 11033  -7042 -7050  .7059 -7067 
52 *7160 "7168 "177 +7185 +7193 End due 358 wae 2235 
53 *7243 *7251 ‘7259 А F 37218 7226 ° 
54 7324 7332 1540 0 7275 +7984 -7292 77300 7308 +7316 


‘TABLES 


Common Locaniruws (Continued) 
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N 0 1 2 3 4 5 6 7 8 9 
55 7404 7412 +719 7407 — :7435 74438 7451 +7459 -7466 +7474 
56 "7482 "7490 7497 *7505 "7513 ۰7520 ۰7528 ۰7536 *7543 *7551 
57 7559 "7566 *7574 +7582 *7589 *7597 *7604 ۰7612 ۰7619 ۰7627 
58 — 7634 7640 -7619 7657 -7664 -7672 +7679 +7686 -7694 -7701 
59 +7709 ۰7716 7723 7731 ۰7738 ۰7745 ۰7752 ۰7760 *7767 ‚7774 
G0 +7782 7789 7796 7803 7810 -7818 7825 -7832 +7839 -7846 
61 7853 +7860 7868 7875 7882 +7889 7895 -7903 7910 +7917 
62 *7924 *7931 7938 7945 ۰7952 *7959 7966 *7973 *7980 *7987 
63 -7993 800 +8007 8014 8021 8028 +8035 +801  -8018 -8055 
64 8062 *8069 8075 8082 *8089 8096 8102 *8105 *8105 *8122 
65  -8129 8126 842 8149 8155 -8162 -8169 +81756 8132 -8189 
66 *8195 8202 8209 8215 8222 -8228 8235 -8241 8248 +8251 
67 8261 8267 8274 8280 8287 +8293 8299 8306 +832 -8319 
68 8325 8331 8338 8344 *8351 *8357 8363 "8370 "8376 +8332 
69 °8388 8395 8401 8407 8114 -8120 8426 -8432 +8439 +814 
70 "8451 "8457 8463 8470 "8476 "8182 "8488 "8494 *8500 *8505 
2|  -8513  -0519 8525 8531 8537 +8543 +8549 +8555 -8561 +8567 
22 8573 8579 8585 85591 8597 +8603 +8609 +8615 +8621 8627 
73 +8633 "8639 "8625 "8651 "8657 "8663 "8669 "8675 "8681 "8686 
74 "8692 "8698 *8704 *8710 "8716 8722 "8727 "8733 "8739 .8745 
75 8751 :8756 87629 8768 8774 +8779 8785 +8791 ۰8797 +8802 
76 8808 8814 8820 8825 ‘8831 8837 8842 +8818 +88514 +8859 
77 8865 "8871 8876 8882 "8887 8893 "8899 *8904 *8910 *8915 
70 8921 *8927 8932 8938 *8943 *8919 *8954 *8960 *8956 *8971 
79 8976 +8982 8987 ۰8993 ۰8998 9004 *9009 *9015 *9020 *9025 
no +9031 +9036 +9042 ۰9047 ۰9053 ۰9058 +9063 +9069 “9074 .9079 
81 9085 9090 9096 9101 - 9106 ‘9112 +9117 -9122 +9128 .9133 
82 +9138 9143 9149 9154 +9159 9165 9170 9175 +9180 9186 
93 919] 9196 9201 9206 9212 -9217 +9222 +9227 +9230 +9238 
8+ "9243 ۰9248 9253 9258 *9263 ۰9269 "9274 9279 +9284 9289 
B5 -9294 92999 9301 9309 93195 9320 9325 +93380 -9335 +9340 
86 9345 *9350 9355 9360 *9365 *9370 *9375 *9380 *9385 *9390 
87 9395 9400 9495 9410 -9415 +9420 9425 +9430 -9435 -9440 
88 9445 9150 9455 9460 9465 9269 9474 +9479 +984 -9489 
HO ' «9494 9499 -9504 9509 9513 9518 95238 9528 9533 +9538 
оо +952 +9547 9550 9557 95620 9566 -9571 9576 +9581 -9586 
Əl +9590 9595 9600 9505 9609 9614 +969 9624 +9628 +9633 
92 "9638 +9643 "9647 ۰9652 ۰9657 “9661 "9666 9671 ۰9675 +9680 
93 "9685 +9689 +9694 +9699 ۰9703 +9708 ۰9713 9717 ۰9722 +9727 
94 ‘9731 *9736 *9741 *9745 *9750 *9754 ۰9759 ۰9763 ۰9768 ۰9773 
95 +977  -9782 9786 9791 9795  -9800 9805 -9809 +9814 +9818 
0G -9823 +9827 9832 9836 9841 985 +9850 +9854 +9859 +9863 
97 -98683 -9872 9877 "9881 9886 +9890 +9894 +9899 +9903 +9908 
98 9912 “9917 *9921 *9926 *9930 *9934 *9939 *9943 *9948 *9952 
99 +9956 *9961 *9965 *9969 ۰9974 "9978 ` +9983 “9987 *9991 +9996 
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TABLE 3 


Foun-PLAcE LOGARITHMS OF VALUES oF TRIGONOMETRIC FUNCTIONS 


Angle L sin Ltan L cot L cos 


Angle 
0°00" — 
- = 10-0000 90°00" 
10, 7.4637 74637 12-5363 10-0000 30" 
20 77648 77648 12-2352 10-0000 10/ 
f 4 12-0591 f f 
40, 8.0658 8.0658 11.934: 10.0000 20 
40" в 2 10-0000 20 
E Ши 81627 11-8373 10-0000 10, 
’ 82419 8-2419 11-7581 7 
10, 83088 8.3089 11-6911 9.9999 Е 
А 1 8.3669 11-6331 9. 40° 
30 8-4179 8-4181 n 9999 30 
А -5819 9-9999 f 
40 84637 84638 11-5362 9-9 20° 
50 8-5050 8.5053 11-4947 9.9998 10, 
2°00" 8-5428 8-5431 11-45 f 
10 8-5776 8-5779 1421 9997 =, 
i | Ў 9997 50 
n 8097 8-6101 11-3899- 9-9996 40° 
3v 263 8-6401 11.3599 9-9996 30° 
w 86677 8-6682 11-3318 9-9995 20° 
E. 8-6945 11-3055 9-9995 10’ 
0 27188 8.7194 11-2806 9-9994 7°00" 
10, 8:7423 8-7429 11-2571 9-9993 d 
4 8-7652 11-2348 20, 
30° 8-7857 8.7865 m 9022 ЧИ 
ay 8-8059 8:8067 11.1933 9.9991 30° 
Б 8-8251 8-8261 11-1739 9.9990 10, 
4°00 8-8436 8-8446 11-1554 9-9989 w 
10 88613 8.0624 111376 9-9989 Ыр 
AE NE MM MU 5 
Р | | 1040 9-99 30° 
40" 8910 8.9118 11-0882 9.9986 20 
2 8.9272 11-0728 9-9985 1 
AE NE шш ош о шю 
20° 8-9682 8-9701 110 9.9901 d 
20° 0299 { 
30 8.9816 8.9836 m 9.9909 30° 
А н 0164 9-9980 , 
40” $9945 8-9966 11-0034 9.9979 20: 
50, 9.0093 10-9907 9:9977 10" 
6°00" 9.0192 9.0216 10-9784 * 
10 9.0311 9.0336 ї 920 MEC 
10 9931 3 10-9664 9-9975 50° 
AE NE ND 2M 3 
40, 9.0648 9.0678 10-9322 99971 A» 
Г. 9.0755 9.0786 10-9214 9.9909 10, 
y 9-0859 9.0 à; 9 
10° 9.0961 9.0995 10 000 pens "M 
30° 91060 91096 10-0904 9.9904 “4 
30 9157 9.1194 10-8806 59965 30° 
50 9-1345 91305 асе Е n 
8°00" 9-1436 9-147 Шо Pied i 
10° 9-1525 91559 10-8522 9-9958 82°00 
20, 9-1612 91658 103313 $39 M 
EE EE NEM MU D 
EE NE NEM MM н 
" етан $45 10-8085 9.9948 [s 
97 10-8003 9-9946 
Angle L cos L 2a 


TABLES - 291 


FOUR-PLACE LOGARITHMS OF VALUES OF TRIGONOMETRIC FUNCTIONS 


Angle L sin L tan L cot L cos Angle 
9°00’ 9-1943 9-1997 10-8003 9-9946 81°00" 
10’ 9-2022 9.2078 10.7922 9.9944 50° 
20 9-2100 9-2158 10:7842 9-9942 40 
30° 9-2176 9-2236 10-7764 9-9940 30’ 
40^ 9.2251 9-2313 10-7687 9:9938 20° 
50 9.2324 9-2389 10-7611 9-9936 10° 
10°00’ 9.2397 9-2463 ^ 10-7537 9-9934 80°00” 
10° 9-2468 9-2536 10-7464 9-9931 50’ 
20° 9-2538 9-2609 10-7391 9-9929 40’ 
30° 9.2606 9-2680 10-7320 9-9927 30° 
40’ 9-2674 9-2750 10:7250 9.9924 20° 
50" 9.2740 9-2819 10-7181 9-9922 10° 
11°00’ 9۰2806 9۰2887 10-7113 9-9919 79?00* 
10* е 92870 9-2953 10-7047 9.9917 50° 
20° 9.2934 9۰3020 10-6980 9-9914 40" 
30° 9-2997 9.3085 10-6915 9.9912 30° 
40’ 9-3058 9:3149 10-6851 9-9909 жу 
50 9.3119 9.3112 10-6788 9.9907 10° 
12°00" 9.3179 9:3275 10-6725 9-9904 78°00 
10’ 9:3238 9:3336 10:6664 9:9901 50° 
20° 9-3296 9:3397 10-6603 9-9899 40’ 
30° 9-3353 9-3458 10-6542 9-9896 30° 
40° 9.3410 9.3517 10-6483 9-9893 20° 
50 9-3466 9-3576 10:6424 9.9890 10’ 
13°00’ 9-3521 9.3634 10-6366 9.9887 77°00" 
10’ 9-3575 9-3691 10-6309 9-9884 50 
20 9.3629 9-3748 10-6252 9-9881 40’ 
30* 9.3682 9-3804 10:6196 9-9878 30’ 
40° 9:3734 9-3859 10-6141 9.9875 20’ 
50’ 9:3786 9-3914 10-6086 9:9872 10 
14°00 9-3837 9.3968 10-6032 9-9869 76°00” 
10’ 9:3887 9-4021 10-5979 9-9866 50’ 
20° 9:3937 9-4074 10-5926 9.9863 40’ 
30° 9.3986 9-4127 ` 10-5873 9.9859 30° 
40° 9-4035 9-4178 10-5822 9-9856 20, 
50’ 9-4083 9-4230 10-5770 9-9853 10° 
15°00’ 9:4130 9-4281 10-5719 9:9849 75°00’ 
10’ 9-4177 9-4331 10-5669 9-9846 50° 
20° 9.4223 9.4381 10-5619 9:9843 40* 
30° 9-4269 9-4430 10-5570 9-9839 30° 
40’ 9-4314 9-4479 10-5521 9-9836 20’ 
50° 9.4359 9.4527 10-5473 9-9832 10’ 
16°00’ 9-4403 9-4575 10:5425 9.9828 74°00 
10° 9.4447 9-4622 10-5378 9-9825 50° 
20° 9-4491 9-4669 10-5331 б 9-9821 40, 
30 9.4533 9-4716 10-5284 9-9817 30° 
40° 9.4576 9-4762 10:5238 9-9814 20° 
50 9-4618 9.4808 10:5192 9-9810 10° 
17°00" 9-4659 9-4853 10-5147 9-9806 73°00’ 
10’ 9-4700 9-4898 10-5102 9-9802 50° 
20° 9.4741 9-4943 10-5057 9-9798 40° 
30° 9-4781 9-4987 10-5013 9-9794 30’ 
40° 9.4821 9:5031 10-4969 9-9790 20° 
50 9-4861 9-5075 10-4925 9-9786 10° 
18°00’ 9-4900 9-5118 10-4882 9-9782 72°00’ 
Angle L cos L cot Ltan Lsin Angle 


ee ые 


n2 


о 
N 
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FOUR-PLACE LOGARITHMS OP VALUES OF TRIGONOMETRIC FUNCTIONS 


Angle L sin L tan L cot L cos Angle 
18°00" 9-4900 9-5118 10-4882 9-9782 72°00" 
10’ ^ 9.4939 9-5161 10-4839 9-9778 50' 
20° 9-4977 9.5203 10-4797 9-9774 40" 
30’ 9:5015 9-5245 10-4755 9-9770 30° 
40° 9-5052 9-5287 10-4713 9-9765 20 
50, 9:5090 9.5329 10-4671 9-9761 10 
19°00’ 9-5126 9-5370 10-4630 9-9757 71°00' 
10° 9-5163 9-5411 10-4589 9-9752 50" 
20° 9-5199 9.5451 10-4549 - 99748 40' 
30° 9-5235 9-5491 10-4509 9-9743 30 
40° 9-5270 9-5531 10-4469 9-9739 20' 
LO 50 9-5306 9-5571 10-4429 9-9734 10” 
20°00 9-5341 9-5611 10-4389 9-9730 70°00" 
10° 9-5375 9-5650 10-4350 9-9725 a 50 
20° 9-5409 9-5689 10-4311 9-9721 40' 
30' 9:5443 9-5727 10-4273 9.9716 30° 
40° 9-5477 9-5766 10-4234 9-9711 20' 
50° 9-5510 9-5804 10-4196 9-9706 10' 
21^00' 9-5543 9-5842 10-4158 9:9702 69°00" 
10° 9-5576 9-5879 10-4121 9-9697 50' 
20* 9-5609 9-5917 10-4083 9-9692 40' 
30° 9-5641 9-5954 10-4046 9-9687 30° 
40’ 9:5673 9-5991 10-4009 9:9682 20' 
50 9-5704 9-6028 10:3972 9-9677 10° 
22°00" 9-5736 9-6064 10-3936 9-9672 68°00" 
* 10° 9:5767 9-6100 10-3900 9-9667 50° 
20° 9-5798 9-6136 10-3864 9-9661 40' 
30’ 9.5828 9-6172 10-3828 9-9656 . 30' 
40* 9-5859 9-6208 10-3792 9-9651 20' 
50/ 9-5889 9-6243 10-3757 9-9646 10' 
23°00" 9-5919 9.6279 10-3721 9-9640 67°00' 
10* 9-5948 9-6314 10:3686 9-9635 50' 
20° 9-5978 9-6348 10-3652 9-9629 40' 
30° 9-6007 9-6383 10-3617 9-9624 30° 
40’ 9-6036 9.6417 10-3583 9-9618 20' 
50 9-6065 9-6452 10-3548 9-9613 10* 
24°00/ 9-6093 9-6486 10-3514 9-9607 66°00" 
10’ 9-6121 9-6520 10-3480 9-9602 50° 
20 9-6149 9-6553 10-3447 9-9596 40' 
30 9-6177 9-6587 10:3413 9-9590 30' 
40^ 9-6205 9-6620 10-3380 9-9584 20' 
50 9-6232 9-6654 10-3346 9-9579 10 
25°00 9-6259 9-6687 10:3313 9-9573 65°00" 
10’ 9-6286 9-6720 10-3280 9-9567 50° 
20° 9-6313 9-6752 10-3248 9-9561 40’ 
30’ 9-6340 9-6785 10-3215 9-9555 30° 
40° 9-6366 9-6817 10-3183 9-9549 20 
50° 9-6392 9-6850 10-3150 9-9543 10° 
26°00" 9-6418 9-6882 ` 10-3118 9-9537 64°00" 
10’ 9-6444 9-6914 10-3086 9-9530 50° 
20° 9-6470 9-6946 10-3054 9-9524 40' 
30, 9.6495 9.6977 10-3023 9-9518 30 
40, 9-6521 9-7009 10-2991 9-9512 20° 
50 9-6546 9-7040 10-2960 9-9505 10° 
27°00" 9-6570 9-7072 10-2928 9-9499 63°00" 
Angle L cos L cot 


Ltan Lsin Angle 


TABLES 293 


Foun-PLAcE LOGARITHMS oF VALUES or TRIGONOMETRIC FUNCTIONS 


e —————————————————— — 


Angle L sin L tan L cot L cos Angle 
27°00 9۰6570 9-7072 10-2928 9-9499 63°00 
10° 9-6595 9.7103 10-2897 9.9492 50 
20 9-6620 9:7134 10-2866 9-9486 40° 
30° 9.6644 9.7165 10-2835 9:9479 30' 
40° 9-6668 9-7196 10:2804 9-9473 20° 
50° 9-6692 9.7226 10-2774 9-9466 10' 
28°00' 9-6716 9-7257 10-2743 9:9459 62°00' 
10° 9-6740 9-7287 10-2713 9-9453 50° 
4 9.6763 9.7317 10-2683 9.9446 40' 
9:6787 9-7348 10-2652 9:9439 304 
9-6810 9۰7378 10-2622 9-9432 20' 
9.6833 9-7408 10-2592 9-9425 10' 
9-6856 9-7438 10-2562 9-9418 61°00' 
9-6878 9-7467 10-2533 9-9411 50' 
9-6901 9-7497 10-2503 9-9404 40' 
9-6923 9-7526 10:2474 9-9397 30' 
9-6946 9-7556 10-2444 9-9390 20° 
9-6968 9-7585 10:2415 9.9383 10° 
9-6990 9-7614 10-2386 9:9375 60°00" 
9۰7012 9:7644 10-2356 9:9368 50° 
9-7033 9:7673 10:2327 9۰9361 40° 
9۰7055 9۰7701 10-2299 9-9353 30° 
9-7076 9-7730 10-2270 9-9346 20° 
} 9.7097 9-7759 10-2241 9:9338 10° 
TA 9.7118 9.7788 10-2212 9.9331 59°00" 
10" 9.7139 9-7816 10-2184 9-9323 50' 
20' 9-7160 9-7845 10-2155 9-9315 40° 
30° 9.7181 9-7873 10-2127 9-9308 30" 
40° 9-7201 9-7902 10-2098 9-9300 20 
50' 9.7222 9۰7930 10-2070 9-9292 10° 
32°00' 9-7242 9-7958 10:2042 9-9284 58°00" 
10 9.7262 9-7986 10-2014 9-9276 50/ 
20' 9.7282 9-8014 10-1986 9-9268 40' 
30' 9:7302 9۰8042 10-1958 9-9260 30° 
40° 9.7322 9۰8070 10-1930 9-9252 20' 
50' 9.7342 9۰8097 10-1903 9-9244 10' 
33°00' 9-7361 9.8125 10-1875 9-9236 57°00 
10’ 9-7380 9:8153 10-1847 9-9228 50° 
20° 9-7400 9-8180 10-1820 9.9219 40* 
30" 9.7419 9.8208 10-1792 9.9211 30' 
a» 9.7438 9.8235 10-1765 9.9203 20' 
50' 9-7457 9-8263 10-1737 9-9194 10' 
аер, 7476 9-8290 10-1710 9-9186 56°00" 
ш 97494 9.8317 10-1683 9.9177 50° 
90" 9-7513 9-8344 10-1656 9:9169 40' 
30' 9.7531 9.8371 10-1629 9-9160 30" 
40° 9-7550 9-8398 10-1602 9-9151 20' 
50” 9-7568 9-8425 10-1575 9:9142 10 
*00* . 9-8452 10-1548 9-9134 55°00 
vs 00, 9/7604 9-8479 10-1521 9-9125 50' 
90° 9-7622 9-8506 10-1494 9-9116 40° 
30° 9.7640 9.8533 10-1467 9-9107 30' 
ч 9.7657 9-8559 10-1441 9-9098 20' 
50° 9.7675 9-8586 10-1414 9-9089 10 


L cot Ltan L sin Angle 


294 PLANE TRIGONOMETRY 


Foun-PLACE LOGARITHMS OF VALUES OF TRIGONOMETRIC FUNCTIONS 
—— M á———— MÀ ——nÁ 


Angle L sin L tan L cot L cos Angle 
36°00" 9-7692 9-8613 10-1387 9-9080 54*00* 
10" 9-7710 9-8639 10-1361 9-9070 50° 
20, 9-7727 9.8666 10-1334 9-9061 40° 
30" 9.7744 9.8692 10-1308 9.9052 30° 
40" 9-7761 9.8718 10-1282 9.9042 20* 
50 97778 9.8745 10-1255 9.9033 10" 
37°00" 9-7795 9.8771 10-1229 : 53°00" 
10 9.7811 9.8797 10-1203 9.9014 aa 
20" 9-7828 9.8824 10-1176 9.9004 40° 
30" 9.7844 9.8850 10-1150 9-8995 30' 
40 9-7861 9.8876 10-1124 9-8985 20' 
Ау, Ae 9-8902 10-1098 9-8975 10° 
y -7893 9-8928 4 52°00" 
10" 9-7910 9-8945 101022 9.8955 52990, 
20 9.7926 9-8980 10-1020 9-8945 m 
30° 9-7941 9.9006 10-0994 9.89: ay 
40° 9-7957 9-9032 10-0968 D nus 20 
50 9.7973 9.9058 10-0942 9-8915 ON. 
39°00' 9-7989 9-9084 10-0916 9-8905 51°00" 
10° 9-8004 9-9110 10-0890 9-8895 = ae 
20, 9.8020 9.9135 10-0865 9-8884 20, 
30 9-8035 9-9161 10-0839 9.8874 an 
40° 9:8050 9:9187 10:0813 9-8864 20, 
50 9.8066 9.9212 10-0788 9.8853 10 
40°00" 9:8081 9.9238 10-076 ў T. 
100 > 9-8096 9.9264 10-0756 9.8832 БЕ 
20 98111 9.9289 10-0711 9.8821 40 
30 9.8125 9.9315 10-0685 i ў 
' 9-8810 30 
40° 9.8140 9.9341 10-0659 9.8800 20 
50 9.8155 9.9366 10-0634 9-8789 10° 
41°00 9.8169 9.9392 10-0608 4 °00 
10 9:8184 9.9417 10-0583 9.8707 ut" 
20 9.8198 9.9443 10-0557 9-8756 40" 
30° 9.8213 9.9468 10-0532 9-874 50. 
40° 9:8227 9.9494 10-0506 98733 50. 
50 9.8241 9.9519 10-0481 9.8722 10 
42°00' 9-8255 9-9544 7 
ИЮ ои кш эш ао 
30" 9-8283 9.9595 10-0405 9.8688 " 
, 9.8297 9.9621 10-0379 ї 30° 
40 9-8311 Í | se 20. 
и ш 9-9646 10-0354 9-8665 20' 
2 9.9671 10-0329 9.8653 ri 
43*00' 9.8338 9.9697 10-0303 т 
10° 9.8351 9-9722 10-027; 9-8641 47°00 
20 9-8365 9.9747 1 8 9-8629 50 
20 SEE 47 0-0253 9-8618 40° 
40° 9.8391 9.9798 100228 9,8000 30" 
50 9.8405 9.9823 eae 2851 20, 
44°00" 9.8418 00941 02 10 
10 9.8431 9.9874 Mex 58560 RO 
20, 9:8444 99899 . 100100 Hd 29, 
30 9.8457 9. 10101 20045 р 
ane 9924 10-0076 2 
9-8469 9.994 9-8532 30, 
1 9 10-0051 
50 9.8482 9.9975 10-0025 28520 20, 
45°00" 9.8495 10-0000 наа qo 
10-0000 9-8495 45°00' 
Angle L cos L cot 


L tan L 


тэзе — пу — 


TABLES 


TABLE 4 


SQUARES AND SQUARE Roots 


295 


N N? VN VION N N? VN VION 
10 1-00 1.000 3:162 55 30°25 2:345 7:416 
11 1:21 1-049 3317 56 31-36 2:366 7-483 
r2 1-44 1:095 3:464 57 32-49 2:387 7:550 
13 1:69 1:140 3:606 58 33-64 2-408 7-616 
14 1:96 1-183 3:742 5.9 34-81 2:429 7:681 
1-5 225 1°225 3:873 6:0 36:00 2:449 7:746 
za 2:56 1:265 4:000 61 3721 2:470 7:810 
1:7 2-89 1:304 4123 62 38:44 2-490 7:870 
1-8 3:24 1:342 4:243 63 39°69 2:510 7:937 
19 3-61 1:378 4:359 64 40-96 2-530 8-000 
2:0 4:00 1:414 4472 65 42:25 2:550 8:062 
2-1 4:41 1-449 4:583 6:6 43:56 2:569 8:124 
2-2 4:84 1:483 4:690 67 4489 2:588 8:185 
2:3 ! 5:29 1:517 4:796 68 46:24 2:608 8:246 
$4 5.76 1:549 4-899 6:9 47:61 2:627 8:307 
2:5 6:25 1:581 5:000 70 49-00 2:646 8:367 
2-6 6:76 1:612 5:099 71 50-41 2:665 8:426 
2.9 7-29 1:643 5:196 72 51:84 2:685 8:485 
28 784 1:673 5:292 73 53:29 2:702 8:544 
18 8-41 1:703 5:385 74 5476 2:720 8:602 
30 9:00 1:732 5:477 T5 56:25 2:739 8:660 
$3 9-61 1:761 5:568 76 57°76 2757 8:718 
32 10-24 1:789 5:657 77 59:29 2775 8:775 
33 10:89 1:817 5:745 78 60-84 2:793 8:832 
ED 11:56 1-844 5:831 79 62:41 2:811 8:888 
35 12:25 1:871 5°916 80 64-00 2:828 8:944 
36 12:96 1:897 6:000 81 65:61 2:846 9:000 
27 13-69 1:924 6-083 82 67:24 2-864 9:055 
38 1444 1:949 6:164 8:3 ‚68-89 2-881 9:110 
3-9 15:21 1:975 6:245 84 70:56 2-898 9:165 
40 16-00 2:000 6:325 85 72:25 2:915 9:220 
4l 16:81 2:025 6:403 86 73:96 2:933 9:274 
42 17-64 2-049 6:481 87 75:69 2:950 9:327 
49 18-49 2:074 6:557 88 77-44 2:966 9:381 
44 19:36 2:098 6:633 89 79:21 2:983 9:434 
45 20:25 2121 6:708 9:0 81-00 3:000 9:487 
46 21-16 2:145 6:782 91 82-81 3:017 9:539 
47 22-09 2:168 6:856 9:2 84:64 3:033 9:592 
48 23-04 2191 6:928 9-3 86:49 3:050 9:644 
49 24-01 2:214 7-000 94 88°36 3:066 9:695 
50 25.00 2:236 7-071 9-5 90°25 3:082 9:747 
54 26-01 2-258 7141 9:6 92-16 3-098 9-798 
52 27-04 2-280 7211 97 94-09 3114 9:849 
5:3 28-09 2:302 7280 98 96-04 3:130 9-899 

“БА 29-16 2:324 7:348 9:9 98:01 3:146 9-950 
10:0 100۰00 3:162 1-000 


METRY 
296 PLANE TRIGONO: 


TABLE 5 


CUBES AND CUBE Roots 


N N3 3/N 3410N 3,100N N N3 3yN 3/10N — 3,/100N 
10 1:000 1:000 2:154 4642 55 166375 1-765 3-803 8:193 
Ñi 1331 1:032 2:224 1791 56 175616 1-776 3:826 8:243 
13 1728 1:063 2:289 4932 57 185193 1:786 3-849 8-291 
r3 2'197 1:091 2:351 5:066 58 195112 1:797 3:871 8:340 
l4 2-744 1119 2-410 5192 59 205379 1:807 3:893 8:387 
l5 3:375 1:145 2-466 5313 60 216000 1817 3:915 8:434 
1:6 4:096 1170 2:520 5:420 61 226-981 1:827 3:936 8-481 
17 4:913 1193 2571 5540 62 238-398 1:837 3:958 8:527 
18 5:832 1:216 2-621 5646 — 63 250047 1:847 3:979 8:573 
19 6:859 1:239 2:668 57749 64 — 262444 1:857 4-000 9:618 
2:0 8:000 1:260 27714 $848 65 274625 . 4021 9:662 
21 9-261 1:281 2-759 5944 66 287-496 1476 01 8:707 
22 10:648 1:301 2:802 6037 67 300-763 1:885 4:062 8:750 
23 12:167 1:320 2-844 6127 68 314-432 1:895 4:082 8:794 
244 13:824 1:339 2:884 6214 69 328.509 1:904 4102 8:837 
2:5 15°625 1:357 2:924 6300 70 343-000 E : 879 
26 17:576 1:375 2-962 6383 71 35791 nes Ad 3.921 
27 19:683 1:392 3:000 6:463 T2 373-248 1:931 4160 8:963 
23 21:952 1:409 3:037 6:542 73 389.017 1°940 4179 9:004 
2:9 24:389 1:426 3:072 6:619 74 — 405224 1:949 4:198 9:045 
3:0 27-000 1:442 3:107 6694 75 421875 ` E 4 
31 29-791 1:458 3141 6:768 76 438-976 тае 1 9-126 
3:2 32.768 1:474 31175 6:840 77 456533 1:975 4:254 9:166 
33 35:937 1:489 3-208 6910 78 474552 1:983 4:273 9:205 
34 39:304 1:504 3:240 6980 79 493.039 1:992 4:291 9:244 
35 42-875 1:518 3:271 7047 80 512-000 2-00 E E 
3:6 46:656 1:533 3:302 7114 81 531441 2-008 1327 9322 
37 50:653 1:547 3:332 7179 82 551.368 2:017 4:344 9-360 
38 54:872 1:560 3:362 7243 83 571-787 +2-025 4:362 9:398 
3:9 59:319 1:574 3:391 7306 84 592.704 2:033 4:380 9:435 
40 64:000 1:587 3:420 7368 85 614-125 2:041 4:397 9:473 
41 68-921 1:601 3:448 7:429 ‚86 636-056 2:049 4414 9:510 
42 74-088 1:613 3:476 7489 87 658-503 2:057 4:431 9:546 
43 79:507 1:626 3:503 7548 88 681472 2:065 4:448 9:583 
44 85184 1:639 3:530 7606 89 704-969 2:072 4:465 9:619 
45 91125 1:651 3:557 7663 90 729-000 . 4:48 "655 
46 97-336 1°663 3°583 7719 91 753571 2008 4490 9.691 
4^7 103823 1:675 3:609 7775 792 778-688 2:095 4:514 9:726 
15 позе 1:687 3:634 7.830 93 804357 2:103 4:531 9-761 

7:649 1:698 3:659 7984 94 830-584 2:110 4:547 9-796 

5:0 . 125-000 1710 3:684 7937 9 57- . *56 К 
1 13260 172 3-708 7997 96 00176 79 4519 9865 

52 140608 1-732 3:733 8041 97 912.675 2:133 4:595 9:899 

53 148877 1-744 3°756 8:093 98 941. 

ВАА 1574 14 ES 2 941-192 2-140 4:610 9:933 

8:143 о 970-299 2:147 4:626 9:967 


10-0 1000-000 2:154 4:642 0:000 


